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Abstract

SyntironousData Flow Graphs (SDFGs)haveproven
to be suitablefor specifyingand analyzingstreamingap-
plicationsthatrun on single-or multi-processoiplatforms.
Streamingapplicationsessentiallycontinuetheir execution
inde nitely. Theefore, oneofthekey propertiesofan SDFG
is livenessj.e., whetherall parts of the SDFGcanrun in-

nitely often. Anotherelementaryequirementis whether
an implementatiorof an SDFGis feasibleusinga limited
amountof memory In this paper we studytwo interpreta-
tionsof this property calledboundednesandstrict bound-
ednessthat were either alreadyintroducedin the SDFG
literature or studiedfor othermodels A third andnew de -
nition is introduced hamelyself-timedboundednessyhich
is very importantto SDFGs,becauseself-timedexecution
resultsin the maximalthroughputof an SDFG.Necessary
andsufcient conditionsfor livenessn combinatiorwith all
variantsof boundednesare given,aswell asalgorithmsfor
cheding thoseconditions. As a by-product, we obtain an
algorithm to computethe maximalachievable throughput
of an SDFGthatrelaxegherequiremenif strong connect-
ednessn earlier work onthroughputanalysis.

1 Intr oduction

Synchronou®ataFlow Graphs(SDFGs,see[12]), also
known asweightedMarked Graphsin Petri-nettheory are
usedwidely in modelling and analyzingdata o w appli-
cations. They are often usedfor modelling DSP applica-
tions [3, 18] andfor designingconcurrentmultimediaap-
plicationsimplementednmulti-processosystems-on-chip
[16]. The modelis suitablefor realizing a systemwith
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predictablegperformanceropertiesasseveralanalysigech-
niqueslik e throughputanalysisexist [8].

An SDFGis a graphwith actorsas verticesand chan-
nelsasedgesActorsrepresenbasicpartsof anapplication
which needto be executed.Channelsepresentlatadepen-
denciedbetweeractors.Executionof anactoris designated
by anactor ring. Eachactorgenerates x ed numberof
tokenswhenit res. Thesearestoredin the channelswvith
unlimited capacities. An executionof an SDFG s a se-
guenceof actor rings which respectdatadependencies.
The exactorder of actor rings is not determined.Conse-
guently several executionsexist for an SDFG. Becauseof
the usageof SDFGsfor modellingstreamingapplications,
only thoseSDFGswhich have executionsin which all ac-
torsare red in nitely oftenareof interest. This property
of SDFGsis calledliveness.Furthermorepnly executions
thatrequirea nite amountof storagefor the channelsare
of interest.This paperformally studieshreedifferentinter-
pretationsof this secondproperty all in combinationwith
liveness.

The paper investigatestwo known interpretations,
namelyboundedneséwhetherthere exists a boundedex-
ecutionof an SDFG) and strict boundedneséwhetherall
executionsaarebounded) We prove necessargndsuf cient
conditionsguaranteeinghatan SDFGis live and (strictly)
bounded. For strict boundednesgheseconditionsfollow
immediatelyfrom a similar resultknown for Petrinets.

The naturalway of executingan SDFGin which all ac-
tors re assoonasthey can re, is called self-timed ex-
ecution. This executionis importantsinceit leadsto the
maximalobtainablethroughputof an SDFG[18]. Because
of the importanceof self-timed executionof SDFGsand
its applicationsin the context of multi-processosystems,
a new notion of boundednesspamely self-timed bound-
ednesss introduced. This notion requiresthat self-timed
executionof SDFGsis bounded.Necessarynd sufcient
conditionsfor the livenessand self-timedboundednesef
SDFGsareproved. Theseconditionsheavily dependnthe
throughputof actors(averagenumberof rings of anactor
pertime unit). Existingtechniquedor throughputcalcula-
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Figure 1. An example timed SDFG Gg.

tion only work for strongly connectedSDFGs[6, 8]. We
proposean algorithmthatdetermineghe livenessandself-
timed boundednessf an SDFG and at the sametime ex-
tendsthroughputanalysisto arbitrarySDFGs.The concept
of self-timedboundednesand the resultsproven for this
notionarethe maincontribution of this paper

Therestof this paperis organizedasfollows. Section2
formally introducesSDFGsto allow studyinglivenessand
boundednesis arigorousway. Sections3 and4 presente-
sultsfor livenessand(strict) boundednessSection5 iden-
ti es conditionsfor self-timedboundednessf SDFGsand
presentanalgorithmfor verifying the combinatiorof live-
nessandthis type of boundednessSection6 discussese-
latedwork, while Section7 summarizeshe conclusions.

2 SynchronousData Flow Graphs
2.1 Basic De nitions

This sectionformally de nes SDFGsand someof their
basicproperties.Let INg = f0;1;:::g(@ndIN = INgn
f 0g) denotethe (positive) naturalnumbers.The following
de nition captureghestructureof anSDFG.

De nition 1 [SynchronoudPataFlow Graph(SDFG)]An
SDFGis a pair (A; C), whereA denoteghe setof actors
andC A2 IN? thesetof channelsEach(s;d;p;c) 2 C
denoteghatactord dependn actors, wherep andc are
the productionandconsumptiorratesof tokensof s andd,
respectiely. The predecessorsf a in Pred(a) = fs 2
A j (s;a;p;c) 2 Cg arethoseactorson whicha depends.
The channelsbetweena and its predecessorare referred
to astheinput channelof a, denotedby IC(a). Similarly,
the successorsf a in Succ@) = fd 2 A j (a;d;p;c) 2
Cg arethoseactorsthatdependbna. Theoutputchannels
(channelsbetweena and its successorspf a are denoted
by OC(a). We call a channelfrom an actora to itself a
self-loopchannel We denotethe setof self-loopchannels
of anactora by SLC(a) = IC(a)\ OC(a). An SDFG
in which all productionand consumptiorratesare one is
calleda Homogeneou$DFG(HSDFG).

Figure 1 shows a simple exampleof an SDFG.Actors are
labeledwith their namesand executiontimes (introduced

later). Channelsarelabeledwith productionandconsump-
tion rates.Theblackdotsaretokens.To capturethe execu-
tion of an SDFG,we de ne the channelstateof an SDFG
asthedistribution of tokensoverits channels.

De nition 2 [ChannelState]A channelstateof an SDFG
(A; C) isafunctionS : C ! INg thatreturnsthe number
of tokensstoredin eachchannel. EachSDFG hasan ini-
tial channektateSy denotingthe numberof tokensthatare
initially storedin thechannels.

An executionof an SDFGis de ned basednthe rings of
its actors which mayleadto changesn thechannektate.

De nition 3 [Firing] Leta 2 A be an actorof an SDFG
(A; C). Actor a is saidto be enabledin channelstateS

in caseS(e) ¢ for all input channelse = (s;a;p;c)

in IC(a). If a is enabledin S; andit ®res, the result-
ing channelstateS; 1 is de®nedby S+1(e) = Si(e) ¢
for eachinput channele = (s;a;p;c) in IC(a)nSLC(a),

Si+1 (e) = Si(e)+ p for eachoutputchannek = (a;d;p;c)

in OC(a)nSLC(a), Si+1 (e) = Si(e) + p c for eachself-
loop channele = (a;a;p;c) 2 SLC(a), andSj+1 (e) =

Si(e) for all channel® 2 IC(a) [ OC(a).

De nition 4 [Executionand Maximal Execution]Let Sy

denotethe initial channelstateof an SDFG (A; C). An

execution of (A; C) is a (®nite or in®nite) sequencef
channelstatesSy; S; : : : suchthatS;+, is theresultof ®r-
ing an enabledactorin S; for all i 0. An executionis

maximalif andonly if it is ®nite with no actorsenabledn
the®nal channektate,or if it is in®nite.

Not all SDFGsareconsideredo be usefulin practice.One
normally seeksa systemthatis deadlock-freer live.

De nition 5 [Deadlock and Liveness]An SDFG has a
deadlockif andonly if it hasa maximalexecutionof ®nite
length.An SDFGis live if andonly if it hasanexecutionin
which all actors®re in®nitely often.

It is known [10] that the executionof an SDFG is deter
minate,which meansthat the order of executiondoesnot
affectthe stateghatcaneventuallybereachedThus,if one
executionof anSDFGdeadlocksthenall executionsdead-
lock. TheexampleSDFGGgy is live.

2.2 Timed SDFGs

For performanceanalysisof streamingapplicationsan
SDFGis oftenextendedwith time.

De nition 6 [ExecutionTime] An executiontime models
the executiondurationof actorsfor SDFGs. In an SDFG
(A; C), theexecutiontimeis afunctionE : A Qg [ flg



thatassigngo eachactortheamountof time it takesto ®re,
whereQ;, [ flg is thesetof positive rationalnumbersplus
Oandl . Fora 2 A, E(a) is referredto asthe execution
time of a.

De nition 7 [Timed SDFG] A timed SDFG is a triple
(A; C; E) denotinganSDFG(A; C) with executiontimeE .

Thein nite executiontimesareusedateronto modeldead-
locks. Normally, SDFGsdo not have in nite actorexecu-
tion times.

Noticethatactor rings in atimed SDFGarenotatomic.
Firing anactornow takestime. To de ne thestateof atimed
SDFG,we assumehatall changesn the numberof tokens
onall channelof anactorhappemattheendof its ring.

De nition 8 [Timed State] A state of a timed SDFG
(A; C;E) is apair(S; ), whereS is a channelstateand

2 Q, is the accumulatedime. The initial state of
(A; C;E) is given by the initial channelstateS, andthe
starttime of thesystem o = 0.

De nition 9 [Timed Execution] An execution of a

timed SDFG (A; C;E) is a sequenceof timed states
(So; 0);(S1; 1);:::, where ji1 i . Eachtwo consecu-
tivestategSi+1; i+1) and(S;; i) arethesameexceptthat

an actora which startedits ®ring at .1  E(a) ®nishes
its®ring at +1 . Si+1 s relatedto S; in preciselythe same
way asde®nedn De®nition 3.

We denotethe numberof completedrings of anactora 2
A whichoccurreduptotime byF,. .

Among all timed executionsthereare someof special
interest.A timed executionfor whichthe ring of anactor
alwaysstartsassoonaspossibleis calleda self-timedexe-
cution Self-timedexecutionsareimportantin the context
of performanceanalysisbecausehey imply obtainingthe
maximalattainablehroughpuf18].

De nition 10 [Self-timedExecution]A timedexecutionis
called self-timedif andonly if it is maximalandall actors
starttheir ®ring assoonasthey areenabled.

If two or more actorscompletetheir ring at somepoint
in time in a self-timedexecution,the orderof their appear
ancein theexecutionis notdeterminedln otherwords,ary
permutatiorof suchactor rings resultsin aself-timedexe-
cution. Thus,the numberof self-timedexecutionss larger
thanonein suchcases.Note thatin all self-timedexecu-
tionsthestartandendtimesof rings of all actorsareequal.
Also the channelstatesafter completionof all actor rings

thatcancompleteat a certainpointin time arethe samein

all self-timedexecutions.

Figure 2. Self-timed execution of Gegy.

Figure 2 illustratesa self-timedexecutionof the exam-
ple SDFG G¢y of Figurel. The statecontainsa channel
componentvith thedistribution of tokensoverthechannels
a-a, a-b, b-c, c-b, respectrely, andatime componentin the
depicteccycle, thetime components denotedsymbolically
to emphasizehatthe behaior repeatstself every six time
units,aftersomeinitial transieniphase.

2.3 Structural Prop erties

Thedirectedgraphof anSDFGhassomestructuralprop-
ertiesthatarerelevantfor decidingboundednessThis pa-
perassumesonnectedDFGsfor whichthedirectedgraph
consistsof one component.SDFGsconsistingof multiple
componentsanbe consideredsa setof single-component
SDFGswhich canbeanalyzedseparately

A well known strongerform of connectvity is givenby
thefollowing two de nitions.

De nition 11 [Pathand Cycle] A directedpathp is a se-
quenceof actorsa;; ay i :a suchthatai+; 2 Succy) for
alll i< |. Pathpis simpleiffa, 6 & foralli 6 j. If
a; = a andl 2, thenp is saidto bea cycle.

De nition 12 [Strongly ConnectedSDFG] An SDFG is
stronglyconnectedff thereexists a directedpathfrom ary
actorto ary otheractor Any subgraptof an SDFGwhich
is stronglyconnecteds calleda stronglyconnecteadompo-
nent(SCC,for short). An SCC is maximaliff thereis no
SCC °where is astrictsubgraptof °.

Another structuralpropertyof SDFGsconcernghe corre-
spondenc®etweerproductionandconsumptiorrates.

De nition 13 [Consisteng andBalanceEquationsjA rep-
etition vectorfor an SDFG (A, C) is a function : A !
INo suchthat for every (s;d;p;c) 2 C, the equation
p (s) = c (d) holds. Theseequationsare called bal-
anceequations Repetitionvector is callednon-trivial iff

(a) > Oforalla2 A. If anon-trivial repetitionvectorex-
ists,the SDFGis calledconsistent Thesmalleshon-trivial
repetitionvectorof a consistentSDFGis referredto asthe
repetitionvector



Note that the de nitions in this subsectioncarry over to
timed SDFGsin a straightforvardway. Timed SDFG Gy
is consistentvith repetitionvector(a 7! 3;b7! 3;c 7! 2).
2.4 Throughput of Timed SDF Gs

In this sectionthethroughpubof timed SDFGsis de ned,

andtherelationbetweerthe executionof an SDFGandits
throughputs explained.

De nition 14 [Throughput] The throughputTh(a) of an
actor a for a self-timed execution of a timed SDFG
(A; C; E) is de®nedasthe averagenumberof ®rings of a
pertime unit. Formally,

Th(a) = lim Fa: .

If G = (A; C;E) is consistentthenits throughputis de-
®nedas
Th(a).

(@’
where s the repetitionvectorof (A; C;E). Thatis, the
throughpubf G is theminimalactorthroughpuhormalized
by therepetitionvector

Th(G) = g;iQ

We de ne thelocal throughpubf anactorasthethroughput
of thatactorin a self-timedexecutionwherenon-self-loop
input channelsareremoved;in otherwords,thethroughput
of anactorwhenit doesnot needto wait for datafrom other
actors.

De nition 15 [Local Throughput] The local throughput
LTh(a) of anactora for a self-timedexecutionof a timed
SDFG(A; C;E) is de®neadas

LTh(a) =

g 0; if thereisach = (a;a;p;c) in SLC(a)
suchthatp < corSp(ch) < c
2 bSp(ch)=rc=E(a); otherwise.

min
ch=(a;a;r;r)2SLC(a)

If anactorhasa self-loopchannelwith a lower production
ratethanconsumptiorrateor insufcient tokensfor anini-
tial ring, its local throughputis zero,i.e., it deadlocksat
somepointin time. Otherwisethelocalthroughpuis deter
minedby the self-loopchannelswith equalproductionand
consumptiorrates.If thereareno suchchannelsi.e.,there
are no self-loop channelsor all self-loop channelshave a
higherproductionthanconsumptiorrate,local throughput
is by de nition in nite.

In a self-timedexecutionof a timed SDFG, thereis al-
waysatime | afterwhichonly arepetitive patternof actor
rings occurs(whenignoring the orderamongactor ring
completionsoccurringat the samemomentin time) [8, 1].

The self-timedexecutionfrom the beginningup to time

is calledthe transientphase andthereafteris addresseds
the periodicphase.Figure?2 illustratesthis fact. Thus,the
throughputof an arbitraryactora in the self-timedexecu-
tion can be calculatedby countingthe numberof occur

rencesof rings of a in oneperioddivided by the amount
of time thatthe periodtakes. The rings of a in oneperiod
canbe spreadover the period, but the numberof rings of

oneactorin oneperiodis always x ed.

Consideragain SDFG Gex Of Figure 1. The local
throughputof actor a is 2, whereasit is 1 for bandc.
The throughputof the threeactorsequals? = 1, 2 = 2,
andZ = 1, respectiely. Thegraphthroughput'l’h(Gex) %
determlned)y actora (with repetition-vectorentry 3) and
is equalto (2)=3 = 1. Thisillustratesthatthe periodicbe-
havior of thegraphasawholeneedss time unitsperperiod.

2.5 Boundedness De nitions

Differentusefulnotionsof boundednessanbe de ned
for SDFGs.To enableidentifying theseforms, we rst de-
ne boundednes®r a givenexecution.

De nition 16 [BoundedChannelandBoundedExecution]
Let = Sp;Si;::: beanexecutionof an SDFG (A, C).

We call achanneth boundedunder iff thereexistssome
B 2 IN suchthatS;(ch) B foralli 0. If all channels
of the SDFGareboundedunder then is bounded.

De nition 16 carriesoverto timedexecutionsn a straight-
forwardway. Now, we give ade nition for theboundedness
of an SDFGwhich intuitively meansthatit canbe imple-
mentedusinga nite amountof memory

De nition 17 [BoundedSDFG]JA (timed) SDFGis called
boundedff thereexists a boundednaximalexecution.lIt is
unboundedtherwise.

A strongeiform of boundednesis strict boundedness

De nition 18 [Strictly Bounded Channel and Strictly
BoundedSDFG] A channelis strictly boundediff it is
boundedunderall executions. A (timed) SDFG s called
strictly boundedff all of its channelsarestrictly bounded.

Notethatary strictly boundedSDFGis alsobounded.We
nally de ne anotherform of boundednesswhich only
considersself-timedexecutionsof timed SDFGs.

De nition 19 [Self-timedBoundedSDFG]A timedSDFG
is self-timed boundediff all self-timed executions are
boundedA channein atimedSDFGis self-timedbounded
iff it is boundedn all self-timedexecutions.



All self-timedboundedSDFGsareboundedout not neces-
sarily strictly bounded RunningexampleGey is notstrictly

boundedecausa canbe red inde nitely without ring b
andc. However, it is self-timedboundedasFigure?2 illus-

trates. It is not dif cult to constructboundedSDFGsthat
arenot self-timedbounded|f the executiontimesof actors
bandcin G¢x arechangedo 3, for example thentheSDFG
remainsboundedbut it is no longer self-timed bounded.
Theseexamplesshav thatthenotionof self-timedbounded-

nessdoesnot coincidewith othernotionsof boundedness.

Given the importanceof self-timedexecution,it is worth
investigatinghis notionin somedetail.

3 Boundedness

In this section we studynecessargandsufcient condi-
tionsunderwhichanSDFGis live andbounded.

Theorem20 A live SDFGG = (A, C) is boundedff it is
consistent.

PrROOF Foranexecution = Sp;S;:::, then-th executionstep
refersto the®ring performedustbeforeenteringchannektates, .

We useFan to denotethe numberof ®rings of a speci®cactora
afterperformingn executionsteps.

The suf®cient part: If the graphis consistentthenthereexists a
non-trivial repetitionvector for G. So, startingfrom the initial

channelstateSy, if every actora 2 A ®res (a) times,thenac-
cordingto the de®nitionof the repetitionvectorthe channelstate
of G goesbackto Sy. This procedureds alwayspossibleif G is

live [11]. As the numberof initial tokens,the numberof ®rings
andthe ratesare boundedthereforethe numberof producedto-

kensis limited. So,we concludethatthe requiredmemoryunder
these®rings is bounded. Therefore,the executionconsistingof
repeatinghe sameactor®ring patternis bounded.

The necessanpart: If G is live and bounded,then thereexists

an in®nite execution which is bounded,and thus visits some
channelstatesrepeatedly Supposethat both the n-th and n%th

elementf arechannekstateS. We cancalculatethe numberof

tokensoneverychanneth = (a;b;p;c) atstepk by thefollowing

expression

Sk(ch) = So(ch) + pFax  CFpx:

Assumewithout lossof generalitythatn® > n. SinceG is con-
nected,it is impossibleto returnto the samestatewithout hav-
ing ®red every actorat leastonce. Therefore F,.n 0 > Fan and
Fopno > Fpn. Sincewehave S, = Syo, it followsthat

(Fa;n o Fan)p= (Fb:n 0

Hence,if wetakeforalla2 A, (&) = Fano Fan then is
anon-trivial solutionfor thebalanceequationsyhich meansG is
consistent. 2

Fbn )CZ

Theorem?20 stateghe consisteng of an SDFGasa neces-
saryand sufcient conditionfor boundednessf live SD-
FGs. If a subgraphof an SDFG deadlockgwhich means

thatthe SDFGis notlive) thenthe consisteng of anSDFG
is not sufcient for boundednessFor example,consider
Gex Of Figure 1 without the initial tokenin the c-b chan-
nel. Executiontimesmay beignored. TheresultingSDFG
is consistenbut not bounded. The SCC of the graphthat
consistsof actorsb andc deadlocksafterthe rst ring of
bothactors.However, actora cancontinueits ring, which
leadsto anunboundeahannebetweera andb.

Proposition21 [19] A stronglyconnectedSDFGis live iff
it is deadlock-free.

The de nition of livenessstatesthat a live SDFG hasan
executionin which all actors re in nitely often. If alive
SDFGis strongly connectedthenall actors re in nitely
oftenin all maximalexecutions.

Lemma 22 If oneSCCin an SDFGG deadlockghenei-
therG deadlockr it is unbounded.

ProoF If G containsonly one SCCthenthe lemmafollowsim-
mediately In caseit consistsof multiple SCCs,at leastonedead-
locked and at leastone deadlock-freethen there exists an SCC
(possiblya singleactor)which is deadlock-freeand connectedo
anactorin adeadlockd SCC.This connectingchanneimustnec-
essarilygo from the deadlock-freeSCCto the deadlockd SCC.
Sincein a deadlock-freeSCCall actorsmustnecessarily®re in-
®nitely often, this channemustbe unbounded. 2

This lemma implies that a deadlock-freeand bounded
SDFGis live.

Corollary 23 An SDFG is live and boundediff it is
deadlock-fre@andbounded.

Thefollowing theoremfollows from Theorem?20, Proposi-
tion 21,Lemma22,andCorollary23.

Theorem 24 An SDFGis live and boundedff it is consis-
tentandall its SCCsare deadlo&-free

PrRoOOF For thenecessaryart,notethat Theorem20 andthefact
that an SDFGiis live and boundedimplies that it is consistent.
Livenessand boundednessogetherwith Lemma?22 shaws that
all SCCsmustbe deadlock-free.For the suf®cient part, obsere
that the fact that all SCCsare deadlock-freeémplies livenessof
the SDFG,because¢he SCCsof the SDFGwithoutinputchannels
from otherSCCscan,by Proposition21, alwayscontinuefeeding
tokensinto the SDFG,which againby Propositior21implieslive-
nessof all SCCsandhencethe SDFG. Theorem20 thenimplies
thatthe SDFGis alsobounded. 2

The exampleSDFG G is live andboundedbecausaet is
consistenandall its SCCsaredeadlock-free.

Next, we give analgorithmto checklivenessandbound-
ednes®f anSDFG.



Algorithm isLive&BoundedG)

Input: A connectedtimed) SDFGG

Output: “live and bounded” or “either deadlockor un-
bounded”

1. if Gisinconsistent

2 then return “either deadlockor unbounded”

3. for eachmaximalSCCSin G

4, doif S deadlocks

5 then return “either deadlockor unbounded”

6. return “liveandbounded”

Consisteng of SDFGscan be veri ed efciently as ex-
plainedin [3]. Maximal SCCsof a graphcanalsobe com-
putedef ciently [5]. Algorithmsfor detectingdeadlockfor
consistentstrongly connectedSDFGsthat are ef cient in
practicearegivenin [11, 8].

4 Strict Boundedness

This sectionidenti es sufcient and necessarycondi-
tionsfor thelivenessandstrict boundednessf an SDFG.

Theorem 25 [19, Theoem4.11] A live (timed) SDFGis
strictly boundedff it is consistenaind strongly connected.

This theoremin combinationwith Proposition21 implies
thefollowing theorem.

Theorem26 An SDFGis live and strictly boundedff it is
deadlo&-freg consistenandstrongly connected.

Sothealgorithmfor checkinglivenessandstrict bounded-
nessrst checkswhetherthe SDFGis strongly connected
and consistentandthenwhetherit is deadlock-freausing
thealgorithmsfrom [5, 3, 8, 11]. The exampleof Figurel
is not strictly boundedbecausét is not stronglyconnected.

5 Self-timed Boundedness

In this sectionwe investigatehelivenessandself-timed
boundednessf timed SDFGs.A self-timedexecutionof a
live andself-timedboundedSDFGusesa nite amountof
memoryandall actorsre in nitely oftenin suchanexecu-
tion. Necessanandsufcient conditionsaregiven,andan
algorithmfor checkingtheseconditions.

5.1 Some Basic Prop erties

Self-timedboundednesfasa strongrelationshipwith
thethroughputof an SDFG.In this subsectionsomeprop-
ertiesfor the throughputas well as the relation between
boundednesandthroughputof timed SDFGsaregiven.

The throughputof an actoris only determinedby the
throughputof its predecessomndits local throughput.

Lemma 27 The throughputof anactorb 2 A of a timed
SDFGG = (A; C;E) satis®egheequation

I ; P . .
Th(b) = m|nf(a;b;p;c)zr@&)nsm(m CTh(a), LTh(b)g:
1)

PrROOF It is notdif®cult to seethatthelocal throughputof anac-
tor is anupperboundfor its throughput.So,we prove thetheorem
for thecasemin (app:c )2 i1c (ynsie vy (P=9Th(a)  LTh(b).

Let channelh; = (ai;b;pi; ¢) beall inputchannelf b. Sup-
posean, is anactorfor which (pm =Gn ) Th (am ) is minimal.
First,considethecasethatcny Th(b) pm Th(am) = k> 0. By
substitutingthe de®nitionof actorthroughputwve get

Cm Fo; Pm Fan;

= k:

lim
11
Accordingto the de®nitionof alimit, forary > 0, thereexistsa

timeT wherefor all > T, wehave

ijFb; meam; kj< :

If weset tok=2, wecanconcludethatfor > T,

N X

Cm Fo; pmFa,; > )
which meanghatregardlesf the numberof initial tokensonthe
channelthereexistsa T, suchthatfor all > T the numberof
producedokensis lessthanthe consumednes,which is impos-
sible.Hencecn Th(b) pmTh(am) O.

Secondsimilarly, we canshaw thatif ¢, Th(b) pm Th(am) <
0, thenthereexistsatime T, wherefor times > T, therewere
enoughtokenson chy, to ®re anddueto the choicefor a, (mini-
mality of (pm =Gn ) Th (am )) onall otherinputchannelof b, while
bdid notstartanew ®ring, which contradictghe self-timedexecu-
tionschemeThus,cm Th(b) pm Th(am) = 0, whichcompletes
theproof. 2

Thethroughpubf actorbof G, for example,is % because
its predecessa hasthatthroughputtheratesof channek-
barel andits local throughpuis 1 .

Corollary 28 If actorsa;b 2 A of an SDFGG are con-
nectedby achannela; b;p;c) thenTh(b) (p=9Th(a).

After having illustratedthe factorsthatareinvolvedin cal-
culatingthe throughputof an actor we now shav thatthe
only casethata channeis not self-timedboundedjs when
the productionof tokensinto onechannelis largerthanthe
consumptiorof tokensout of thatchannel.

Lemma 29 SDFG (A; C;E) is self-timed bounded iff
Th(b) (p=9Th(a) for everychannela;b;p;c) 2 C.

PROOF We know thatthereis atime , suchthatfor all P
theexecutionof G is in theperiodicphaseLet d betheamountof



time thatoneperiodof a self-timedexecution of G takes. Then
for ary actora 2 A andtime p We have

Fa; +d Fa; = dTh(a)

Althoughthenumberof ®ringsof oneactorin oneperiodis always

®xed, the®rings of a in oneperiodcanbe spreadbver the period.

Therefore,we have the following inequality wherek = b(
p):dC,

kdTh(a) Fa  Fa (k + 1)dTh (a): )

p

Let S (ch) be the number of tokens on channelch =
(a;b;p;c) 2 C attime ,thenS (ch) canbecalculatecby

S (ch) = Sp(ch) + pFa,  CFy; : 3)

For > ,, byusingEquation(2), we have

S (ch)  So(ch) + p(Fa , + (k+ 1)dTh(a))

o(Fo; , + kdTh(b)):

Sincethe only part of the above inequality that dependson k is

kd(pTh(a) cTh(b)),S (ch)isboundedf pTh(a) cTh(b).
Also we have
S (ch)  So(ch) + p(Fa; , + kdTh(a))

c(Fb; , + (k+ 1)dTh(b):

Usingthe sameargumentasabove we canconcludethatch is not
boundedf pTh(a) > cTh(b). 2

The next propositiongives necessaryand sufcient con-
ditions for self-timedboundednessf a live strongly con-
nectedSDFG.

Proposition30 A live andstronglyconnectedSDFGG is
self-timedboundedff it is consistent.

ProoF Thesuf®cientpartcanbededucedlirectly from Theorem
25 asstrict boundednessnsureself-timedboundednessor the
necessarpart,thesameargumentasusedin theproofof Theorem
20is valid. 2

Lemmas31 and 32 and Proposition33 prove someuse-
ful propertiesaboutthe relation betweenthe throughput
of variousactors. Lemma31, which follows immediately
from Corollary 28 and LemmaZ29, shaws the relationbe-
tweenproducerand consumeractorsof an arbitrary self-
timed boundedchannel.Lemma32 shows the relationbe-
tweenthe actorthroughputdor ary two actorsin an SCC
of an SDFG.Proposition33 givesthe relationbetweerthe
throughputof two arbitrary actorsin consistenself-timed
boundedr stronglyconnecte(SDFGs.

Lemma 31l If a channel(a;b;p;c) connectinga andb is
self-timedboundedhenTh (b) = (p=QTh(a):

Lemma 32 If a andb aretwo actorsof an SCC of a con-
sistentSDFGwith repetitionvector , thenTh(a)= (a) =
Th(b)= (b).

PrROOF We know thatactorsa andb areon a cycle. Leta =
i1;iz;::1ik = byiirip = a denotethis cycle. If actorsii
andi, areconnectedy channel(i1;iz; p1;c1), andi» andisz by
(i2;i3; p2; c2) andsoforth, then,by Corollary 28, we know that

Th(a) f:’l'—iTh(n W:;
Th(i, 1) g—iTh(h ):
Th (ixe1 ) E—:Th(b);

Th(b) EE—iTh(ik W;

Th(iz) %Th(a):

By combiningthe abore equationsyve obtain

PP 2000 Pk
Th(a) =————=—"—Th(b); 4
(@ BB 2B @
and
Th(b) Px 1Pk 2:-:P1ry (a): (5)

Gk 1C& 2::1:C
Accordingto thede®nitionof we canalsowrite

_ , pp1_ (a) .
a1(@ = p 1 (i1 1)) 6. Tk
@2 (1) = Pz la) B2 E:: 3
6 (k1) = pe () 2= “El;)”-
_ . N
a (i) = p (@) E—i: ((Iaz))

By substitutioninto Inequalities(4) and (5) we have Th(a)
( (&= (b)Th(b) andTh(b) ( (b= (a))Th(a). Rewriting
thisresultyieldsTh(a)= (a) Th(b)= (b) andTh(b)= (b)
Th(a)= (a), which meansthat Th(a)= (a) = Th(b)= (b),
completingthe proof. 2

Proposition33 If a andb are two actorsof a consistent
self-timed boundedor strongly connectedSDFG G with
repetitionvector thenTh(a)= (a) = Th(b)= (b):

ProoF Thedesiredresultfor stronglyconnectedsDFGsfollows
immediatelyfrom Lemma32. Therefore assumehata andb are
actorsof a consistentself-timed boundedSDFG. Supposepath
a = ii;iz2;::1;ik = bisapathconnectinga to b. If actorsii



andi, areconnectedy (i1;i2; p1;c1) andiz, i3 areconnectedy
(i2;13; p2; ¢2) andsoon,thenaccordingto Lemma31 we have

T = BETh(ic ),
Tk ) = S2Th(ic 2);
Th(i,) = E—iTh(a):

The proof cannow be completedalongthe lines of the proof of
Lemma32. 2

This proposition shavs that for consistent self-timed
boundedor strongly connectedSDFGsthe throughputas
de ned in De nition 14 canbe calculatedvia an arbitrary
actorwithout explicitly computingthe minimum.
5.2 Reduction to an HSDF G

In this section, we proposea methodfor reducinga
consistentSDFG G to an HSDFG Gy which preseres
(non-)Jivenessand self-timed (un)boundednesef G. In
Gy , every actorhasa self-loopchannelwith oneinitial to-
ken,ratesof all channelareone(i.e.,it isanHSDFG),and,
ignoring self-loops,it is agyclic. Becauseof thesesimple
propertieswe usethe reducedgraphfor verifying thelive-
nessandself-timedboundednessf theoriginal SDFG.The
reductionalsopreseresthroughputwhich meansur algo-
rithm alsoprovidesthethroughpubf theoriginal SDFGG.

The reductionusesthe notion of local throughputof an
SCCof an SDFG, andit is illustratedin Figure 3 which
providesthereducedgraphfor therunningexample.

De nition 34 [Local Throughputof an SCC] The local
throughput.Th( ) ofanSCC = (A ;C ;E ) inacon-
sistentSDFGG = (A; C;E) with repetitionvector is
de®neaastheactorthroughpubf anarbitraryactora 2 A

whenall inputchannelsrom AnA toA areremoved,di-
videdby (a).

Lemma32impliesthatthis de nition is sound.

Figure 3. The reduced HSDFG for Gex.

De nition 35 [ReducedGraph] Let a consistentSDFG
G = (A;C,E) contain n maximal SCCs ; =
(A ;C, . E ). Suppose
is the repetitionvectorof G. We de®nethe reducedSDFG

Gu = (Al;Ch;ER) asfollows: Ay = fxjj1 i ng

(which meansoneactorfor eachmaximalSCCin G); Cy

containsa channelx;; x; ;p (a);c (b)) for every channel
(a;b;p;c) 2 C wherea2 A [ ,b2 A ,,i 6 j;Cy also
containsself-loopchannel$x; ; x; ; 1; 1) for every actor;the
executiontime Ey (xj) equalsl=LTh( ;) if ; doesnot
deadlockandl if it does.Accordingto the balanceequa-
tions we know that for eachchannelin the original graph
(a;b;p;c), p (a) = ¢ (b). Thus,the productionandcon-
sumptionratesfor every channelin Cy areequal. There-
fore, we cansimplify thereduceds by settingall ratesof all
channelsn Cy toone.Consequentlywe obtainanHSDFG
asthe result. Finally, every self-loop channelin Gy con-
tainsoneinitial token,andall the otherchannelsareempty

Sincethe HSDFG resultingfrom the reductionis agyclic
when ignoring self-loops,the preseration of throughput,
(non-Jivenesandself-timed(un-)boundednegbatwe are
aiming at, is independentf the numberof initial tokens
on the non-self-loopchannels.Hence,we chooseto leave
thosechannelempty

Considethereducedyraphshovnin Figure3. Theorig-
inal graphGex hastwo maximalstrongly connecteccom-
ponentscontainingactora, andactorsbandc, respectiely.
TheseSCCsarereducedo actorsx; andx,. Sinceactora
hasthroughput% andrepetition-\ectorentry 3, the execu-
tion time of x; is setto 6, illustrating that 3 rings of a
take 6 time units. Consideringthe other SCCin isolation,
it canbe veri ed thatoneperiodof this SCC containing3

rings of b and?2 of ¢ consistsof 4 time units. Giventhe
repetitionvectorof Gex andDe nition 34,thisgivesalocal
throughputof % andanexecutiontime of 4 for x.

The following propositionshawvs the relation between
the throughputof actorsin a maximal SCC of an SDFG
andthe throughputof the actorcorrespondindo that SCC
in thereducedSDFG.

Proposition36 Let Gy bethereducedSDFGof a consis-
tenttimed SDFGG with repetitionvector . If a maximal
SCC = (A ;C ;E ) inG isreplacedby actorx in Gy ,
thenforarya2 A ,Th(a) = (a)Th(x).

PrROOF For proving this proposition ®rst we de®neanintermedi-
atereducedyraphin whichonly oneof the SCCsis reducedThen,
we prove the propositionfor this intermediateSDFG.Finally, the
resultis provenfor theentirereduction.

Let = (A ;C ;E ) beamaximalSCCin G, betherepetition
vectorof G andLTh( ) bethelocal throughputof . For ary
freshactornamex 62A, we de®nethe -reducedSDFGG | x =
(Ax; Cx;Ex) asfollows: Ay = (AnA )[ fxg; Cx equalsCnC
with every inputchannel(a; k; p;c) witha 2 AnA andk 2 A
replacedy (a;x; p; ¢ (k)), every outputchannelk; a; p; c) with
a2 AnA andk 2 A replaceddy (x; a;p (k);c), andanextra
self-loopchannelx; x; 1; 1) with oneinitial token. Theexecution
time Ex (a) equalsE (a) for all actorsa 2 AnA , andfor actor



X itissetto 1=LTh( ) if doesnotdeadlockandl if it does.
Thechannelof G | « containthe samenumberof initial tokens
asthecorrespondinghannelsn G.
Next, for G | x, we prove the following equationfor every a 2
A .

Th(a) = (a)Th(x): (6)

First,assume hasonly self-timedunboundednput channelsjf
it hasary input channelsat all. Since is a maximalSCC,the
actor®ringsin  do not have impacton the productionof ary to-
kensin the input channelsof . By the constructionof G | ,
ary part of the graph producingtokensinto input channelsof
remainsunchangedn G | x. Furthermorepecausall input
channelsof areself-timedunbounded, is not constrainecby
its input channelsrealizing a throughputequalto LTh ( ), and
becauseTh (x) LTh(x) = LTh( ), x consumesokensin
a self-timed executionat most as fastas  consumeshe cor
respondingtokens. Therefore,also all input channelsof x in
G | x areself-timedunbounded.This meansthat at somepoint
in time x never hasto wait for input tokens,which implies that
Th(x) = LTh(x). By thede®nitionof thelocal throughputof an
SCC,LTh(x) = LTh( ) = Th(a)= (a), for somearbitrarya in
A , which provesEquation(6).
Secondwe may assumehat not all input channelsof areun-
bounded.By Lemma32, it sufdcesto prove Equation(6) for an
arbitraryactorof
Let channelsch; = (b;ai;pi;c¢) be all channelsconnecting
someactorb in AnA toanactora in A . Denotethis set
asIC( ). Basedon Corollary28, Th(ai) (pi=a)Th(k) for
alli. Thede®nitionof Ex in G 1  impliesthatfor all i,

Pi .
Th(x) = (ai)Th(b)'

Let chm = (bm;am;pm;cm) be a channelfrom actorby, 2
AnA toactoram 2 A , suchthat,for alli,

Pm pi
o @y ) E

Th(b);

i.e., chy is a channelwhich constrainghe throughputof x the
most. We continueto prove Equation(6) for actoran, i.e., we
provethatTh(am) = (am)Th(x).

We shaw thatchy, is bounded.To shaw this by contradictionwe
assumehatchy, is unboundedAccordingto Lemma29we have

Th(am) .
(am)

Pm
Th > Th(a, ———Th >
Pm Th(bm) > cn Th(am) ) o @) (bm)
Sincewe assumedhat not all ch; areunboundedthereexists a
boundedchannelchy 2 IC( ). Thereforeusing®rst Lemma32
andthenLemma31 we canconcludethat

Pm Th(am) _ Th(ak) _ Pk .
e @) )T TN T Ty e (e
which meanghat
Pm Px .
o (@ M (bm) > Sy Th(B; @

which contradictsthe choiceof chy, .
bebounded.

Hence,channelch,, must

Accordingto Lemmaz27,thethroughputof x canbecalculatedas
follows:

. . Pi
Th(x) = minf min
(x) (biaipici)2ic( ) G (&)

Th(b);LTh( )g:

The choicefor chy, impliesthatwe cancalculatethe throughput
of x as

R Pm
Th(x) = minf ———
( ) Cm (am)
If the resultof this minimumis LTh ( ) thenfrom the de®nition
of thelocal throughputof an SCCandthe de®nitionof the execu-
tion time of x, Equation(6) follows for an, . In the othercaseas
(bm ;@m ; Pm; &m ) is boundedusingLemma31, we have

Th(bm);LTh( )g:

Th(x) = —P—Th(bn) = (@),

(am) (@m)

which completeghe proof for actoranm , andhencefor all actors
inA .

Finally, it is not dif®cult to seethat by replacingall SCCsof
SDFG G via the above intermediatereductionresultsin the re-

ducedSDFG asde®nedin De®nition 35 beforeall ratesare re-
placedby ones.Thereforewe canextendEquation(6) to all SCCs
of G, sincethe simpli®cationof the ratesin the reductiondoes
notchangeherepetitionvector andthereforealsothethroughput
doesnot change. 2

It is easyto verify that Proposition36 holds for the run-
ning example. Considerfor instanceactor x, of the re-
ducedgraph. Its throughputin the reducedgraphis fully
determinedby the throughputof x; and becomesthere-
fore 2. Proposition36 statesthat Th(b) = 3(3) = ; and
Th(c) = 2(§) = %, which correspondso the throughput
valuesfor bandc computedat theendof Section2.4.

The next corollary follows from the de nition of
throughputthe obsenationthatall repetition-\ectorentries
of anHSDFGarealwaysone,andPropositions33 and36.

Corollary 37 The throughputof a consistentself-timed
boundedSDFG is equalto the throughputof its reduced
graph.

Thereductionalsopreseresself-timed(un-)boundedness.

Theorem38 A consistent timed SDFG is self-timed
boundedff its reducedyraphis self-timedbounded.

PRrROOF In thisproof,we againusetheintermediateeducedyraph
as explainedin the proof of Proposition36, in which only one
of the SCCsis replacedby an actorin the intermediatereduced
SDFG.LetanSCC = (A ;C ;E ) of G bereplacedby an
actorx in G | x. Accordingto Theorem25, channelsn alive
andstronglyconnectedsDFGarestrictly boundedwhichimplies
the self-timedboundednessf channelsn C . We wantto prove
thattheinput andoutputchannelf actorx in thereducedgraph
are self-timedboundediff the correspondinghannelgo/from
areself-timedbounded.

First,we prove thesuf®cientpart. If inputchannelb;a; p;c) in G



connectingactorb2 AnA toa2 A
Lemma29 andProposition36 we have

is self-timedboundedby

pTh(b) cTh(a) = c (a)Th(x):

Thus, by Lemma29 channel(b;x; p;c (a)) is also self-timed
bounded.

Now, we prove thesuf®cientpartfor outputchanneldrom inthe
sameway. Supposechannel(a;b;p;c) in G from actora 2 A
toactorb 2 AnA s self-timedbounded.We prove thatchannel
(x; b;p (a);c¢) is alsoself-timedbounded. Again usingLemma
29 andProposition36 we have

pTh(a) cTh(b)) p (&)Th(x) cTh(b);

which by Lemma 29 proves self-timed boundednessof
(x; b;p (a);0).

Next, we prove thenecessarpartof theproof,namelyif achannel
(b;a;p;c) connectinganactorb 2 AnA to anactorinsideA
is not self-timedboundedthenthe channelb;x; p;c (a)) isalso
not self-timedbounded.

Againin asimilarway by replacingTh (a) with (a)Th(x) in the
following inequalitywe canprove this partof theorem.

pTh(b) > cTh(a) = ¢ (&)Th(x):
Also for the caseof anoutputchannela; b;p;c).
pTh(a) > cTh(b) ) p (a)Th(x) > cTh(b):

Thus,we may concludethatthe reductionof one SCCto asingle
actorpreseresself-timed(un-)boundedness.

Applying the intermediatereductionon G can be done itera-
tively in different and independentsteps. Therefore,applying
the intermediatereductionfor eachSCC of G resultsin the re-
ducedHSDFG asde®nedby De®nition 35 whenafterall the in-
termediatereductionsall ratesare changedto one. As proven
in this theorem eachintermediatereductionpreseres self-timed
(un)boundednessThe changein ratesdoesnot in uence this re-
sult becauset affects productionand consumptiorratesof each
channeln the sameway. Consequentlywe canconcludethatthe
reducedSDFGpreseresself-timed(un)boundedness. 2

Proposition 36 implies that non-zero throughput (i.e.,
(non-Jiveness)s presered.

Corollary 39 A consistenttimed SDFG is live iff its re-
ducedgraphis live.

5.3 Verifying Self-timed Boundedness

This sectionintroducesan algorithm that determines
whetheran SDFGis live andself-timedbounded.Thefol-
lowing theorenfollows from theresultsobtainedsofar.

Theorem40 A timed SDFG G is live and self-timed
boundedff isLive & SelftimedBounded (G) returns“yes”.

Algorithm isLive&SelftimedBoundg&=(A, C, E))
Input: A connectedimedSDFGG
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Output: “yes, Th(G)” if self-timedboundedandlive,“no”
otherwise

1. if notisLive&BoundedG)

2 then return “no”

3. Gy =(Ax;Cxq;:En) reduce@)

4. AL[L:jAnj] topologicalSortGy)

5 ifjAnj=1

6 then return “yes, M”

7. fori 1ltojAyj

8 doAL[iIITh =y

9. if Pred(AL[i]) = fAL[il]gand AL[i]:Th = 1
10. then return “no”

11. maxPTh O

12. for eachj 2 Pred(AL[i])nfAL[i]g

13. doAL[il:Th  min(AL[i]:Th;AL[j]:Th)
14. maxPTh max(maxPTh;AL[j]:Th)
15. if maxPTh > AL[i]:Th

16. then return “no”

17. return“yes,AL[1]:Th”

Thealgorithmworksin two steps.The rst stepcheckshe
livenessandboundednesé&sde ned by De nition 17) of
thegraphby callingalgorithmisLive&Boundedlines1 and
2). If thegraphis notlive andboundedit cannotbeliveand
self-timedbounded.The secondstepconcernsletermining
whetherthereducedHSDFGis self-timedboundedlines 3
to17).

If isLive&Boundedreturns“yes”, we know that the
SDFGis consistent.Then,line 3 of the algorithmreduces
the SDFG accordingto De nition 35 andstoresthe result
in Gy . Notethatthereductionrequireshroughputalcula-
tionsfor all SCCs.For ef ciency reasonsthesethroughput
calculationscanbe delayedtill the algorithmreally needs
this information. Calculationsmay thenbe avoidedif the
algorithmreturns“no” early. We have not madethis ex-
plicit in the algorithm. SinceG is at this point known to
be live andconsistentpy Corollary 39, alsoGy islive. It
remaingo determineself-timed(un-)boundedness.

Ignoring self-loops,Gy is agyclic. Line 4 topologically
sortsthe actorsof Gy, and storesthemin array AL, so
thatthe predecessorsf anactorAL [i] areonly amongthe
ALJj] for j i. If Gy containsonly oneactor thenG
is strongly connectedand hence,by Proposition30, self-
timed bounded,and the algorithm terminates. Basedon
Corollary 37, it returnsthelocal throughputof the only ac-
tor of Gy asthethroughputof G. Notethatevery actorin
areducedgraphhasa self-loopchannelwith onetoken on
it, sothis valueis equalto 1=Ey (AL [1]). Also notethat
En (AL [1]), andEy (AL [i]) in generalmaybeO. In this
casewe assumehat1=Ey (AL [i]) isequalto1 .

Eachiterationof the loop of lines 7 to 16 startsby cal-
culatingthelocal throughputof eachactorAL [i], 1 i
jAn |, storingtheresultin AL [i]:Th. In caseof detectinga



sourceactor(anactorwithout any input channelexceptits
self-loopchannelwith anin nite throughputthealgorithm
returns“no”, becausehis implies thatits outputchannels
areunboundedTheloop continuesby settingmaxPTh to
zero. This variableis a temporaryvariablefor storingthe
maximumthroughputof the predecessorsf actorAL [i] in
iterationi. In theloop of lines 12 to 14, the minimum be-
tweenthelocal throughpuf actorAL [i] andtheminimum
throughpubf its predecessoiis assignedo AL [i]:Th. This
value,accordingto Lemmaz27, is the throughputof the ac-
tor AL [i]. Notethatsincetheactorsaretopologicallysorted
in AL, thethroughputof all predecessonsasalreadybeen
calculated. The maximumthroughputof the predecessors
of actorAL [i] is assignedo maxPTh.

The test of line 15 checks whether the maximum
throughpubf predecessomsf actorAL [i] (excludingAL [i])
is greatethanthethroughpuof actorAL [i] itself. In caseit
is, accordingo Lemma?29, atleastonechannekonnecting
apredecessanf actorAL [i] to AL[i] is unbounded.

If the algorithm reachesline 17, then no unbounded
channelhasbeendetected and the graphis live and self-
timed bounded. Accordingto Corollary 37 and the fact
that the reducedSDFG is an HSDFG with all repetition-
vector entriesone, the value of ALJ[i]:Th for all actors
AL[i] 2 Ay is equalto the throughputof G. The al-
gorithmreturnsAL[1]:Th. The emphasiof algorithmis-
Live&SelftimedBoundet on verifying livenessand self-
timed boundednessf an SDFG,soit returnsassoonasit
detectghatthe graphis notlive or not self-timedbounded.
It canbe easilyadaptedo computethe throughputfor SD-
FGswhich arenot self-timedboundecaswell.

6 RelatedWork

There are interestingsimilarities betweenSDFGs and
Petrinets. In particular thereis a straightforvard transla-
tion from SDFGsto asubclas®f Petrinets,calledweighted
MarkedGraphsandvice versawhereactorsaretransitions,
and channelsare places. Marked Graphs,also called T-
Graphsare known to be the subclassof Petri netsthat is
mostamenabldo rigorousanalysis. Thus,it makessense
to compareheresultsobtainedn this paperwith thecorre-
spondingresultsin the literatureconcerningPetrinets. We
studiedlivenessn combinationwith threedifferentde ni-
tionsof boundednes®e nitions 17,18and19)for (timed)
SDFGs.

We do not know of ary relatedresultsfor boundedness
asde ned by De nition 17. The only resultwe know for
this type of boundedness in [15] which only introduces
it without providing necessanandsufcient conditions,as
we do.

For strict boundedness the senseof De nition 18, the
problemhasbeenstudiedfrom differentviewpointsin the
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Petri-netliterature(seefor anoverview [7, 14]). In particu-
lar, [19] givesnecessargandsufcient conditionsfor strict
boundednessf live weightedMarked Graphs(our Theo-
rem25). Strictboundednesis alsothe only kind of bound-
ednessvhich hasbeeninvestigatedormally in the litera-
ture on SDFGsthemseles; Karp and Miller in their sem-
inal paper[10] introducedcomputationgraphs,which are
slightly moregeneralthanSDFGs. They proved necessary
andsufcient conditionsfor livenes@ndstrictboundedness
in their model. Their resultsaswell asthosein [19] corre-
spondto thosepresentedh this paper

Ourthird de nition of boundednesself-timedbounded-
nesgseeDe nition 19)is de ned ontimed SDFGs.There-
fore, we needto compareit with time-enabledPetri nets.
Petrinetshave beenextendedwith quantitatve timein dif-
ferentways,by addingtiming informationto placestransi-
tions and/ortokens(see[4] for a suney). Thetimed Petri
netmodelthat comesclosestto timed SDFGsis the “time
Petri net” model originally de ned by [13]. This exten-
sion of Petrinetsassociates duration(delay)anda dead-
line to transitions. We are not aware of ary study of the
self-timed boundednesgroblemfor the subclassof time
MarkedGraphs.n [17], thelivenesandstrictboundedness
problemfor time Petrinetsis studiedbut only somesuf-
cientconditionsaregiven. Theseconditionsguarante¢hat
onceatime Petrinetsatis escertainsyntacticconstraintsit
is live andstrictly boundedf the underlyinguntimedPetri
netis live andstrictly bounded Unfortunatelytheresultsof
[17] cannotbeappliedin oursettingsincethe syntacticcon-
straintsrequirethe absenceof either durationor deadline
bothof which arenecessarjor translationof timed SDFGs
to time Petrinets.[9] provesageneralundecidabilityresult
for strictboundednessf time Petrinetof [13]. However, in
[2], two sufcient conditionsaregivenfor strict bounded-
nesof time Petrinets.We arenot awareof ary resultabout
self-timedboundednesasde ned in De nition 19. To the
bestof our knowledge,boththe conceptandthederivedre-
sultsarenovel.

7 Conclusions

We have studiedthe livenessand boundednessf Syn-
chronousData Flow Graphs, which are also known as
weightedMarked Graphsin the Petri-netliterature. Live-
nessandboundednesis a prerequisiteof any meaningful
SDFGmodelof a streamingmulti-mediaapplication. Two
known notionsof boundednessyamelyboundednesand
strict boundednesshave beenstudiedrigorously and in
particularnecessanand sufcient conditionsfor liveness
in combinationwith thesetwo typesof boundedneshave
beengiven. For strict boundednesgheseconditionswere
alreadyknown from the Petri-netliterature. Furthermorea
new notion, self-timedboundednessyasintroduced.Self-



timed boundednessheckswhetherself-timedexecutionof
an SDFGis bounded. A self-timed executionyields the
maximumthroughputfor an SDFG. Necessaryand suf-
cient conditionsfor self-timed boundednessnd liveness
have beenproven. An algorithmfor checkingthesecon-
ditionswas presented Besides existing throughputanaly-
sistechniqueswhich areonly valid for stronglyconnected
graphsareextendedo arbitraryconsistenSDFGs.
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