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Abstract

SynchronousData Flow Graphs(SDFGs)haveproven
to be suitablefor specifyingand analyzingstreamingap-
plicationsthat run on single-or multi-processorplatforms.
Streamingapplicationsessentiallycontinuetheir execution
inde�nitely. Therefore, oneof thekeypropertiesofanSDFG
is liveness,i.e., whetherall partsof theSDFGcanrun in-
�nitely often. Anotherelementaryrequirementis whether
an implementationof an SDFGis feasibleusinga limited
amountof memory. In this paper, westudytwo interpreta-
tionsof thisproperty, calledboundednessandstrict bound-
edness,that were either alreadyintroducedin the SDFG
literatureor studiedfor othermodels.A third andnew de�-
nition is introduced,namelyself-timedboundedness,which
is very important to SDFGs,becauseself-timedexecution
resultsin the maximalthroughputof an SDFG.Necessary
andsuf�cient conditionsfor livenessin combinationwith all
variantsof boundednessaregiven,aswell asalgorithmsfor
checking thoseconditions. As a by-product,we obtain an
algorithm to computethe maximalachievable throughput
of anSDFGthat relaxestherequirementof strongconnect-
ednessin earlier workon throughputanalysis.

1 Intr oduction

SynchronousDataFlow Graphs(SDFGs,see[12]), also
known asweightedMarkedGraphsin Petri-nettheory, are
usedwidely in modelling and analyzingdata �o w appli-
cations. They are often usedfor modellingDSP applica-
tions [3, 18] andfor designingconcurrentmultimediaap-
plicationsimplementedonmulti-processorsystems-on-chip
[16]. The model is suitablefor realizing a systemwith

� This work was supportedby the Dutch ScienceFoundationNWO,
project612.064.206,PROMES,andtheEU, projectIST-004042,Betsy.

y This report is an extendedversion of the paper“A.H. Ghamarian,
M.C.W. Geilen, T. Basten,B.D. Theelen,M.R. Mousavi and S. Stuijk.
LivenessandBoundednessof SynchronousDataFlow Graphs.In Formal
Methodsin ComputerAidedDesign,FMCAD 2006,Proc.” It providesthe
proofsomittedfrom theoriginalpaper.

predictableperformancepropertiesasseveralanalysistech-
niqueslike throughputanalysisexist [8].

An SDFGis a graphwith actorsasverticesandchan-
nelsasedges.Actorsrepresentbasicpartsof anapplication
whichneedto beexecuted.Channelsrepresentdatadepen-
denciesbetweenactors.Executionof anactoris designated
by an actor�ring. Eachactorgeneratesa �x ednumberof
tokenswhenit �res. Thesearestoredin thechannelswith
unlimited capacities. An executionof an SDFG is a se-
quenceof actor �rings which respectsdatadependencies.
The exact orderof actor�rings is not determined.Conse-
quently, several executionsexist for an SDFG.Becauseof
theusageof SDFGsfor modellingstreamingapplications,
only thoseSDFGswhich have executionsin which all ac-
tors are�red in�nitely often areof interest. This property
of SDFGsis calledliveness.Furthermore,only executions
that requirea �nite amountof storagefor thechannelsare
of interest.Thispaperformally studiesthreedifferentinter-
pretationsof this secondproperty, all in combinationwith
liveness.

The paper investigates two known interpretations,
namelyboundedness(whetherthereexists a boundedex-
ecutionof an SDFG) andstrict boundedness(whetherall
executionsarebounded).Weprovenecessaryandsuf�cient
conditionsguaranteeingthatanSDFGis live and(strictly)
bounded.For strict boundedness,theseconditionsfollow
immediatelyfrom asimilar resultknown for Petrinets.

Thenaturalway of executinganSDFGin which all ac-
tors �re as soonas they can �re, is called self-timedex-
ecution. This executionis importantsinceit leadsto the
maximalobtainablethroughputof anSDFG[18]. Because
of the importanceof self-timedexecutionof SDFGsand
its applicationsin the context of multi-processorsystems,
a new notion of boundedness,namely self-timedbound-
ednessis introduced. This notion requiresthat self-timed
executionof SDFGsis bounded.Necessaryandsuf�cient
conditionsfor the livenessandself-timedboundednessof
SDFGsareproved.Theseconditionsheavily dependon the
throughputof actors(averagenumberof �rings of anactor
per time unit). Existing techniquesfor throughputcalcula-
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Figure 1. An example timed SDFG Gex .

tion only work for stronglyconnectedSDFGs[6, 8]. We
proposeanalgorithmthatdeterminesthelivenessandself-
timed boundednessof an SDFGandat the sametime ex-
tendsthroughputanalysisto arbitrarySDFGs.Theconcept
of self-timedboundednessand the resultsproven for this
notionarethemaincontributionof thispaper.

Therestof this paperis organizedasfollows. Section2
formally introducesSDFGsto allow studyinglivenessand
boundednessin arigorousway. Sections3 and4 presentre-
sultsfor livenessand(strict) boundedness.Section5 iden-
ti�es conditionsfor self-timedboundednessof SDFGsand
presentsanalgorithmfor verifying thecombinationof live-
nessandthis typeof boundedness.Section6 discussesre-
latedwork, while Section7 summarizestheconclusions.

2 SynchronousData Flow Graphs

2.1 Basic De�nitions

This sectionformally de�nes SDFGsandsomeof their
basicproperties.Let IN 0 = f 0; 1; : : :g (andIN = IN 0 n
f 0g) denotethe (positive) naturalnumbers.The following
de�nition capturesthestructureof anSDFG.

De�nition 1 [SynchronousDataFlow Graph(SDFG)]An
SDFGis a pair (A; C), whereA denotesthe setof actors
andC � A2 � IN 2 thesetof channels.Each(s;d;p;c) 2 C
denotesthatactord dependson actors, wherep andc are
theproductionandconsumptionratesof tokensof s andd,
respectively. The predecessorsof a in Pred(a) = f s 2
A j (s;a; p;c) 2 Cg arethoseactorson which a depends.
The channelsbetweena and its predecessorsare referred
to asthe input channelsof a, denotedby IC(a). Similarly,
the successorsof a in Succ(a) = f d 2 A j (a; d;p;c) 2
Cg arethoseactorsthatdependon a. Theoutputchannels
(channelsbetweena and its successors)of a are denoted
by OC(a). We call a channelfrom an actora to itself a
self-loopchannel. We denotethesetof self-loopchannels
of an actor a by SLC(a) = IC(a) \ OC(a). An SDFG
in which all productionandconsumptionratesare one is
calleda HomogeneousSDFG(HSDFG).

Figure1 shows a simpleexampleof an SDFG.Actors are
labeledwith their namesandexecutiontimes (introduced

later). Channelsarelabeledwith productionandconsump-
tion rates.Theblackdotsaretokens.To capturetheexecu-
tion of an SDFG,we de�ne the channelstateof an SDFG
asthedistributionof tokensover its channels.

De�nition 2 [ChannelState]A channelstateof anSDFG
(A; C) is a functionS : C ! IN 0 that returnsthenumber
of tokensstoredin eachchannel. EachSDFGhasan ini-
tial channelstateS0 denotingthenumberof tokensthatare
initially storedin thechannels.

An executionof anSDFGis de�ned basedon the�rings of
its actors,whichmayleadto changesin thechannelstate.

De�nition 3 [Firing] Let a 2 A be an actorof an SDFG
(A; C). Actor a is said to be enabledin channelstateS
in caseS(e) � c for all input channelse = (s;a; p;c)
in IC(a). If a is enabledin Si and it ®res, the result-
ing channelstateSi +1 is de®nedby Si +1 (e) = Si (e) � c
for eachinput channele = (s;a; p;c) in IC(a)nSLC(a),
Si +1 (e) = Si (e)+ p for eachoutputchannele = (a; d;p;c)
in OC(a)nSLC(a), Si +1 (e) = Si (e) + p � c for eachself-
loop channele = (a; a; p;c) 2 SLC(a), andSi +1 (e) =
Si (e) for all channelse =2 IC(a) [ OC(a).

De�nition 4 [Executionand Maximal Execution] Let S0

denotethe initial channelstateof an SDFG (A; C). An
execution� of (A; C) is a (®nite or in®nite) sequenceof
channelstatesS0; S1 : : : suchthatSi +1 is the resultof ®r-
ing an enabledactor in Si for all i � 0. An executionis
maximalif andonly if it is ®nite with no actorsenabledin
the®nal channelstate,or if it is in®nite.

Not all SDFGsareconsideredto beusefulin practice.One
normallyseeksa systemthatis deadlock-freeor live.

De�nition 5 [Deadlock and Liveness]An SDFG has a
deadlockif andonly if it hasa maximalexecutionof ®nite
length.An SDFGis live if andonly if it hasanexecutionin
whichall actors®re in®nitely often.

It is known [10] that the executionof an SDFG is deter-
minate,which meansthat the orderof executiondoesnot
affect thestatesthatcaneventuallybereached.Thus,if one
executionof anSDFGdeadlocks,thenall executionsdead-
lock. TheexampleSDFGGex is live.

2.2 Timed SDF Gs

For performanceanalysisof streamingapplications,an
SDFGis oftenextendedwith time.

De�nition 6 [ExecutionTime] An executiontime models
the executiondurationof actorsfor SDFGs. In an SDFG
(A; C), theexecutiontimeis afunctionE : A ! IQ+

0 [ f1g
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thatassignsto eachactortheamountof time it takesto ®re,
whereIQ+

0 [ f1g is thesetof positiverationalnumbersplus
0 and1 . For a 2 A, E(a) is referredto astheexecution
timeof a.

De�nition 7 [Timed SDFG] A timed SDFG is a triple
(A; C; E) denotinganSDFG(A; C) with executiontimeE.

Thein�nite executiontimesareusedlateronto modeldead-
locks. Normally, SDFGsdo not have in�nite actorexecu-
tion times.

Noticethatactor�rings in a timedSDFGarenotatomic.
Firinganactornow takestime. To de�ne thestateof atimed
SDFG,we assumethatall changesin thenumberof tokens
onall channelsof anactorhappenat theendof its �ring.

De�nition 8 [Timed State] A state of a timed SDFG
(A; C; E) is a pair (S; � ), whereS is a channelstateand
� 2 IQ+

0 is the accumulatedtime. The initial stateof
(A; C; E) is given by the initial channelstateS0 and the
starttime of thesystem� 0 = 0.

De�nition 9 [Timed Execution] An execution of a
timed SDFG (A; C; E) is a sequenceof timed states
(S0; � 0); (S1; � 1); : : :, where� i +1 � � i . Eachtwo consecu-
tivestates(Si +1 ; � i +1 ) and(Si ; � i ) arethesameexceptthat
an actora which startedits ®ring at �i +1 � E (a) ®nishes
its ®ring at �i +1 . Si +1 is relatedto Si in preciselythesame
wayasde®nedin De®nition3.

We denotethenumberof completed�rings of anactora 2
A whichoccurredup to time � by Fa;� .

Among all timed executionsthereare someof special
interest.A timedexecutionfor which the�ring of anactor
alwaysstartsassoonaspossibleis calleda self-timedexe-
cution. Self-timedexecutionsareimportantin the context
of performanceanalysisbecausethey imply obtainingthe
maximalattainablethroughput[18].

De�nition 10 [Self-timedExecution]A timedexecutionis
called self-timedif andonly if it is maximalandall actors
starttheir®ring assoonasthey areenabled.

If two or more actorscompletetheir �ring at somepoint
in time in a self-timedexecution,theorderof their appear-
ancein theexecutionis notdetermined.In otherwords,any
permutationof suchactor�rings resultsin aself-timedexe-
cution. Thus,thenumberof self-timedexecutionsis larger
thanonein suchcases.Note that in all self-timedexecu-
tionsthestartandendtimesof �rings of all actorsareequal.
Also thechannelstatesaftercompletionof all actor�rings
thatcancompleteat a certainpoint in time arethesamein
all self–timedexecutions.

� � � �� �� �� � �� � � � � �� �� �� � �� �� � � � �� �� �� � �� �� � � � �� �� �� � �� 	 
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Figure 2. Self-timed execution of Gex .

Figure2 illustratesa self-timedexecutionof the exam-
ple SDFGGex of Figure1. The statecontainsa channel
componentwith thedistributionof tokensoverthechannels
a-a, a-b, b-c, c-b, respectively, andatimecomponent.In the
depictedcycle,thetimecomponentis denotedsymbolically
to emphasizethat thebehavior repeatsitself every six time
units,aftersomeinitial transientphase.

2.3 Structural Prop erties

Thedirectedgraphof anSDFGhassomestructuralprop-
ertiesthatarerelevant for decidingboundedness.This pa-
perassumesconnectedSDFGsfor whichthedirectedgraph
consistsof onecomponent.SDFGsconsistingof multiple
componentscanbeconsideredasasetof single-component
SDFGs,whichcanbeanalyzedseparately.

A well known strongerform of connectivity is givenby
thefollowing two de�nitions.

De�nition 11 [Path andCycle] A directedpathp is a se-
quenceof actorsa1; a2 : : : al suchthatai +1 2 Succ(ai ) for
all 1 � i < l . Pathp is simpleif f ai 6= aj for all i 6= j . If
a1 = al andl � 2, thenp is saidto bea cycle.

De�nition 12 [Strongly ConnectedSDFG] An SDFG is
stronglyconnectediff thereexistsa directedpathfrom any
actorto any otheractor. Any subgraphof anSDFGwhich
is stronglyconnectedis calledastronglyconnectedcompo-
nent(SCC,for short).An SCC� is maximalif f thereis no
SCC� 0 where� is astrict subgraphof � 0.

Anotherstructuralpropertyof SDFGsconcernsthe corre-
spondencebetweenproductionandconsumptionrates.

De�nition 13 [Consistency andBalanceEquations]A rep-
etition vectorfor an SDFG(A; C) is a function 
 : A !
IN 0 such that for every (s;d;p;c) 2 C, the equation
p
 (s) = c
 (d) holds. Theseequationsare called bal-
anceequations. Repetitionvector
 is callednon-trivial if f

 (a) > 0 for all a 2 A. If anon-trivial repetitionvectorex-
ists,theSDFGis calledconsistent. Thesmallestnon-trivial
repetitionvectorof a consistentSDFGis referredto as the
repetitionvector.
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Note that the de�nitions in this subsectioncarry over to
timedSDFGsin a straightforwardway. TimedSDFGGex

is consistentwith repetitionvector(a 7! 3; b 7! 3; c 7! 2).

2.4 Throughput of Timed SDF Gs

In thissectionthethroughputof timedSDFGsis de�ned,
andtherelationbetweentheexecutionof anSDFGandits
throughputis explained.

De�nition 14 [Throughput]The throughputTh (a) of an
actor a for a self-timed execution of a timed SDFG
(A; C; E) is de®nedasthe averagenumberof ®rings of a
pertime unit. Formally,

Th (a) = lim
� !1

Fa;�

�
:

If G = (A; C; E) is consistent,then its throughputis de-
®nedas

Th(G) = min
a2 A

Th(a)

 (a)

;

where
 is the repetitionvectorof (A; C; E). That is, the
throughputof G is theminimalactorthroughputnormalized
by therepetitionvector.

Wede�ne thelocal throughputof anactorasthethroughput
of thatactorin a self-timedexecutionwherenon-self-loop
input channelsareremoved;in otherwords,thethroughput
of anactorwhenit doesnotneedto wait for datafrom other
actors.

De�nition 15 [Local Throughput] The local throughput
LTh(a) of anactora for a self-timedexecutionof a timed
SDFG(A; C; E) is de®nedas

LTh(a) =
8
><

>:

0; if thereis ach = (a; a; p;c) in SLC(a)
suchthatp < c or S0(ch) < c

min
ch =( a ;a ;r ;r )2 SLC( a)

bS0(ch)=rc=E(a); otherwise.

If anactorhasa self-loopchannelwith a lower production
ratethanconsumptionrateor insuf�cient tokensfor anini-
tial �ring, its local throughputis zero,i.e., it deadlocksat
somepointin time. Otherwise,thelocalthroughputisdeter-
minedby theself-loopchannelswith equalproductionand
consumptionrates.If therearenosuchchannels,i.e., there
areno self-loopchannelsor all self-loopchannelshave a
higherproductionthanconsumptionrate,local throughput
is by de�nition in�nite.

In a self-timedexecutionof a timed SDFG,thereis al-
waysa time � p afterwhichonly a repetitivepatternof actor
�rings occurs(whenignoring theorderamongactor�ring
completionsoccurringat thesamemomentin time) [8, 1].

Theself-timedexecutionfrom thebeginningup to time � p

is calledthe transientphase,andthereafteris addressedas
theperiodicphase.Figure2 illustratesthis fact. Thus,the
throughputof an arbitraryactora in the self-timedexecu-
tion can be calculatedby counting the numberof occur-
rencesof �rings of a in oneperioddividedby the amount
of time thattheperiodtakes.The�rings of a in oneperiod
canbespreadover theperiod,but thenumberof �rings of
oneactorin oneperiodis always�x ed.

Consideragain SDFG Gex of Figure 1. The local
throughputof actor a is 1

2 , whereasit is 1 for b and c.
The throughputof the threeactorsequals3

6 = 1
2 , 3

6 = 1
2 ,

and 2
6 = 1

3 , respectively. ThegraphthroughputTh (Gex ) is
determinedby actora (with repetition-vectorentry 3) and
is equalto ( 3

6 )=3 = 1
6 . This illustratesthattheperiodicbe-

havior of thegraphasawholeneeds6 timeunitsperperiod.

2.5 Boundedness De�nitions

Differentusefulnotionsof boundednesscanbe de�ned
for SDFGs.To enableidentifying theseforms,we �rst de-
�ne boundednessfor a givenexecution.

De�nition 16 [BoundedChannelandBoundedExecution]
Let � = S0; S1; : : : be an executionof an SDFG(A; C).
We call achannelch boundedunder� if f thereexistssome
B 2 IN suchthatSi (ch) � B for all i � 0. If all channels
of theSDFGareboundedunder� then� is bounded.

De�nition 16 carriesover to timedexecutionsin a straight-
forwardway. Now, wegiveade�nition for theboundedness
of an SDFGwhich intuitively meansthat it canbe imple-
mentedusinga �nite amountof memory.

De�nition 17 [BoundedSDFG]A (timed)SDFGis called
boundediff thereexistsa boundedmaximalexecution.It is
unboundedotherwise.

A strongerform of boundednessis strict boundedness.

De�nition 18 [Strictly Bounded Channel and Strictly
BoundedSDFG] A channelis strictly boundediff it is
boundedunderall executions. A (timed) SDFG is called
strictly boundediff all of its channelsarestrictly bounded.

Notethatany strictly boundedSDFGis alsobounded.We
�nally de�ne anotherform of boundedness,which only
considersself-timedexecutionsof timedSDFGs.

De�nition 19 [Self-timedBoundedSDFG]A timedSDFG
is self-timed boundediff all self-timed executions are
bounded.A channelin atimedSDFGis self-timedbounded
iff it is boundedin all self-timedexecutions.
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All self-timedboundedSDFGsareboundedbut not neces-
sarilystrictly bounded.RunningexampleGex is notstrictly
boundedbecausea canbe�red inde�nitely without �ring b
andc. However, it is self-timedbounded,asFigure2 illus-
trates. It is not dif�cult to constructboundedSDFGsthat
arenot self-timedbounded.If theexecutiontimesof actors
bandc in Gex arechangedto 3, for example,thentheSDFG
remainsboundedbut it is no longer self-timedbounded.
Theseexamplesshow thatthenotionof self-timedbounded-
nessdoesnot coincidewith othernotionsof boundedness.
Given the importanceof self-timedexecution,it is worth
investigatingthis notionin somedetail.

3 Boundedness

In this section,we studynecessaryandsuf�cient condi-
tionsunderwhichanSDFGis liveandbounded.

Theorem20 A live SDFGG = (A; C) is boundediff it is
consistent.

PROOF For anexecution� = S0 ; S1 : : :, then-th executionstep
refersto the®ring performedjustbeforeenteringchannelstateSn .
We useFa;n to denotethenumberof ®ringsof a speci®cactora
afterperformingn executionsteps.
The suf®cient part: If the graphis consistent,thenthereexists a
non-trivial repetitionvector
 for G. So,startingfrom the initial
channelstateS0 , if every actora 2 A ®res
 (a) times,thenac-
cordingto thede®nitionof therepetitionvectorthechannelstate
of G goesbackto S0 . This procedureis alwayspossibleif G is
live [11]. As the numberof initial tokens,the numberof ®rings
andthe ratesarebounded,thereforethe numberof producedto-
kensis limited. So,we concludethat therequiredmemoryunder
these®rings is bounded. Therefore,the executionconsistingof
repeatingthesameactor®ring patternis bounded.
The necessarypart: If G is live and bounded,then thereexists
an in®nite execution � which is bounded,and thus visits some
channelstatesrepeatedly. Supposethat both the n-th and n0-th
elementof � arechannelstateS. We cancalculatethenumberof
tokensoneverychannelch = (a; b;p;c) atstepk by thefollowing
expression

Sk (ch) = S0(ch) + pFa;k � cFb;k :

Assumewithout lossof generalitythatn0 > n. SinceG is con-
nected,it is impossibleto return to the samestatewithout hav-
ing ®red every actorat leastonce. Therefore,Fa;n 0 > Fa;n and
Fb;n 0 > Fb;n . Sincewe have Sn = Sn 0, it follows that

(Fa;n 0 � Fa;n )p = (Fb;n 0 � Fb;n )c:

Hence,if we take for all a 2 A, 
 (a) = Fa;n 0 � Fa;n then
 is
anon-trivial solutionfor thebalanceequations,whichmeansG is
consistent. 2

Theorem20 statestheconsistency of anSDFGasa neces-
saryandsuf�cient condition for boundednessof live SD-
FGs. If a subgraphof an SDFGdeadlocks(which means

thattheSDFGis not live) thentheconsistency of anSDFG
is not suf�cient for boundedness.For example,consider
Gex of Figure1 without the initial token in the c-b chan-
nel. Executiontimesmaybeignored.TheresultingSDFG
is consistentbut not bounded.The SCCof the graphthat
consistsof actorsb andc deadlocksafter the �rst �ring of
bothactors.However, actora cancontinueits �ring, which
leadsto anunboundedchannelbetweena andb.

Proposition21 [19] A stronglyconnectedSDFGis live if f
it is deadlock-free.

The de�nition of livenessstatesthat a live SDFG hasan
executionin which all actors�re in�nitely often. If a live
SDFGis stronglyconnected,thenall actors�re in�nitely
oftenin all maximalexecutions.

Lemma 22 If oneSCCin an SDFGG deadlocksthenei-
therG deadlocksor it is unbounded.

PROOF If G containsonly oneSCCthenthe lemmafollows im-
mediately. In caseit consistsof multiple SCCs,at leastonedead-
locked andat leastone deadlock-free,then thereexists an SCC
(possiblya singleactor)which is deadlock-freeandconnectedto
anactorin a deadlockedSCC.This connectingchannelmustnec-
essarilygo from the deadlock-freeSCCto the deadlocked SCC.
Sincein a deadlock-freeSCCall actorsmustnecessarily®re in-
®nitely often,this channelmustbeunbounded. 2

This lemma implies that a deadlock-freeand bounded
SDFGis live.

Corollary 23 An SDFG is live and bounded iff it is
deadlock-freeandbounded.

Thefollowing theoremfollows from Theorem20,Proposi-
tion 21,Lemma22,andCorollary23.

Theorem24 An SDFGis live andboundediff it is consis-
tentandall its SCCsare deadlock-free.

PROOF For thenecessarypart,notethatTheorem20 andthefact
that an SDFG is live and boundedimplies that it is consistent.
Livenessand boundednesstogetherwith Lemma22 shows that
all SCCsmustbe deadlock-free.For the suf®cient part, observe
that the fact that all SCCsaredeadlock-freeimplies livenessof
theSDFG,becausetheSCCsof theSDFGwithout inputchannels
from otherSCCscan,by Proposition21,alwayscontinuefeeding
tokensinto theSDFG,whichagainby Proposition21implieslive-
nessof all SCCsandhencetheSDFG.Theorem20 thenimplies
thattheSDFGis alsobounded. 2

The exampleSDFGGex is live andboundedbecauseit is
consistentandall its SCCsaredeadlock-free.

Next, wegiveanalgorithmto checklivenessandbound-
ednessof anSDFG.
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Algorithm isLive&Bounded(G)
Input: A connected(timed)SDFGG
Output: “li ve and bounded” or “either deadlockor un-

bounded”
1. if G is inconsistent
2. then return “eitherdeadlockor unbounded”
3. for eachmaximalSCCS in G
4. do if S deadlocks
5. then return “eitherdeadlockor unbounded”
6. return “li veandbounded”

Consistency of SDFGscan be veri�ed ef�ciently as ex-
plainedin [3]. Maximal SCCsof a graphcanalsobecom-
putedef�ciently [5]. Algorithmsfor detectingdeadlockfor
consistentstrongly connectedSDFGsthat are ef�cient in
practicearegivenin [11, 8].

4 Strict Boundedness

This sectionidenti�es suf�cient and necessarycondi-
tionsfor thelivenessandstrict boundednessof anSDFG.

Theorem25 [19, Theorem 4.11] A live (timed) SDFG is
strictly boundediff it is consistentandstronglyconnected.

This theoremin combinationwith Proposition21 implies
thefollowing theorem.

Theorem26 An SDFGis live andstrictly boundediff it is
deadlock-free, consistentandstronglyconnected.

So thealgorithmfor checkinglivenessandstrict bounded-
ness�rst checkswhetherthe SDFGis stronglyconnected
andconsistent,andthenwhetherit is deadlock-freeusing
thealgorithmsfrom [5, 3, 8, 11]. Theexampleof Figure1
is not strictly boundedbecauseit is not stronglyconnected.

5 Self-timedBoundedness

In thissection,weinvestigatethelivenessandself-timed
boundednessof timedSDFGs.A self-timedexecutionof a
live andself-timedboundedSDFGusesa �nite amountof
memoryandall actors�re in�nitely oftenin suchanexecu-
tion. Necessaryandsuf�cient conditionsaregiven,andan
algorithmfor checkingtheseconditions.

5.1 Some Basic Prop erties

Self-timedboundednesshasa strongrelationshipwith
thethroughputof anSDFG.In this subsection,someprop-
erties for the throughputas well as the relation between
boundednessandthroughputof timedSDFGsaregiven.

The throughputof an actor is only determinedby the
throughputof its predecessorsandits local throughput.

Lemma 27 The throughputof an actorb 2 A of a timed
SDFGG = (A; C; E) satis®estheequation

Th(b) = minf min
(a;b;p;c )2 IC (b)nSLC (b)

p
c

Th(a); LTh (b)g:

(1)

PROOF It is not dif®cult to seethatthelocal throughputof anac-
tor is anupperboundfor its throughput.So,weprove thetheorem
for thecasemin ( a;b;p;c ) 2 IC ( b) nSLC( b) (p=c)Th (a) � LTh (b).
Let channelschi = (ai ; b;pi ; ci ) beall input channelsof b. Sup-
poseam is anactorfor which (pm =cm )Th (am ) is minimal.
First,considerthecasethatcm Th (b) � pm Th (am ) = k > 0. By
substitutingthede®nitionof actorthroughputwe get

lim
� !1

cm Fb;� � pm Fam ;�

�
= k:

Accordingto thede®nitionof a limit, for any � > 0, thereexistsa
timeT wherefor all � > T , wehave

j
cm Fb;� � pm Fam ;�

�
� kj < �:

If we set� to k=2, we canconcludethatfor � > T ,

cm Fb;� � pm Fam ;� >
k
2

� ;

whichmeansthatregardlessof thenumberof initial tokenson the
channel,thereexists a T , suchthat for all � > T the numberof
producedtokensis lessthantheconsumedones,which is impos-
sible.Hence,cm Th (b) � pm Th (am ) � 0.
Second,similarly, we canshow thatif cm Th (b) � pm Th (am ) <
0, thenthereexistsa time T , wherefor times� > T , therewere
enoughtokensonchm to ®re anddueto thechoicefor am (mini-
malityof (pm =cm )Th (am )) onall otherinputchannelsof b, while
bdid notstartanew ®ring, whichcontradictstheself-timedexecu-
tion scheme.Thus,cm Th (b) � pm Th (am ) = 0, whichcompletes
theproof. 2

Thethroughputof actorbof Gex , for example,is 1
2 , because

its predecessora hasthatthroughput,theratesof channela-
bare1 andits local throughputis 1 .

Corollary 28 If actorsa; b 2 A of an SDFGG arecon-
nectedby a channel(a; b;p;c) thenTh(b) � (p=c)Th (a).

After having illustratedthefactorsthatareinvolvedin cal-
culatingthe throughputof an actor, we now show that the
only casethata channelis not self-timedbounded,is when
theproductionof tokensinto onechannelis largerthanthe
consumptionof tokensoutof thatchannel.

Lemma 29 SDFG (A; C; E) is self-timed bounded iff
Th (b) � (p=c)Th (a) for everychannel(a; b;p;c) 2 C.

PROOF We know that thereis a time � p suchthat for all � � � p ,
theexecutionof G is in theperiodicphase.Let d betheamountof
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time thatoneperiodof a self-timedexecution� of G takes.Then
for any actora 2 A andtime � � � p we have

Fa;� + d � Fa;� = dTh (a):

Althoughthenumberof ®ringsof oneactorin oneperiodis always
®xed,the®ringsof a in oneperiodcanbespreadover theperiod.
Therefore,we have the following inequality, wherek = b(� �
� p )=dc,

kdTh (a) � Fa;� � Fa;� p � (k + 1)dTh (a): (2)

Let S� (ch) be the number of tokens on channel ch =
(a; b;p; c) 2 C at time � , thenS� (ch) canbecalculatedby

S� (ch) = S0(ch) + pFa;� � cFb;� : (3)

For � > � p , by usingEquation(2), we have

S� (ch) � S0(ch) + p(Fa;� p + (k + 1)dTh (a))

� c(Fb;� p + kdTh (b)) :

Sincethe only part of the above inequality that dependson k is
kd(pTh (a) � cTh (b)) , S� (ch) is boundedif pTh (a) � cTh (b).
Also we have

S� (ch) � S0(ch) + p(Fa;� p + kdTh (a))

� c(Fb;� p + (k + 1)dTh (b)) :

Usingthesameargumentasabove we canconcludethatch is not
boundedif pTh (a) > cTh (b). 2

The next propositiongives necessaryand suf�cient con-
ditions for self-timedboundednessof a live stronglycon-
nectedSDFG.

Proposition30 A live andstronglyconnectedSDFGG is
self-timedboundediff it is consistent.

PROOF Thesuf®cientpartcanbededuceddirectly from Theorem
25 asstrict boundednessensuresself-timedboundedness.For the
necessarypart,thesameargumentasusedin theproofof Theorem
20 is valid. 2

Lemmas31 and 32 and Proposition33 prove someuse-
ful propertiesabout the relation betweenthe throughput
of variousactors. Lemma31, which follows immediately
from Corollary 28 andLemma29, shows the relationbe-
tweenproducerand consumeractorsof an arbitrary self-
timedboundedchannel.Lemma32 shows therelationbe-
tweenthe actorthroughputsfor any two actorsin an SCC
of anSDFG.Proposition33 givestherelationbetweenthe
throughputof two arbitraryactorsin consistentself-timed
boundedor stronglyconnectedSDFGs.

Lemma 31 If a channel(a; b;p;c) connectinga and b is
self-timedboundedthenTh (b) = (p=c)Th (a):

Lemma 32 If a andb aretwo actorsof an SCCof a con-
sistentSDFGwith repetitionvector
 , thenTh(a)=
 (a) =
Th(b)=
 (b).

PROOF We know that actorsa and b are on a cycle. Let a =
i 1 ; i 2 ; : : : ; i k = b;: : : ; i l = a denotethis cycle. If actorsi 1

andi 2 areconnectedby channel(i 1 ; i 2 ; p1 ; c1), andi 2 andi 3 by
(i 2 ; i 3 ; p2 ; c2) andsoforth, then,by Corollary28,we know that

Th (a) �
pl � 1

cl � 1
Th (i l � 1);

Th (i l � 1) �
pl � 2

cl � 2
Th (i l � 2);

: : : � : : : ;

Th (i k +1 ) �
pk

ck
Th (b);

Th (b) �
pk � 1

ck � 1
Th (i k � 1);

: : : � : : : ;

Th (i 2) �
p1

c1
Th(a):

By combiningtheabove equations,weobtain

Th (a) �
pl � 1pl � 2 : : : pk

cl � 1cl � 2 : : : ck
Th (b); (4)

and
Th (b) �

pk � 1pk � 2 : : : p1

ck � 1ck � 2 : : : c1
Th (a): (5)

Accordingto thede®nitionof 
 we canalsowrite

cl � 1 
 (a) = pl � 1 
 (i l � 1) )
pl � 1

cl � 1
=


 (a)

 (i l � 1)

;

cl � 2 
 (i l � 1) = pl � 2 
 (i l � 2) )
pl � 2

cl � 2
=


 (i l � 1)

 (i l � 2)

;

: : : = : : : ;

ck 
 (i k +1 ) = pk 
 (b) )
pk

ck
=


 (i k +1 )

 (b)

;

ck � 1 
 (b) = pk � 1 
 (i k � 1) )
pk � 1

ck � 1
=


 (b)

 (i k � 1)

;

: : : = : : : ;

c1 
 (i 2) = p1 
 (a) )
p1

c1
=


 (i 2)

 (a)

:

By substitutioninto Inequalities(4) and (5) we have Th(a) �
(
 (a)=
 (b))Th(b) andTh(b) � (
 (b)=
 (a))Th(a). Rewriting
this resultyieldsTh(a)=
 (a) � Th(b)=
 (b) andTh(b)=
 (b) �
Th(a)=
 (a), which meansthat Th(a)=
 (a) = Th(b)=
 (b),
completingtheproof. 2

Proposition33 If a and b are two actorsof a consistent
self-timedboundedor strongly connectedSDFG G with
repetitionvector
 thenTh(a)=
 (a) = Th(b)=
 (b):

PROOF Thedesiredresultfor stronglyconnectedSDFGsfollows
immediatelyfrom Lemma32. Therefore,assumethata andb are
actorsof a consistentself-timedboundedSDFG. Supposepath
a = i 1 ; i 2 ; : : : ; i k = b is a pathconnectinga to b. If actorsi 1
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andi 2 areconnectedby (i 1 ; i 2 ; p1 ; c1) andi 2 , i 3 areconnectedby
(i 2 ; i 3 ; p2 ; c2) andsoon, thenaccordingto Lemma31 wehave

Th (b) =
pk � 1

ck � 1
Th (i k � 1);

Th (i k � 1) =
pk � 2

ck � 2
Th (i k � 2);

: : : = : : :

Th (i 2) =
p1

c1
Th (a):

The proof cannow be completedalongthe lines of the proof of
Lemma32. 2

This proposition shows that for consistent self-timed
boundedor strongly connectedSDFGsthe throughputas
de�ned in De�nition 14 canbe calculatedvia an arbitrary
actorwithout explicitly computingtheminimum.

5.2 Reduction to an HSDF G

In this section, we proposea methodfor reducinga
consistentSDFG G to an HSDFG GH which preserves
(non-)livenessand self-timed (un)boundednessof G. In
GH , everyactorhasa self-loopchannelwith oneinitial to-
ken,ratesof all channelsareone(i.e.,it is anHSDFG),and,
ignoring self-loops,it is acyclic. Becauseof thesesimple
properties,we usethereducedgraphfor verifying thelive-
nessandself-timedboundednessof theoriginalSDFG.The
reductionalsopreservesthroughputwhich meansour algo-
rithm alsoprovidesthethroughputof theoriginalSDFGG.

The reductionusesthenotion of local throughputof an
SCC of an SDFG,and it is illustrated in Figure 3 which
providesthereducedgraphfor therunningexample.

De�nition 34 [Local Throughputof an SCC] The local
throughputLTh(� ) of anSCC� = (A � ; C� ; E � ) in a con-
sistentSDFG G = (A; C; E) with repetitionvector 
 is
de®nedastheactorthroughputof anarbitraryactora 2 A�

whenall inputchannelsfrom AnA � to A � areremoved,di-
videdby 
 (a).

Lemma32 impliesthatthis de�nition is sound.

� � ��� � ��
�

�

�

�

� �

Figure 3. The reduced HSDFG for Gex .

De�nition 35 [ReducedGraph] Let a consistentSDFG
G = (A; C; E) contain n maximal SCCs � 1 =
(A � 1 ; C� 1 ; E � 1 ); : : : ; � n = (A � n ; C� n ; E � n ). Suppose

is therepetitionvectorof G. We de®nethereducedSDFG

GH = (AH ; CH ; EH ) asfollows: AH = f x i j1 � i � ng
(which meansoneactorfor eachmaximalSCCin G); CH

containsa channel(x i ; x j ; p
 (a); c
 (b)) for every channel
(a; b;p;c) 2 C wherea 2 A � i , b 2 A � j , i 6= j ; CH also
containsself-loopchannels(x i ; x i ; 1; 1) for everyactor;the
executiontime EH (x i ) equals1=LTh(� i ) if � i doesnot
deadlockand1 if it does.Accordingto thebalanceequa-
tions we know that for eachchannelin the original graph
(a; b;p;c), p
 (a) = c
 (b). Thus,theproductionandcon-
sumptionratesfor every channelin CH areequal. There-
fore,wecansimplify thereducedG by settingall ratesof all
channelsin CH to one.Consequently, weobtainanHSDFG
asthe result. Finally, every self-loopchannelin GH con-
tainsoneinitial token,andall theotherchannelsareempty.

Sincethe HSDFG resultingfrom the reductionis acyclic
when ignoring self-loops,the preservation of throughput,
(non-)livenessandself-timed(un-)boundednessthatweare
aiming at, is independentof the numberof initial tokens
on the non-self-loopchannels.Hence,we chooseto leave
thosechannelsempty.

Considerthereducedgraphshown in Figure3. Theorig-
inal graphGex hastwo maximalstronglyconnectedcom-
ponents,containingactora, andactorsbandc, respectively.
TheseSCCsarereducedto actorsx1 andx2. Sinceactora
hasthroughput1

2 andrepetition-vectorentry 3, the execu-
tion time of x1 is set to 6, illustrating that 3 �rings of a
take 6 time units. Consideringthe otherSCCin isolation,
it canbe veri�ed thatoneperiodof this SCCcontaining3
�rings of b and2 of c consistsof 4 time units. Given the
repetitionvectorof Gex andDe�nition 34,thisgivesalocal
throughputof 1

4 andanexecutiontime of 4 for x2.
The following propositionshows the relation between

the throughputof actorsin a maximal SCC of an SDFG
andthe throughputof theactorcorrespondingto thatSCC
in thereducedSDFG.

Proposition36 Let GH bethereducedSDFGof a consis-
tent timedSDFGG with repetitionvector
 . If a maximal
SCC� = (A � ; C� ; E � ) in G is replacedby actorx in GH ,
thenfor any a 2 A � , Th (a) = 
 (a)Th (x).

PROOF For proving thisproposition,®rst wede®neanintermedi-
atereducedgraphin whichonly oneof theSCCsis reduced.Then,
we prove thepropositionfor this intermediateSDFG.Finally, the
resultis provenfor theentirereduction.
Let � = (A � ; C� ; E � ) beamaximalSCCin G, 
 betherepetition
vectorof G andLTh (� ) be the local throughputof � . For any
freshactornamex 62A, wede®nethe� -reducedSDFGG� ! x =
(A x ; Cx ; Ex ) asfollows: A x = (AnA � ) [ f xg; Cx equalsCnC�

with every input channel(a; k; p; c) with a 2 AnA � andk 2 A �

replacedby (a; x; p; c
 (k)) , everyoutputchannel(k; a; p;c) with
a 2 AnA � andk 2 A � replacedby (x; a; p
 (k); c), andanextra
self-loopchannel(x; x; 1; 1) with oneinitial token.Theexecution
time Ex (a) equalsE (a) for all actorsa 2 AnA � , andfor actor
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x it is setto 1=LTh (� ) if � doesnot deadlockand1 if it does.
Thechannelsof G� ! x containthesamenumberof initial tokens
asthecorrespondingchannelsin G.
Next, for G� ! x , we prove the following equation,for every a 2
A � .

Th (a) = 
 (a)Th (x): (6)

First, assume� hasonly self-timedunboundedinput channels,if
it hasany input channelsat all. Since� is a maximalSCC,the
actor®rings in � do not have impacton theproductionof any to-
kensin the input channelsof � . By the constructionof G� ! x ,
any part of the graph producingtokens into input channelsof
� remainsunchangedin G� ! x . Furthermore,becauseall input
channelsof � areself-timedunbounded,� is not constrainedby
its input channelsrealizing a throughputequal to LTh (� ), and
becauseTh (x) � LTh (x) = LTh (� ), x consumestokens in
a self-timed execution at most as fast as � consumesthe cor-
respondingtokens. Therefore,also all input channelsof x in
G� ! x areself-timedunbounded.This meansthat at somepoint
in time x never hasto wait for input tokens,which implies that
Th (x) = LTh (x). By thede®nitionof thelocal throughputof an
SCC,LTh (x) = LTh (� ) = Th (a)=
 (a), for somearbitrarya in
A � , whichprovesEquation(6).
Second,we may assumethat not all input channelsof � areun-
bounded.By Lemma32, it suf®cesto prove Equation(6) for an
arbitraryactorof � .
Let channelschi = (bi ; ai ; pi ; ci ) be all channelsconnecting
someactorbi in A n A � to an actor ai in A � . Denotethis set
asIC( � ). Basedon Corollary 28, Th (ai ) � (pi =ci )Th (bi ) for
all i . Thede®nitionof Ex in G� ! x impliesthatfor all i ,

Th (x) �
pi

ci 
 (ai )
Th (bi ):

Let chm = (bm ; am ; pm ; cm ) be a channelfrom actor bm 2
AnA � to actoram 2 A � , suchthat,for all i ,

pm

cm 
 (am )
Th (bm ) �

pi

ci 
 (ai )
Th (bi );

i.e., chm is a channelwhich constrainsthe throughputof x the
most. We continueto prove Equation(6) for actoram , i.e., we
prove thatTh(am ) = 
 (am )Th(x).
We show thatchm is bounded.To show this by contradictionwe
assumethatchm is unbounded.Accordingto Lemma29we have

pm Th (bm ) > cm Th (am ) )
pm

cm 
 (am )
Th (bm ) >

Th (am )

 (am )

:

Sincewe assumedthat not all chi areunbounded,thereexists a
boundedchannelchk 2 IC( � ). Thereforeusing®rst Lemma32
andthenLemma31 we canconcludethat

pm

cm 
 (am )
Th (bm ) >

Th (am )

 (am )

=
Th (ak )

 (ak )

=
pk

ck 
 (ak )
Th (bk );

whichmeansthat

pm

cm 
 (am )
Th (bm ) >

pk

ck 
 (ak )
Th (bk ); (7)

which contradictsthe choiceof chm . Hence,channelchm must
bebounded.

Accordingto Lemma27, thethroughputof x canbecalculatedas
follows:

Th (x) = minf min
( bi ;a i ;p i ;c i ) 2 IC( � )

pi

ci 
 (ai )
Th (bi ); LTh (� )g:

Thechoicefor chm implies thatwe cancalculatethe throughput
of x as

Th (x) = minf
pm

cm 
 (am )
Th (bm ); LTh (� )g:

If the resultof this minimum is LTh (� ) thenfrom thede®nition
of thelocal throughputof anSCCandthede®nitionof theexecu-
tion time of x, Equation(6) follows for am . In theothercase,as
(bm ; am ; pm ; cm ) is bounded,usingLemma31,we have

Th (x) =
pm

cm 
 (am )
Th (bm ) =

Th (am )

 (am )

;

which completestheproof for actoram , andhencefor all actors
in A � .
Finally, it is not dif®cult to seethat by replacingall SCCsof
SDFGG via the above intermediatereductionresultsin the re-
ducedSDFGasde®nedin De®nition 35 beforeall ratesare re-
placedby ones.Therefore,wecanextendEquation(6) to all SCCs
of G, sincethe simpli®cationof the ratesin the reductiondoes
notchangetherepetitionvector, andthereforealsothethroughput
doesnot change. 2

It is easyto verify that Proposition36 holds for the run-
ning example. Considerfor instanceactor x2 of the re-
ducedgraph. Its throughputin the reducedgraphis fully
determinedby the throughputof x1 and becomesthere-
fore 1

6 . Proposition36 statesthatTh (b) = 3( 1
6 ) = 1

2 and
Th(c) = 2( 1

6 ) = 1
3 , which correspondsto the throughput

valuesfor bandc computedat theendof Section2.4.
The next corollary follows from the de�nition of

throughput,theobservationthatall repetition-vectorentries
of anHSDFGarealwaysone,andPropositions33and36.

Corollary 37 The throughputof a consistentself-timed
boundedSDFG is equal to the throughputof its reduced
graph.

Thereductionalsopreservesself-timed(un-)boundedness.

Theorem38 A consistent timed SDFG is self-timed
boundediff its reducedgraphis self-timedbounded.

PROOF In thisproof,weagainusetheintermediatereducedgraph
as explained in the proof of Proposition36, in which only one
of the SCCsis replacedby an actor in the intermediatereduced
SDFG.Let an SCC� = (A � ; C� ; E � ) of G be replacedby an
actorx in G� ! x . Accordingto Theorem25, channelsin a live
andstronglyconnectedSDFGarestrictly bounded,which implies
theself-timedboundednessof channelsin C� . We want to prove
thattheinput andoutputchannelsof actorx in thereducedgraph
areself-timedboundediff the correspondingchannelsto/from �
areself-timedbounded.
First,weprove thesuf®cientpart. If inputchannel(b;a; p; c) in G
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connectingactorb 2 AnA � to a 2 A � is self-timedbounded,by
Lemma29andProposition36we have

pTh (b) � cTh (a) = c
 (a)Th (x):

Thus, by Lemma 29 channel(b;x; p;c
 (a)) is also self-timed
bounded.
Now, weprovethesuf®cientpartfor outputchannelsfrom � in the
sameway. Supposechannel(a; b;p; c) in G from actora 2 A �

to actorb 2 AnA � is self-timedbounded.We prove thatchannel
(x; b;p
 (a); c) is alsoself-timedbounded.Again usingLemma
29andProposition36we have

pTh (a) � cTh (b) ) p
 (a)Th (x) � cTh (b);

which by Lemma 29 proves self-timed boundednessof
(x; b;p
 (a); c).
Next, weprovethenecessarypartof theproof,namely, if achannel
(b;a; p; c) connectingan actorb 2 AnA � to an actor insideA �

is not self-timedbounded,thenthechannel(b;x; p; c
 (a)) is also
notself-timedbounded.
Againin asimilarwayby replacingTh (a) with 
 (a)Th(x) in the
following inequalitywecanprove this partof theorem.

pTh (b) > cTh (a) = c
 (a)Th (x):

Also for thecaseof anoutputchannel(a; b;p; c).

pTh (a) > cTh (b) ) p
 (a)Th (x) > cTh (b):

Thus,we mayconcludethat thereductionof oneSCCto a single
actorpreservesself-timed(un-)boundedness.
Applying the intermediatereduction on G can be done itera-
tively in different and independentsteps. Therefore,applying
the intermediatereductionfor eachSCC of G resultsin the re-
ducedHSDFGasde®nedby De®nition 35 whenafter all the in-
termediatereductionsall ratesare changedto one. As proven
in this theorem,eachintermediatereductionpreservesself-timed
(un)boundedness.Thechangein ratesdoesnot in�uence this re-
sult becauseit affectsproductionandconsumptionratesof each
channelin thesameway. Consequently, we canconcludethatthe
reducedSDFGpreservesself-timed(un)boundedness. 2

Proposition 36 implies that non-zero throughput (i.e.,
(non-)liveness)is preserved.

Corollary 39 A consistenttimed SDFG is live if f its re-
ducedgraphis live.

5.3 Verifying Self-timed Boundedness

This section introducesan algorithm that determines
whetheranSDFGis live andself-timedbounded.Thefol-
lowing theoremfollowsfrom theresultsobtainedsofar.

Theorem40 A timed SDFG G is live and self-timed
boundediff isLive&SelftimedBounded(G) returns“yes”.

Algorithm isLive&SelftimedBounded(G=(A, C, E))
Input: A connectedtimedSDFGG

Output: “yes,Th (G)” if self-timedboundedandlive,“no”
otherwise

1. if not isLive&Bounded(G)
2. then return “no”
3. GH = (AH ; CH ; EH )  reduce(G)
4. AL [1::jAH j]  topologicalSort(GH )
5. if jAH j = 1
6. then return “yes, 1

E H (AL [1]) ”
7. for i  1 to jAH j
8. do AL [i ]:Th  1

E H (AL [i ])

9. if Pred(AL [i ]) = f AL [i ]g and AL [i ]:Th = 1
10. then return “no”
11. maxPTh  0
12. for eachj 2 Pred(AL [i ])nf AL [i ]g
13. do AL [i ]:Th  min(AL [i ]:Th ; AL [j ]:Th )
14. maxPTh  max(maxPTh; AL [j ]:Th )
15. if maxPTh > AL [i ]:Th
16. then return “no”
17. return “yes,AL [1]:Th ”

Thealgorithmworksin two steps.The�rst stepchecksthe
livenessandboundedness(asde�ned by De�nition 17) of
thegraphby callingalgorithmisLive&Bounded(lines1 and
2). If thegraphis not liveandbounded,it cannotbeliveand
self-timedbounded.Thesecondstepconcernsdetermining
whetherthereducedHSDFGis self-timedbounded(lines3
to 17).

If isLive&Boundedreturns “yes”, we know that the
SDFGis consistent.Then,line 3 of thealgorithmreduces
the SDFGaccordingto De�nition 35 andstoresthe result
in GH . Notethatthereductionrequiresthroughputcalcula-
tionsfor all SCCs.For ef�ciency reasons,thesethroughput
calculationscanbe delayedtill the algorithmreally needs
this information. Calculationsmay thenbe avoidedif the
algorithm returns“no” early. We have not madethis ex-
plicit in the algorithm. SinceG is at this point known to
be live andconsistent,by Corollary39, alsoGH is live. It
remainsto determineself-timed(un-)boundedness.

Ignoringself-loops,GH is acyclic. Line 4 topologically
sorts the actorsof GH , and storesthem in array AL , so
that thepredecessorsof anactorAL [i ] areonly amongthe
AL [j ] for j � i . If GH containsonly oneactor, thenG
is stronglyconnected,andhence,by Proposition30, self-
timed bounded,and the algorithm terminates. Basedon
Corollary37, it returnsthelocal throughputof theonly ac-
tor of GH asthethroughputof G. Notethatevery actorin
a reducedgraphhasa self-loopchannelwith onetokenon
it, so this value is equalto 1=EH (AL [1]). Also note that
EH (AL [1]), andEH (AL [i ]) in general,may be 0. In this
case,we assumethat1=EH (AL [i ]) is equalto 1 .

Eachiterationof the loop of lines7 to 16 startsby cal-
culatingthe local throughputof eachactorAL [i ], 1 � i �
jAH j, storingtheresultin AL [i ]:Th. In caseof detectinga
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sourceactor(anactorwithout any input channelexceptits
self-loopchannel)with anin�nite throughput,thealgorithm
returns“no”, becausethis implies that its outputchannels
areunbounded.The loop continuesby settingmaxPTh to
zero. This variableis a temporaryvariablefor storingthe
maximumthroughputof thepredecessorsof actorAL [i ] in
iterationi . In the loop of lines12 to 14, theminimumbe-
tweenthelocal throughputof actorAL [i ] andtheminimum
throughputof its predecessorsis assignedto AL [i ]:Th . This
value,accordingto Lemma27, is thethroughputof theac-
tor AL [i ]. Notethatsincetheactorsaretopologicallysorted
in AL , the throughputof all predecessorshasalreadybeen
calculated.The maximumthroughputof the predecessors
of actorAL [i ] is assignedto maxPTh.

The test of line 15 checks whether the maximum
throughputof predecessorsof actorAL [i ] (excludingAL [i ])
is greaterthanthethroughputof actorAL [i ] itself. In caseit
is, accordingto Lemma29,at leastonechannelconnecting
apredecessorof actorAL [i ] to AL [i ] is unbounded.

If the algorithm reachesline 17, then no unbounded
channelhasbeendetected,and the graphis live andself-
timed bounded. According to Corollary 37 and the fact
that the reducedSDFG is an HSDFG with all repetition-
vector entriesone, the value of AL [i ]:Th for all actors
AL [i ] 2 AH is equal to the throughputof G. The al-
gorithm returnsAL [1]:Th . The emphasisof algorithmis-
Live&SelftimedBoundedis on verifying livenessandself-
timedboundednessof anSDFG,so it returnsassoonasit
detectsthat thegraphis not live or not self-timedbounded.
It canbeeasilyadaptedto computethethroughputfor SD-
FGswhicharenotself-timedboundedaswell.

6 RelatedWork

There are interestingsimilarities betweenSDFGsand
Petri nets. In particular, thereis a straightforward transla-
tion from SDFGsto asubclassof Petrinets,calledweighted
MarkedGraphsandviceversa,whereactorsaretransitions,
and channelsare places. Marked Graphs,also called T-
Graphsare known to be the subclassof Petri netsthat is
mostamenableto rigorousanalysis.Thus,it makessense
to comparetheresultsobtainedin thispaperwith thecorre-
spondingresultsin the literatureconcerningPetrinets.We
studiedlivenessin combinationwith threedifferentde�ni-
tionsof boundedness(De�nitions 17,18and19)for (timed)
SDFGs.

We do not know of any relatedresultsfor boundedness
asde�ned by De�nition 17. The only resultwe know for
this type of boundednessis in [15] which only introduces
it without providing necessaryandsuf�cient conditions,as
wedo.

For strict boundednessin thesenseof De�nition 18, the
problemhasbeenstudiedfrom differentviewpointsin the

Petri-netliterature(seefor anoverview [7, 14]). In particu-
lar, [19] givesnecessaryandsuf�cient conditionsfor strict
boundednessof live weightedMarked Graphs(our Theo-
rem25). Strict boundednessis alsotheonly kind of bound-
ednesswhich hasbeeninvestigatedformally in the litera-
ture on SDFGsthemselves;Karp andMiller in their sem-
inal paper[10] introducedcomputationgraphs,which are
slightly moregeneralthanSDFGs.They provednecessary
andsuf�cient conditionsfor livenessandstrictboundedness
in their model. Their resultsaswell asthosein [19] corre-
spondto thosepresentedin thispaper.

Ourthirdde�nition of boundedness,self-timedbounded-
ness(seeDe�nition 19) is de�ned on timedSDFGs.There-
fore, we needto compareit with time-enabledPetri nets.
Petrinetshave beenextendedwith quantitative time in dif-
ferentways,by addingtiming informationto places,transi-
tionsand/ortokens(see[4] for a survey). The timed Petri
netmodelthat comesclosestto timed SDFGsis the “time
Petri net” model originally de�ned by [13]. This exten-
sionof Petri netsassociatesa duration(delay)anda dead-
line to transitions. We are not aware of any studyof the
self-timedboundednessproblemfor the subclassof time
MarkedGraphs.In [17], thelivenessandstrictboundedness
problemfor time Petri netsis studiedbut only somesuf�-
cientconditionsaregiven. Theseconditionsguaranteethat
onceatimePetrinetsatis�escertainsyntacticconstraints,it
is live andstrictly boundedif theunderlyinguntimedPetri
netis liveandstrictly bounded.Unfortunately, theresultsof
[17] cannotbeappliedin oursettingsincethesyntacticcon-
straintsrequirethe absenceof eitherdurationor deadline
bothof whicharenecessaryfor translationof timedSDFGs
to timePetrinets.[9] provesageneralundecidabilityresult
for strictboundednessof timePetrinetof [13]. However, in
[2], two suf�cient conditionsaregiven for strict bounded-
nessof timePetrinets.Wearenotawareof any resultabout
self-timedboundednessasde�ned in De�nition 19. To the
bestof ourknowledge,boththeconceptandthederivedre-
sultsarenovel.

7 Conclusions

We have studiedthe livenessandboundednessof Syn-
chronousData Flow Graphs, which are also known as
weightedMarked Graphsin the Petri-netliterature. Live-
nessandboundednessis a prerequisiteof any meaningful
SDFGmodelof a streamingmulti-mediaapplication.Two
known notionsof boundedness,namelyboundednessand
strict boundedness,have beenstudiedrigorously, and in
particularnecessaryand suf�cient conditionsfor liveness
in combinationwith thesetwo typesof boundednesshave
beengiven. For strict boundedness,theseconditionswere
alreadyknown from thePetri-netliterature.Furthermore,a
new notion,self-timedboundedness,wasintroduced.Self-
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timedboundednesscheckswhetherself-timedexecutionof
an SDFG is bounded. A self-timedexecutionyields the
maximumthroughputfor an SDFG.Necessaryand suf�-
cient conditionsfor self-timed boundednessand liveness
have beenproven. An algorithm for checkingthesecon-
ditionswaspresented.Besides,existing throughputanaly-
sistechniques,which areonly valid for stronglyconnected
graphs,areextendedto arbitraryconsistentSDFGs.
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