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Preface

When I applied for a Ph.D. position almost five years ago, I thought that I knew what it
meant to be doing research. I also thought that I understood what it meant to be work-
ing towards a Ph.D. thesis. However, research is harder than I expected and successfully
completing a Ph.D. thesis is even more difficult than doing research.

As a Ph.D. student, I started working in the Formal Methods group of Jos Baeten and
the Information Systems group of Kees van Hee. Jos and Kees wanted to find out whether
their favorite formalisms for describing and analyzing concurrent systems, namely process
algebra and Petri nets, could be integrated. At the time, several members of both groups
were interested in this topic. Thus, I had a very good start in my first year. The results that
I obtained during that year form the basis of Chapter 3 of this thesis.

Unfortunately, as any Ph.D. student experiences sooner or later, the good times did not
last. Jos became Dean of the Faculty of Mathematics and Computing Science and Kees
went to Bakkenist Management Consultants. In addition, the faculty had to cut back costs
and was being reorganized. The atmosphere was spoiled and the interest in the topic of my
research diminished. At that time, I had serious doubts whether I made the right choice
to become a Ph.D. student.

However, times changed, the reorganization was finished, and I found a new interest-
ing topic to work on. In a few months time, I developed the theory which forms the core
of Chapter 4.

The next difficult step was to start writing my thesis. I did not like the idea that I had
to redo the work of the first three years yet another time. I had already written down all
results several times in the form of reports and papers. I felt the work was finished. How-
ever, once I had written the first sections of my thesis, I realized that there were still several
interesting aspects of my research that were not yet completely clear. My enthusiasm re-
turned and I worked longer and longer hours.

But then something happened that changed my entire life. Due to the many hours I
spent behind the keyboard, the muscles and nerves in my arms were damaged, to the point
that I could no longer type, write, or lift anything. I had to stop working on my thesis,
which ultimately led to a delay of almost nine months. However, with the support of col-
leagues, family, and friends, I worked myself back into life. The fact that, today, my thesis
is finished is one of the signs that I have succeeded.

As may be clear from the above paragraphs, this thesis would not have been the same
without the help and support of many people.

First of all, I would like to thank my promotors Jos Baeten and Kees van Hee. From

vii



viii Preface

Jos, I learned many things that are useful when working in a scientific environment. Kees,
with his questions and criticism, made sure that I stayed in touch with practice.

Second, I am grateful to Marc Voorhoeve and Wil van der Aalst. My cooperation with
Marc and Wil provided the basis for Chapters 3 and 4 of this thesis. I would like to thank
Marc for always believing in my research, even when I did not.

I want to thank Eike Best and Gregor Engels for evaluating my thesis as members of
the reading committee. I thank Wil van der Aalst, Paul De Bra, Jan Friso Groote, Martin
Rem, and Marc Voorhoeve for their willingness to participate in the graduation committee.

Several colleagues and friends commented on various drafts of this thesis or parts of
it: Jos Baeten, Eike Best, Gregor Engels, Reiko Heckel, Kees van Hee, Isabelle Reymen,
Bram Stappers, Eric Verbeek, and Marc Voorhoeve. I am grateful for their effort. Their
suggestions helped to improve the readability and technical presentation of this thesis.

I would like to thank Bram Stappers for writing a script to format the index. Eric Ver-
beek provided me with the Petri net of Figure 4.3.49 on Page 195 and showed me that the
original example was incorrect.

I am indebted to Dragon Systems for developing the speech recognition software that
I used to complete this thesis.

The successful completion of a Ph.D. thesis requires a lot of hard work. However, one
other aspect is at least as important: I would like to thank my family and close friends for
their enthusiasm and interest in good times and their care and support in difficult times.

I thank Bram for having to live with me when I was too busy writing my thesis. I am
grateful to Karel and Balkie for the pleasant atmosphere they created at De Koppele.

I want to thank Bram, Eric, Marielle, Eveline, Chiel, Marcel, Gabriëlle, Patricia, and
Yves for helping me with all those things that I can no longer do myself.

I am grateful to my parents, Theo and Marga, for always being there when I need them.
Their education gave me the attitude and the sense of responsibility that is needed to earn
the doctoral degree.

Finally, I would like to say thanks to Isabelle for her love and support. There are so
many things she did for me that it is impossible to mention them all. Therefore, I’ll keep
it simple: Thank you, Isabelle!

Twan Basten

Eindhoven, October 2, 1998

“Life is what happens to you while you’re busy making other plans.”
John Lennon
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1
Introduction

“The term “formal methods” denotes software development and analysis ac-
tivities that entail a degree of mathematical rigor. ( ... ) A formal method ma-
nipulates a precise mathematical description of a software system for the pur-
pose of establishing that the system does or does not exhibit some property,
which is itself precisely defined.” (DILLON AND SANKAR, 1997)

Motivation. To date, many different formal methods exist to support the development of
complex software and hardware systems. Each of these methods builds upon a mathemat-
ical formalism to describe and analyze the system under consideration. The motivation
for the development of a formal method varies widely. Often a method is developed for a
specific application domain. Sometimes methods are based on certain proof techniques.
Other formal methods are geared towards the verification of a specific class of properties
of systems. Yet other methods are specifically developed to facilitate automated tool sup-
port. In a few occasions, mathematical elegance is the main motivation. The result is a
wide variety of formal methods and accompanying mathematical formalisms for describ-
ing complex systems, each with their own strengths and weaknesses.

Despite the large number of formal methods existing to date, new methods are still
being developed on a regular basis. Often, the question arises whether it is worth the
effort. There is still much that can be improved on and learned from existing methods
and formalisms for developing complex systems. It is particularly fruitful to study com-
binations of several methods or formalisms with different characteristics and complemen-
tary strengths. Such studies may lead to improved and more complete methods and for-
malisms, as well as a better conceptual understanding of the methods and formalisms, their
strengths, and their weaknesses.

This thesis studies the combination of two formalisms for reasoning about complex
systems, namely Petri nets and process algebra. Petri nets originate from (PETRI, 1962),
whereas the process algebra considered in this thesis was first described in (BERGSTRA
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2 Introduction

AND KLOP, 1982). Petri nets and process algebra share two important characteristics.
First, they both have a precise mathematical definition. Second, they are both designed
for reasoning about so-called concurrent systems. A concurrent system is a system that
exhibits parallelism or distribution, either physically or in its behavior. The most impor-
tant characteristic of a concurrent system is that it usually consists of multiple components
that communicate to exchange information or to synchronize. Very many of the complex
systems being developed in current software-engineering practice belong to the class of
concurrent systems.

Except for the abovementioned two common characteristics, Petri nets and process
algebra are entirely different formalisms. Petri nets have an intuitive graphical represen-
tation, which is easy to understand for non-experts. A Petri-net model describes both the
states and the actions of the system under consideration. There are many analysis tech-
niques available to investigate properties about the states as well as the dynamic behavior
of a Petri-net model. Process algebra is a purely symbolic formalism which is particularly
well suited for computer manipulation. A process-algebraic description of a system fo-
cuses on its dynamic behavior. It usually has no explicit representation of system states.
Proof techniques in process algebra are generally aimed at showing the equality of be-
havioral descriptions. Consequently, process algebra is useful to compare behavioral de-
scriptions of concurrent systems. For example, it is often used to compare a high-level
specification of a system and a more detailed description of an implementation of the sys-
tem. The goal of such a comparison is to verify whether the implementation satisfies the
specification.

The above observations show that, in several aspects, Petri nets and process algebra
are complementary. The goal of this thesis is to study topics combining the strengths of
both Petri nets and process algebra. An important objective is to improve the acceptance
of formal methods in design practice.

Considering current design practice, the most important problem is to cope with the
increasing complexity of the systems being developed. Therefore, a lot of effort is put into
the development of methods that support modular or component-based design. Important
goals of such methods are to structure the design process and to stimulate the reuse of sys-
tem components during the design process and in future designs. As explained below, the
two main topics of this thesis are both inspired by these developments in design practice.

To conclude this paragraph, it is useful to explain what is not the aim of this thesis. It
is not meant to argue the need for formal methods in the design of complex software and
hardware systems. It is also beyond the scope of this thesis to give a detailed overview and
comparison of formal methods in general. The interested reader is referred to (BOWEN,
1998), which contains numerous references to literature on these two topics.

Overview. The remainder of this thesis is organized as follows. Chapter 2 contains an
introduction to basic concurrency theory. It gives a detailed and fairly complete intro-
duction to Petri nets and process algebra, including references to related literature. The
chapter is aimed at readers with a basic mathematical knowledge. It is set up in such a
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way that the thesis is self-contained. Prior knowledge of Petri nets or process algebra is
not necessary.

Chapter 3 describes the first contribution of this thesis. It combines Petri nets and pro-
cess algebra into a method supporting compositional design. In this method, Petri nets are
used to model system components. Process algebra is used to specify and verify the be-
havior of these components. The method is compositional in the sense that the behavior
of the entire system can be derived from the behavior of its components. The basis for the
method is formed by a number of algebraic semantics for the behavior of so-called modu-
lar P/T nets. The class of modular P/T nets is a class of Petri nets especially developed to
support modular design. The chapter describes two case studies to evaluate the method in
practical design situations. The chapter is based on results published earlier in (BASTEN

AND VOORHOEVE, 1995a, 1995b).
Chapter 4 is devoted to the second topic of this thesis. It describes an approach to

support inheritance of dynamic behavior in object-oriented design methods. In such meth-
ods, the so-called class construct is used to structure a system design. A class describes
a set of objects sharing a common static structure and dynamic behavior. The concept
of inheritance is an important means to stimulate the reuse of class descriptions during
the design process. However, many object-oriented methods being used in practice lack
a precise definition of inheritance of dynamic behavior. In Chapter 4, inheritance of dy-
namic behavior is first studied in a simple process-algebraic setting. The goal is to get a
clear understanding of the important concepts. The results are then translated to a frame-
work based on Petri nets. The Petri-net framework is more expressive than the algebraic
framework and it is closer to existing object-oriented methods. The chapter also contains
a small case study to validate the approach taken to support inheritance of dynamic behav-
ior. The chapter is based on results published earlier in (BASTEN AND VAN DER AALST,
1996; VAN DER AALST AND BASTEN, 1997).

Chapters 3 and 4 both contain detailed introductions, including a further motivation
of the research, and detailed conclusions, including discussions of related work and open
problems. Chapter 5 contains some concluding remarks discussing the results of this the-
sis in the context of system design as sketched in this introductory chapter.

Finally, this thesis ends with an overview of algebraic axioms, which is a useful aid
in reading algebraic verifications, the bibliography, the index, a summary of the thesis, a
translation of the summary into Dutch, and a brief curriculum vitae of the author.





2
Basic Concurrency Theory

2.1 Introduction

Two of the most widely used formalisms for describing concurrent systems are Petri nets
and process algebra. This chapter provides an introduction to concurrency theory, con-
taining basic definitions and results. A concurrent system is assumed to be a collection
of processes running in parallel that may communicate with each other to synchronize or
to exchange information. Three different formalisms for describing concurrent systems
are discussed. First, a general framework of processes is introduced, based on the no-
tion of transition systems. Transition systems can be used to provide different formalisms
for describing concurrent systems with a common operational semantics. In this way, it
is possible to compare systems described in any such formalism in an unambiguous way.
Second, Section 2.3 introduces the formalism of Place/Transition nets, or simply P/T nets.
The framework of P/T nets is a basic class of Petri nets which is illustrative for other Petri-
net formalisms. Third, in Section 2.4, a few simple process algebras are introduced to il-
lustrate the essentials of a process-algebraic approach to describing concurrent systems.
Finally, Section 2.5 contains some concluding remarks.

2.2 Process Theory

2.2.1 Operational semantics

A very natural and straightforward way to describe a concurrent system is by means of
a labeled transition system. A labeled transition system is a set of states plus a transi-
tion relation on states. Each transition is labeled with an action. An action may be any
kind of activity performed by a concurrent system, such as a computation local to some
component of the system, a procedure call, the sending of a message or the receipt of a
message. For modeling purposes, the details of actions are often not important. Actions
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6 Basic Concurrency Theory

are assumed to be atomic entities without internal structure. The set of states in a labeled
transition system is an abstraction of all possible states of a concurrent system. The tran-
sition relation describes the change in the state of a concurrent system when some action,
the label of the transition, is performed.

The basic notion in the framework of labeled transition systems used in this thesis is
the so-called process space. A process space describes a set of processes. A process space
is a labeled transition system as described above extended with a termination predicate on
states. Each state in a process space can be interpreted as the initial state of a process.
A process is a labeled transition system extended with a termination predicate and a dis-
tinguished initial state. The termination predicate of a process defines in what states the
process can terminate successfully. If a process is in a state where it cannot perform any
actions or terminate successfully, then it is said to be in a deadlock. The possibility to
distinguish between successful termination and deadlock is sometimes useful. Process
spaces form the basis for any operational semantics for concurrent systems. A predicate
on the elements of some set is represented as a subset of this set: It holds for elements in
the subset and it does not hold for elements outside the subset.

Definition 2.2.1. (Process space) A process space is a quadruple (S,A, �!, # ), where
S is a set of states, A is a set of actions, �! ⊆ S ×A × S is a ternary transition
relation, and # ⊆ S is a termination predicate.

Let (S,A, �!, # ) be some process space. Each state s in S uniquely determines a
process that consists of all states reachable from s.

Definition 2.2.2. (Reachability) The reachability relation
∗H⇒ ⊆ S ×S is defined as

the smallest relation satisfying, for any s, s′, s′′ ∈ S and α ∈A,
s
∗H⇒ s and

(s
∗H⇒ s′ ∧ s′

α
�! s′′) ⇒ s

∗H⇒ s′′.
State s′ is said to be reachable from state s if and only if s

∗H⇒ s′. The set of all states
reachable from s is denoted s∗.
Definition 2.2.3. (Process) Let s be a state in S . The process defined by s is the 5-tuple
(s, s∗,A, �! ∩ (s∗ ×A× s∗), # ∩ s∗). State s is the initial state of the process.

In the remainder, processes are identified with their initial states. Sometimes, it is intuitive
to think about elements of S as states, whereas sometimes it is more natural to see them
as processes.

Example 2.2.5. Figure 2.2.4 on the facing page shows some examples of processes mod-
eling variants of a very simple production unit. Process states are depicted as dots. The
initial state of a process is marked with a small incoming arrow. The production unit in
Figure 2.2.4(a) is a simple sequential process that starts with receiving a command by
performing action rcmd. After it has received a command, it processes some input mate-
rial (pmat), outputs the processed material (omat), and then terminates. The unit in Fig-
ure 2.2.4(b) is the same process, except that, upon receiving a command, it may deadlock.
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(a) (b) (c) (d)

rcmd

pmat

omat

#

rcmd

pmat

omat

rcmd

pmat

omat

omat

sprdy

rcmd rcmd

pmat

omat

sprdy#

#

Figure 2.2.4: Some simple examples of processes.

A reason could be that the command is not understood. The process in Figure 2.2.4(c) is
a variant that iterates the behavior of the production unit in (a). It does not have an option
to terminate. The production unit of Figure 2.2.4(d) is again a non-iterative process. The
interesting aspect of this process is that it exhibits concurrency. In parallel to its output
action, it sends a ready-processing signal (sprdy) to, for example, an operator. This can
be useful for an operator who must pick up the processed material if processing takes a
large, but variable amount of time. In the context of process spaces, concurrency typi-
cally means that actions may be executed in any order. This representation of concurrent
behavior is often called the interleaving view of concurrency.

As mentioned, process spaces are used to provide a formalism for describing concurrent
systems with an operational semantics. However, it might occur that the behavior of two
different processes is very similar, even to such an extent that the processes may be con-
sidered equivalent. Therefore, a process space is equipped with an equivalence relation on
processes, yielding the following definition for an operational semantics. The definition
provides sufficient flexibility to precisely define the meaning of system specifications in
any Petri-net formalism or any process algebra used in this thesis.

Definition 2.2.6. (Operational semantics) An operational semantics for some given for-
malism for describing concurrent systems is a process space with an accompanying equiv-
alence relation on processes.

In the next two subsections, two well-known equivalence relations on processes are dis-
cussed that capture the notion of similarity of behavior in an intuitive way. The basic idea
is that two processes are equivalent if and only if they can always copy, or simulate, each
others actions. Two processes satisfying this requirement are called bisimilar. Bisimilar-
ity was first introduced in (PARK, 1981). Although there are many possible choices for
a meaningful equivalence relation on processes, bisimilarity is the basic semantic equiv-
alence used throughout this thesis. There are several reasons for choosing bisimilarity.
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First, it has an easy-to-understand, intuitive definition. Second, it preserves some impor-
tant properties of concurrent systems, such as deadlocks. And finally, processes that are
bisimilar are also equivalent in many other semantics for concurrent systems. However, it
is only fair to note that bisimilarity is not always the proper equivalence relation for con-
current systems.

“When semantic equivalences are used in the design of concurrent systems
( ... ), they should be chosen in such a way that two system descriptions are
considered equivalent only if the described behaviours share the properties
that are essential in the context in which the system will be embedded.”

(VAN GLABBEEK, 1990a, Introduction)

For a detailed study of many different semantics for concurrent systems, the reader is
referred to (VAN GLABBEEK, 1990a, 1990b, 1993). Since bisimilar processes are also
equivalent in many other semantics, the ideas presented in this thesis carry over to these
semantics with only little change.

In the next subsection, the formal definition of bisimilarity is given and it is shown
that it is an equivalence relation. Bisimilarity is often referred to as strong bisimilarity
in order to distinguish it from other forms of bisimilarity. In Section 2.2.3, the notion of
branching bisimilarity is introduced. Branching bisimilarity is a variant of bisimilarity
that distinguishes external or observable behavior from internal or silent behavior. The
distinction between external and internal behavior captures the idea that an environment
observing two processes might not be able to see any differences in their behavior while
internally the two processes perform different computations.

2.2.2 Strong bisimilarity

Let (P,A, �!, # ) be some process space as defined in Definition 2.2.1 on Page 6. The
notation has been changed from S to P to emphasize that, in this subsection, it is most
natural to see elements of P as processes.

Definition 2.2.7. (Strong bisimilarity) A binary relationR ⊆ P ×P is called a bisim-
ulation or strong bisimulation if and only if, for any p, p′,q,q ′ ∈ P and α ∈A,

i) pRq ∧ p
α
�! p′ ⇒ (∃ q ′ : q ′ ∈ P : q

α
�! q ′ ∧ p′Rq ′),

ii) pRq ∧ q
α
�! q ′ ⇒ (∃ p′ : p′ ∈ P : p

α
�! p′ ∧ p′Rq ′), and

iii) pRq ⇒ (# p⇔ # q).

Two processes p and q are called bisimilar, or strongly bisimilar, denoted p ∼ q, if and
only if there exists a bisimulationR such that pRq.

Figure 2.2.8 on the facing page shows the essence of a bisimulation between two pro-
cesses. It clearly shows that bisimulation captures the intuitive idea that two processes
are equivalent if and only if, at any given point in time, they can copy each others actions.
The third requirement in the definition above states that two bisimilar processes must have
the same termination behavior.
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R

αα

R
p′

p

q ′

q

Figure 2.2.8: The essence of a bisimulation.

Theorem 2.2.9. Strong bisimilarity, ∼ , is an equivalence relation.

Proof. It must be shown that bisimilarity is reflexive, symmetric, and transitive.

Reflexivity: Let I be the identity relation on P × P . Obviously, I is a bisimulation.
Hence, for any p ∈ P , p ∼ p.

Symmetry: Let p and q be processes in P . Let R be a bisimulation such that pRq. It
follows from the symmetry in Definition 2.2.7 on the preceding page thatR−1, the
inverse ofR, is a bisimulation such that qR−1 p. Hence, for any p,q ∈ P , p ∼ q
implies q ∼ p.

Transitivity: Let p,q, and r be processes inP . LetQ andR be bisimulations such that
pQq and qRr. It is straightforward to verify that the relation composition Q ◦R
is a bisimulation such that pQ ◦Rr. Hence, for any p,q, r ∈ P , p ∼ q and q ∼ r
implies p ∼ r.

2

Example 2.2.10. Consider again the examples of Figure 2.2.4(a) and (b) on Page 7. It is
not difficult to verify that it is impossible to construct a bisimulation between these two
processes. This observation is consistent with the claim made earlier that bisimilarity pre-
serves deadlocks in processes. That is, two processes can only be bisimilar if they have
the same deadlocks (see, for example, BAETEN AND WEIJLAND, 1990, Chapter 7).

pmat1

omat

#

(a)

rcmd rcmd
?

?
pmat1pmat2

omat

#

(b) (c)

# #

omat

pmat2 pmat1

rcmd

pmat2

omat

?
rcmd

Figure 2.2.11: Bisimilar or not?
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Example 2.2.12. Figure 2.2.11 on the previous page shows again three examples of pro-
cesses modeling a production unit. Although all three are different, they appear to behave
similarly. In these examples, a unit has two different material sources. Hence, it has two
different processing commands pmat1 and pmat2. In the version of the unit depicted in
Figure 2.2.11(a), the command specifies which material source should be used. There-
fore, before the unit receives its command, the choice is made between the two sources.
In the unit depicted in Figure 2.2.11(b), the command does not specify the source and the
choice is made after the unit has received its command. It is not difficult to see that it is
impossible to construct a bisimulation between the two processes. The reason is that the
moments of choice of the two processes are different. In other words, bisimilarity is said to
preserve the branching structure of processes (see, for example, VAN GLABBEEK, 1994).
It is useful to distinguish the two processes in Figure 2.2.11(a) and (b). Consider, for ex-
ample, a situation where only the first input source is filled with material. If the unit of
Figure 2.2.11(a) receives a command specifying the second source, it will not be able to
execute its processing task. If at least one of the two input sources contains material, the
unit in Figure 2.2.11(b) is always able to process.

Figure 2.2.11 shows also a third version of the production unit. It is easy to see that
the two processes in Figure 2.2.11(b) and (c) are bisimilar. The dashed lines depict what
pairs of processes construct a bisimulation. It is straightforward to check that it satisfies
the conditions of Definition 2.2.7 on Page 8. The two processes have the same branching
structure. The only difference is that in process (c) the two branches do not join, whereas
they do come together in the process depicted in (b).

2.2.3 Branching bisimilarity

To be able to distinguish between external, or observable, and internal, or silent, behavior,
silent actions are introduced. Silent actions are actions that cannot be observed. Usually,
silent actions are denoted with the action label τ . A single symbol is sufficient, since all
internal actions are equal in the sense that they do not have any visible effects. Since strong
bisimilarity as defined in the previous subsection does not distinguish between observable
actions and silent actions, it is not a suitable equivalence for processes with silent behavior.
In case one is interested in observable behavior only, processes with the same observable
behavior, but with different internal behavior should be equal. Branching bisimilarity is
an equivalence that satisfies this requirement. Branching bisimilarity was first introduced
in (VAN GLABBEEK AND WEIJLAND, 1989). The definition given in this subsection is
slightly different from the original definition. In fact, it is the definition of semi-branching
bisimilarity, which was first defined in (WEIJLAND, 1989, Chapter 1). It can be shown that
the two notions are equivalent in the sense that they define the same equivalence relation
on processes (VAN GLABBEEK AND WEIJLAND, 1996; BASTEN, 1996). The reason for
using the alternative definition is that it is more concise and more intuitive than the original
definition. It also yields shorter proofs. A comparison of the two definitions can be found
in (BASTEN, 1996).
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As is the case for strong bisimilarity, branching bisimilarity distinguishes processes
with different moments of choice (see VAN GLABBEEK, 1994). It is a slightly finer equiv-
alence than the well-known observation equivalence (MILNER, 1980, 1989). That is, it
distinguishes more processes than observation equivalence (see VAN GLABBEEK, 1993).
A comparison of branching bisimilarity, observation equivalence, and a few other equiv-
alences on processes with silent behavior can be found in (VAN GLABBEEK AND WEIJ-
LAND, 1996).

Let (P,A, �! , # ) be a process space as defined in Definition 2.2.1 on Page 6.
The set of actionsA is defined as A∪ {τ }, where A is some set of observable actions. To
define branching bisimilarity, two auxiliary definitions are needed: i) a relation expressing
that a process can evolve into another process by executing a sequence of zero or more τ
actions; ii) a predicate expressing that a process can terminate by performing zero or more
τ actions.

Definition 2.2.13. The relation H⇒ ⊆ P × P is defined as the smallest relation
satisfying, for any p, p′, p′′ ∈ P ,

p H⇒ p and
(p H⇒ p′ ∧ p′

τ
�! p′′) ⇒ p H⇒ p′′.

Definition 2.2.14. The predicate ⇓ ⊆ P is defined as the smallest set of processes sat-
isfying, for any p, p′ ∈ P ,
# p⇒ ⇓ p and
(⇓ p ∧ p′

τ
�! p) ⇒ ⇓ p′.

Note that it is also possible to define the predicate ⇓ in terms of H⇒.

Let, for any processes p, p′ ∈ P and action α ∈ A, p
(α)
�! p′ be an abbreviation of

the predicate (α = τ ∧ p = p′) ∨ p
α
�! p′. Thus, p

(τ)
�! p′ means that zero τ actions

are performed, when the first disjunct of the predicate is satisfied, or that one τ action is
performed, when the second disjunct is satisfied. For any observable action a ∈ A, the

first disjunct of the predicate can never be satisfied. Hence, p
(a)
�! p′ is simply equal to

p
a
�! p′, meaning that a single a action is performed.

Definition 2.2.15. ((Rooted) branching bisimilarity) A binary relationR ⊆ P ×P is
called a branching bisimulation if and only if, for any p, p′,q,q ′ ∈ P and α ∈ A,

i) pRq ∧ p
α
�! p′ ⇒

(∃ q ′,q ′′ : q ′,q ′′ ∈ P : q H⇒ q ′′
(α)
�! q ′ ∧ pRq ′′ ∧ p′Rq ′),

ii) pRq ∧ q
α
�! q ′ ⇒

(∃ p′, p′′ : p′, p′′ ∈ P : p H⇒ p′′
(α)
�! p′ ∧ p′′Rq ∧ p′Rq ′), and

iii) pRq ⇒ ( # p⇒ ⇓ q ∧ # q ⇒⇓ p).

Two processes are called branching bisimilar, denoted p ∼b q, if and only if there exists
a branching bisimulationR such that pRq.

A branching bisimulationR is called a rooted branching bisimulation between p and
q in P if and only if pRq and, for any p′,q ′ ∈ P and α ∈A,
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iv) p
α
�! p′ ⇒ (∃ q ′ : q ′ ∈ P : q

α
�! q ′ ∧ p′Rq ′),

v) q
α
�! q ′ ⇒ (∃ p′ : p′ ∈ P : p

α
�! p′ ∧ p′Rq ′), and

vi) # p⇔ # q.

Two processes p and q are called rooted branching bisimilar, denoted p∼rb q, if and only
if there exists a rooted branching bisimulation between p and q.

α

α

τ

p

p′

p

p′

q

q ′′ = q ′

q

q ′′

q ′

Figure 2.2.16: The essence of a branching bisimulation.

Figure 2.2.16 shows the essence of a branching bisimulation. A process must be able to
simulate any action of an equivalent process after performing any number of silent actions,
except for a silent action which it may or may not simulate. The third property in Defini-
tion 2.2.15 on the previous page guarantees that related processes always have the same
termination options. The root condition, introduced in the last three requirements of the
definition, states that the initial actions of two rooted branching bisimilar processes must
be the same. The requirements are identical to the requirements in the definition of strong
bisimilarity (Definition 2.2.7 on Page 8). The root condition is needed, because branching
bisimilarity is not a congruence for the process-algebraic choice operator which is intro-
duced in Section 2.4. Rooted branching bisimilarity, on the other hand, is a congruence
for all the process-algebra operators used in this thesis. As explained in Section 2.4, any
equivalence used in an operational semantics for a process algebra must have the congru-
ence property for all the algebraic operators. Below, it is shown that branching bisimilarity
and rooted branching bisimilarity are equivalence relations. However, before giving these
results, a few examples are given to illustrate both equivalences.

τ a

#
a

#

Figure 2.2.17: Two branching bisimilar processes that are not rooted branching bisimilar.

Example 2.2.18. Figure 2.2.17 shows two processes that are branching bisimilar but not
rooted branching bisimilar. The problem is caused by the initial silent action of the left
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process, which cannot be simulated by the right one. This example shows the essential
difference between branching bisimilarity and rooted branching bisimilarity. Branching
bisimilarity allows to remove initial silent actions, whereas rooted branching bisimilarity
does not.

rcmd

τ

omat

#

(a) (b) (c)

#

omat

rcmd rcmd

τ τ

omatomat

# #

Figure 2.2.19: Some examples of branching bisimilar processes.

Example 2.2.20. Figure 2.2.19 shows three examples of branching bisimilar processes.
The processes in (a) and (c) are the processes of Figure 2.2.11(b) and (c) on Page 9 af-
ter abstracting away the processing actions pmat1 and pmat2. Note that the two transi-
tions labeled pmat1 and pmat2 in Figure 2.2.11(b) result in a single transition labeled τ
in Figure 2.2.19(a), because it is not possible to have two transitions with the same la-
bel between the same process states. The reason for the abstraction could be that one is
interested in the input/output behavior of the production units. In both cases, the i/o be-
havior should be the receipt of a command followed by the output of processed material.
Figure 2.2.19 shows that this is indeed the case. It is not difficult to verify that the two rela-
tions depicted by the dashed lines are indeed branching bisimulations. Note that they also
satisfy the root condition. Hence, the three processes are not only branching bisimilar, but
also rooted branching bisimilar.

To prove that branching bisimilarity and rooted branching bisimilarity are equivalence re-
lations, three auxiliary lemmas are needed.

Lemma 2.2.21. Let p and q be two processes in P; let R ⊆ P × P be a branching
bisimulation between p and q. For any p′,q ′ ∈ P ,

i) p H⇒ p′ ⇒ (∃ q ′ : q ′ ∈ P : q H⇒ q ′ ∧ p′Rq ′) and

ii) q H⇒ q ′ ⇒ (∃ p′ : p′ ∈ P : p H⇒ p′ ∧ p′Rq ′).

Proof. Since the proofs of implications i) and ii) are symmetric only implication i) is
proven. The proof is by induction on the number of silent actions from p to p′.

Base case: Assume the number of silent actions from p to p′ equals zero. Then, p and
p′ must be equal. Since pRq and q H⇒ q, Lemma 2.2.21i) is satisfied.
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Inductive step: Assume p H⇒ p′ in n silent actions, for some n ≥ 1. It follows from
Definition 2.2.13 (H⇒) on Page 11 that there must exist a p′′ ∈ P such that p H⇒
p′′ in n− 1 silent actions and p′′

τ
�! p′. By induction, there exists a q ′′ ∈ P such

that q H⇒ q ′′ and p′′Rq ′′. Since p′′
τ
�! p′ and R is a branching bisimulation,

there exist q ′ and q ′′′ such that q ′′ H⇒ q ′′′
(τ)
�! q ′, p′′Rq ′′′, and p′Rq ′. Hence,

q H⇒ q ′ and p′Rq ′, which proves Lemma 2.2.21i) also in this case.
2

Lemma 2.2.22. Let R ⊆ P × P be a branching bisimulation. For any p,q ∈ P such
that pRq, ⇓ p⇔ ⇓ q.

Proof. Only one implication is proven. The other implication follows from a symmetrical
argument. The proof is by induction on the number of silent actions that a process needs
to execute in order to terminate successfully.

Base case: Let p,q ∈ P be two processes such that pRq and ⇓ p with zero silent ac-
tions. It follows from Definition 2.2.14 (⇓ ) on Page 11 that # p. Hence, Require-
ment iii) of Definition 2.2.15 (Branching bisimilarity) also on Page 11 yields that
⇓ q.

Inductive step: Let p,q ∈ P be two processes such that pRq and ⇓ p with n silent
actions, for some n ≥ 1. It follows from Definition 2.2.14 (⇓ ) that there must ex-
ist a p′ ∈ P such that p

τ
�! p′ and ⇓ p′ with n − 1 silent actions. Since R is a

branching bisimulation, there must exist q ′,q ′′ ∈ P such that q H⇒ q ′′
(τ)
�! q ′,

pRq ′′, and p′Rq ′. Since ⇓ p′ with n − 1 silent actions, by induction, ⇓ q ′. It fol-
lows immediately from Definitions 2.2.13 (H⇒ ) and 2.2.14 (⇓ ), that ⇓ q, which
completes the proof.

2

As mentioned, the definition of branching bisimilarity chosen in this thesis is slightly dif-
ferent from the original definition. The following lemma is only valid for (rooted) branch-
ing bisimulations as defined in Definition 2.2.15 on Page 11. In (BASTEN, 1996), an ex-
ample is given showing that it does not hold for the original definition in (VAN GLABBEEK

AND WEIJLAND, 1989).

Lemma 2.2.23. The relation composition of two (rooted) branching bisimulations is a
(rooted) branching bisimulation.

Proof. Let p,q, and r be processes inP; letQ andR be (rooted) branching bisimulations
such that pQq and qRr. The goal is to show that Q ◦ R is a (rooted) branching bisim-
ulation between p and r. First, to prove Requirement i) of Definition 2.2.15 ((Rooted)
branching bisimilarity) on Page 11, assume there is a p′ ∈ P such that p

α
�! p′, for

some α ∈A. It must be shown that

(∃ r ′, r ′′ : r ′, r ′′ ∈ P : r H⇒ r ′′
(α)
�! r ′ ∧ pQ ◦Rr ′′ ∧ p′Q ◦Rr ′). (2.2.24)

Since pQq, there exist q ′,q ′′ ∈ P such that q H⇒ q ′′
(α)
�! q ′, pQq ′′, and p′Qq ′. Since

qRr and q H⇒ q ′′, Lemma 2.2.21 i) on the previous page yields that there is an r ′′ ∈ P
such that r H⇒ r ′′ and q ′′Rr ′′ . Two cases can be distinguished.
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i) Assume α = τ and q ′′ = q ′. It follows immediately that r H⇒ r ′′
(α)−→r ′′, pQ◦Rr ′′ ,

and p′Q ◦Rr ′′ . Hence, Property 2.2.24 is satisfied.

ii) Assume q ′′
α−→ q ′. Since q ′′Rr ′′ and R is a branching bisimulation, there must

exist r ′, r ′′′ ∈ P such that r ′′ H⇒ r ′′′
(α)−→ r ′, q ′′Rr ′′′, and q ′Rr ′ . It follows from

r H⇒ r ′′′
(α)−→ r ′, pQ ◦Rr ′′′ , and p′Q ◦Rr ′ , that also in this case Property 2.2.24

is satisfied.

Second, for reasons of symmetry, it follows immediately from the above argument that
for any r ′ ∈ P and α ∈ A such that r

α
�! r ′, Requirement ii) of Definition 2.2.15 on

Page 11 is satisfied.
Third, to prove Requirement iii) of Definition 2.2.15, assume that # p. Since Q is a

branching bisimulation such that pQq, it follows that ⇓ q. SinceR is a branching bisim-
ulation relating q to r, it follows from Lemma 2.2.22 on the preceding page that ⇓ r.
Hence, # p implies ⇓ r. A symmetrical argument yields that Requirement iii) of Defi-
nition 2.2.15 is satisfied.

Finally, in case Q and R are rooted branching bisimulations, it is straightforward to
verify that also Q ◦R satisfies the root condition stated in Requirements iv) through vi)
of Definition 2.2.15. 2

Theorem 2.2.25. Branching bisimilarity, ∼b , and rooted branching bisimilarity, ∼rb , are
equivalence relations.

Proof. It must be shown that branching bisimilarity and rooted branching bisimilarity are
reflexive, symmetric, and transitive.

Reflexivity: Let I be the identity relation onP ×P . It is clear that for any p ∈ P , I is
both a branching bisimulation and a rooted branching bisimulation between p and
p. Hence, for any p ∈ P , p ∼b p and p ∼rb p.

Symmetry: Let p and q be processes inP . Let R be a (rooted) branching bisimulation
such that pRq. It follows from the symmetry in Definition 2.2.15 on Page 11 that
R−1 is a (rooted) branching bisimulation such that qR−1 p. Hence, for any p,q ∈
P , p ∼b q implies q ∼b p and p ∼rb q implies q ∼rb p.

Transitivity: Let p,q, and r be processes in P . Let Q and R be (rooted) branching
bisimulations such that pQq and qRr. It follows from Lemma 2.2.23 on the pre-
ceding page that the relation compositionQ◦R is a (rooted) branching bisimulation
such that pQ ◦Rr. Hence, for any p,q, r ∈ P , p∼b q and q ∼b r implies p∼b r,
and p ∼rb q and q ∼rb r implies p ∼rb r.

2

2.3 Petri Nets

This section presents an introduction to Petri nets as a formalism for modeling and analyz-
ing concurrent systems. Petri nets were introduced in 1962 by Carl Adam Petri (PETRI,
1962). Since then, Petri-net theory has been extended in many ways and applied to many
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kinds of problems. Its popularity is due to both its easy-to-understand graphical represen-
tation of nets and its potential as a technique for formally analyzing concurrent systems.
One way of classifying the large number of Petri-net formalisms that exist to date is to
separate them into colored and uncolored formalisms. This thesis is mainly concerned
with uncolored Petri nets. In this section, an introduction is given to the framework of
Place/Transition nets, which is illustrative for any other uncolored Petri-net formalism.
Good starting points for further reading on uncolored Petri nets are (PETERSON, 1981;
REISIG, 1985; BEST AND FERNÁNDEZ C., 1988; MURATA, 1989). Colored Petri nets
extend the basic Petri-net formalism with data, hierarchy, and time. A full treatment of
colored Petri nets can be found in (JENSEN, 1992, 1995, 1997; VAN HEE, 1994).

The next subsection introduces the notion of bags, which play an important role in any
Petri-net formalism. Section 2.3.2 presents the class of labeled P/T nets, which is the most
general class of P/T nets considered in this thesis. Section 2.3.3 presents some theoretical
results about P/T nets that are the basis for some of the analysis techniques available to an-
alyze Petri-net models of concurrent systems. Section 2.3.4 introduces some subclasses
of labeled P/T nets. The reason to consider subclasses of labeled P/T nets is that analy-
sis techniques for these subclasses are generally more powerful than the techniques for
labeled P/T nets. This is particularly true for the so-called class of free-choice P/T nets.
Section 2.3.5 focuses on the analysis of free-choice P/T nets.

2.3.1 Notations for bags

In this thesis, bags are defined as finite multi-sets of elements from some alphabet A. A
bag over alphabet A can be considered as a function from A to the natural numbers IN
such that only a finite number of elements from A is assigned a non-zero function value.
For some bag X over alphabet A and a ∈ A, X (a) denotes the number of occurrences of
a in X , often called the cardinality of a in X . The set of all bags over A is denoted B(A).
Note that any finite set of elements from A also denotes a unique bag over A, namely the
function yielding 1 for every element in the set and 0 otherwise. The empty bag, which
is the function yielding 0 for any element in A, is denoted 0. For the explicit enumera-
tion of a bag, a notation similar to the notation for sets is used, but using square brackets
instead of curly brackets and using superscripts to denote the cardinality of the elements.
For example, [a2,b, c3] denotes the bag with two elements a, one b, and three elements
c; the bag [a2 | P(a)] contains two elements a for every a such that P(a) holds, where P
is some predicate on symbols of the alphabet under consideration. To denote individual
elements of a bag, the same symbol “∈” is used as for sets: For any bag X over alphabet
A and element a ∈ A, a ∈ X if and only if X (a) > 0. The sum of two bags X and Y ,
denoted X ] Y , is defined as [an | a ∈ A ∧ n = X (a)+ Y (a)]. The difference of X and
Y , denoted X − Y , is defined as [an | a ∈ A ∧ n = (X (a)− Y (a))max 0]. The binding
of sum and difference is left-associative. The restriction of X to some domain D ⊆ A,
denoted X |̀ D, is defined as [aX(a) | a ∈ D]. Restriction binds stronger than sum and dif-
ference. The notion of subbags is defined as expected: Bag X is a subbag of Y , denoted
X ≤ Y , if and only if for all a ∈ A, X (a) ≤ Y (a).
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2.3.2 Labeled Place/Transition nets

Let U be some universe of identifiers; let L be some set of labels. The set of positive
natural numbers is denoted IP.

Definition 2.3.1. (Labeled P/T net) An L-labeled Place/Transition net, or simply labeled
P/T net, is a tuple (P, T , F,W, `) where

i) P ⊆ U is a finite set of places;

ii) T ⊆ U is a finite set of transitions such that P ∩ T = ø;

iii) F ⊆ (P × T ) ∪ (T × P) is a set of directed arcs, called the flow relation;

iv) W : F → IP is a weight function;

v) ` : T → L is a labeling function.

Let (P, T , F,W, `) be a labeled P/T net. Elements of P ∪ T are referred to as nodes. A
node x ∈ P∪T is called an input node of another node y ∈ P∪T if and only if there exists
a directed arc from x to y; that is, if and only if x Fy. Node x is called an output node of y
if and only if there exists a directed arc from y to x . If x is a place in P, it is called an input
place or an output place; if it is a transition, it is called an input or an output transition.
The set of all input nodes of some node x is called the preset of x ; its set of output nodes
is called the postset. Two auxiliary functions • , • : (P ∪ T ) → P(P ∪ T ) are defined
that assign to each node its preset and postset, respectively. For any node x ∈ P ∪ T ,
•x = {y | yFx} and x• = {y | x Fy}. Two additional functions i,o : (P∪T )→ B(P∪T )
assign to each node its bag of input and output nodes, respectively. For any x ∈ P ∪ T ,
ix = [yW (y,x) | y ∈ •x] and ox = [yW (x,y) | y ∈ x•].

Example 2.3.2. Besides a mathematical definition, labeled P/T nets also have an unam-
biguous graphical representation. Figure 2.3.3 on the following page shows a labeled P/T
net representing a simple production unit. Places are depicted by circles, transitions by
rectangles, and the flow relation by arcs. The small black dots residing in the places are
called tokens, which are introduced below. The weight function is represented by label-
ing arcs with their weights; weights equal to one are omitted. Attached to each place is
its identifier. Attached to each transition are its identifier and its label. In the example of
Figure 2.3.3, it is assumed that the labeling function is the identity function.

A labeled P/T net as defined above is a static structure. However, labeled P/T nets also
have a dynamic behavior. The dynamic behavior of a net is determined by its structure
and its state. To express the state of a net, its places may contain tokens. In labeled P/T
nets, tokens are nothing more than simple markers (see the graphical representation of a
labeled P/T net in Figure 2.3.3 on the next page). The distribution of tokens over the places
is often called the marking of the net.

Definition 2.3.4. (Marked, labeled P/T net) A marked, L-labeled P/T net is a pair (N, s),
where N = (P, T , F,W, `) is an L-labeled P/T net and where s is a bag over P denoting
the marking of the net. The set of all marked, L-labeled P/T nets is denotedN .
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Figure 2.3.3: The graphical representation of a labeled P/T net.

The dynamic behavior of marked, labeled P/T nets is defined by a so-called firing rule,
which is simply a transition relation defining the change in the state of a marked net when
executing an action. To define the firing rule, it is necessary to formalize when a net is
allowed to execute a certain action.

Definition 2.3.5. (Transition enabling) Let (N, s) be a marked, labeled P/T net in N ,
where N = (P, T , F,W, `). A transition t ∈ T is enabled, denoted (N, s)[t〉, if and only
if each of its input places p contains at least as many tokens as the cardinality of p in it .
That is, (N, s)[t〉 ⇔ it ≤ s.

Example 2.3.6. In the marked net of Figure 2.3.3, transition rcmd is enabled. None of the
other transitions is enabled.

When a transition t of a labeled P/T net is enabled, the net can fire this transition. Upon
firing, t removes W(p, t) tokens from each of its input places p; it adds W(t, p) tokens to
each of its output places p. This means that upon firing t , the marked net (N, s) changes
into another marked net (N, s − it ] ot).

When firing a transition, the labeled P/T net executes an action. What action the net
performs is determined by a so-called action function. Let A be some set of actions. For
any labeled P/T net N equal to (P, T , F,W, `), an action function αN : T → A is a func-
tion assigning actions to all transitions in T . The definition of the firing rule for labeled
P/T nets given below is parameterized by an action function. Doing so yields a flexible
definition which can be instantiated with a concrete action function when defining the se-
mantics of nets. The parameterization of the firing rule differs from the usual definition of
the firing rule (see, for example PETERSON, 1981; REISIG, 1985; MURATA, 1989). How-
ever, it proves to be useful in the remainder of this thesis.

Definition 2.3.7. (Firing rule) Let A be some set of actions; let, for any labeled P/T net
N = (P, T , F,W, `), the function αN : T → A be an action function. The firing rule
[ 〉 ⊆ N × A ×N is the smallest relation satisfying for any (N, s) inN , with N =
(P, T , F,W, `), and any t ∈ T ,
(N, s)[t〉 ⇒ (N, s) [αN (t)〉 (N, s − it ] ot).
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Tokens that are removed from the marking when firing a transition are often referred to as
consumed tokens or the consumption of a transition; tokens that are added to the marking
are referred to as produced tokens or the production of a transition.

There are many meaningful choices for concrete action functions. If labeled P/T nets
are used to model programs written in some concurrent programming language where
transition labels correspond to procedure identifications, actions could correspond to the
implementations of the procedures. For theoretical purposes, the details of actions might
not be relevant. Hence, one could choose the identity function on transitions as the action
function, meaning that the action performed when firing a transition is the transition it-
self. Another feasible action function is the action function that assigns to each transition
its label. In other words, the labels in a labeled P/T net are interpreted as actions.

Definition 2.3.8. (Labeling action function) Let N = (P, T , F,W, `) be an L-labeled
P/T net. The labeling action function αl

N : T → L is equal to the labeling function `.

In the remainder of this section, the labeling action function is chosen as the standard ac-
tion function for labeled P/T nets.

Example 2.3.9. In the labeled P/T net of Figure 2.3.3 on the preceding page, firing tran-
sition rcmd changes the marking from [cmd, imt3] to [tcmd, imt3], thus enabling transi-
tion pmat. Firing transition pmat yields the marking [tprdy,pmt]. This new marking en-
ables both transitions sprdy and omat. These two transitions can be fired in arbitrary order,
yielding the final marking [prdy,omt]. Since, in the net of Figure 2.3.3, the labeling func-
tion is simply the identity function, the choice of the labeling action function as the stan-
dard action function means that upon firing a transition t action t is performed. Note that
the changes in the marking when firing a transition are independent of the chosen action
function.

This example shows two clear advantages of labeled P/T nets over process spaces as
a formalism to model concurrent systems. The representation of states by marked places
allows to express in a very natural way that the production unit needs three pieces of input
material to produce one piece of processed material. Such details are not expressible in
process spaces in a straightforward way. Another advantage is that concurrency is repre-
sented in a very natural way. As opposed to the example in Figure 2.2.4(d) on Page 7, it
is not necessary to duplicate transitions sprdy and omat.

The definitions introduced so far suffice to give an operational semantics for marked, la-
beled P/T nets. In the remainder of this subsection, four possible semantics are given il-
lustrating the flexibility of the framework of Section 2.2.

The usual Petri-net semantics (see, for example, PETERSON, 1981; REISIG, 1985;
MURATA, 1989) does not distinguish successful termination and deadlock nor is there
any difference between observable and silent behavior. In the framework developed in
this chapter, such a semantics is defined as follows.

Definition 2.3.10. (Operational semantics) The operational semantics S(N ) for L-la-
beled P/T nets without successful termination is the process space (N , L, [ 〉 ,ø) with
strong bisimilarity as the equivalence relation.
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In order to distinguish successful termination from deadlock, a termination predicate is
needed. A reasonable definition of successful termination in a P/T-net framework is to
say that a labeled P/T net terminates successfully if and only if firing a transition results
in the empty marking. If the marking of a net is not empty and it cannot fire any transitions
anymore, the net is said to be in a deadlock. This definition for successful termination of
labeled P/T nets was first given in (VAN GLABBEEK AND VAANDRAGER, 1987). Let #
be the set of all marked, labeled P/T nets (N,0) inN .

Definition 2.3.11. (Operational semantics) The operational semantics S↓(N ) for L-
labeled P/T nets with successful termination is the process space (N , L, [ 〉 , #) with
strong bisimilarity as the equivalence relation.

Example 2.3.12. Assuming the operational semanticsS↓(N ), the labeled P/T net of Fig-
ure 2.3.3 on Page 18 has a semantics which is almost identical to the process given in
Figure 2.2.4(d) on Page 7 (see also Example 2.3.9 on the previous page). Only its termi-
nation behavior is different. Since the final marking of the net of Figure 2.3.3 has tokens
in prdy and omt (see again Example 2.3.9) and a marked net only terminates successfully
if its marking is empty, the net of Figure 2.3.3 terminates in a deadlock. However, it is
straightforward to define an operational semantics for labeled P/T nets in which the pro-
duction unit terminates successfully. Let (N , L, [ 〉 , #′) be a process space where #′ is
defined as the set of all (N, [prdy,omt]) inN . It is easy to see that in an operational se-
mantics based on this process space, the semantics of the production unit is identical to
the process given in Figure 2.2.4(d) on Page 7. Such an operational semantics could well
be used to compare the (termination) behavior of different designs of a production unit.
Of course, one could achieve the same results in semantics S↓(N ) by simply removing
places prdy and omt from the net structure.

In order to distinguish between observable and silent behavior, it suffices to assume that
the set of labels L contains the special label τ . The labeling action function of Defini-
tion 2.3.8 on the previous page guarantees that firing a transition labeled τ results in a
silent action.

Definition 2.3.13. (Operational semantics) The operational semantics So(N ) for L-la-
beled P/T nets with silent actions but without successful termination is the process space
(N , L, [ 〉 ,ø) with branching bisimilarity as the equivalence relation.

Definition 2.3.14. (Operational semantics) The operational semantics So↓(N ) for L-
labeled P/T nets with silent actions and successful termination is the process space (N , L,
[ 〉 , #), where # is the termination predicate defined above, with branching bisimilarity
as the equivalence relation.

2.3.3 Analysis of labeled P/T nets

P/T-net models of concurrent systems can be analyzed in many different ways. A com-
monly used technique to analyze the behavior of P/T nets is simulation. P/T nets are well
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suited for simulation techniques because of their intuitive graphical representation in com-
bination with the precise definition of their dynamic behavior. To date, many tools for sim-
ulating Petri-net models exist. Three well-known tools are ExSpect (ASPT, 1994), De-
sign/CPN (JENSEN ET AL., 1991), and PEP (BEST AND GRAHLMANN, 1995). All three
tools support colored Petri nets. The Petri-net formalism which is the basis for ExSpect is
described in (VAN HEE, 1994), whereas the formalism supported by Design/CPN can be
found in (JENSEN, 1992). A good starting point for references to the various formalisms
underlying PEP is (GRAHLMANN, 1997). In this thesis, simulation does not play an im-
portant role. A simple application of simulation techniques for Petri nets appears in Chap-
ter 3. Simulation is not discussed in detail.

Other analysis techniques for Petri-net models are focused on properties of such mod-
els. The basic idea is that properties of a concurrent system can be phrased in terms of
properties of its Petri-net model. This subsection presents a selection of properties that
can be used to analyze labeled P/T nets. This selection is not exhaustive. However, it il-
lustrates the analytical power of P/T nets and it is sufficient for the remainder of this thesis.

Some properties of P/T nets are defined on the structure of a net, whereas other proper-
ties concern their dynamic behavior. Therefore, assume that (N , L, [ 〉, # ) is the process
space in some operational semantics for labeled P/T nets, where the set of processes N
is the class of marked, L-labeled P/T nets, [ 〉 ⊆N × L ×N is the firing rule of Def-
inition 2.3.7 on Page 18, instantiated with the labeling action function of Definition 2.3.8
on Page 19, and # is some termination predicate onN .

The first property defined in this subsection is a simple structural property which is of-
ten convenient in the analysis of P/T nets. The reflexive and transitive closure of a relation
R is denoted R∗; the inverse of relation R is denoted R−1.

Definition 2.3.15. (Connectedness) A labeled P/T net N = (P, T , F,W, `) is weakly
connected, or simply connected, if and only if, for every two nodes x and y in P ∪ T ,
x(F ∪ F−1)∗y. Net N is strongly connected if and only if, for every two nodes x and y in
P ∪ T , x F∗y.

Example 2.3.16. The P/T net in Figure 2.3.3 on Page 18 is connected, but not strongly
connected.

The next definition is fundamental in the analysis of P/T nets. It defines the set of markings
that a P/T net can reach from its initial marking. The set of reachable markings of a P/T
net is also called the state space of the net. Recall that

∗H⇒ ⊆N×N is the reachability
relation defined in Definition 2.2.2 on Page 6.

Definition 2.3.17. (Reachable markings) The set of reachable markings of a marked,
labeled P/T net (N, s) ∈ N with N = (P, T , F,W, `), denoted [N, s 〉, is defined as the
set {s′ ∈ B(P) | (N, s) ∗H⇒ (N, s′)}.
Sometimes it is convenient to know the sequence of transitions that are fired in order to
reach some given marking. This thesis uses the following notations for sequences. Let A
be some alphabet of identifiers. A sequence of length n, for some natural number n ∈ IN,
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over alphabet A is a function σ : {0, . . . ,n − 1} → A. The sequence of length zero is
called the empty sequence and written ε. For the sake of readability, a sequence of positive
length is usually written by juxtaposing the function values: For example, a sequence σ =
{(0,a), (1,a), (2,b)}, for a,b ∈ A, is written aab. The set of all sequences of arbitrary
length over alphabet A is written A∗.

Definition 2.3.18. (Firing sequence) Let (N, s) with N = (P, T , F,W, `) be a marked,
labeled P/T net inN . A sequence σ ∈ T ∗ is called a firing sequence of (N, s) if and only
if for some natural number n ∈ IN, there exist markings s0, . . . , sn ∈ B(P) and transitions
t1, . . . , tn ∈ T such that s = s0, σ = t1 . . . tn if n > 0 or σ = ε if n = 0, and, for all i with
0 ≤ i < n, (N, si )[ti+1〉 and si+1 = si − iti+1 ] oti+1. Sequence σ is said to be enabled
in marking s, denoted (N, s)[σ 〉. Firing the sequence σ results in the unique marking sn ,
denoted (N, s) [σ 〉 (N, sn ).

The following property is a direct result of the definitions given so far. It states that a
marking of a labeled P/T net is reachable if and only if there is a firing sequence leading
to that marking.

Property 2.3.19. Let (N, s) with N = (P, T , F,W, `) be a marked, labeled P/T net in
N . For any marking s′ ∈ B(P), s′ ∈ [N, s〉 if and only if there exists a firing sequence σ
of (N, s) such that (N, s) [σ 〉 (N, s′).
Proof. Definitions 2.3.17 (Reachable markings) and 2.3.18 (Firing sequence). 2

Example 2.3.20. It is straightforward to verify that the set of reachable markings of the P/T
net in Figure 2.3.3 on Page 18 equals {[cmd, imt3], [tcmd, imt3], [tprdy,pmt], [prdy,pmt],
[tprdy,omt], [prdy,omt]}. Marking [prdy,pmt] is the result of firing sequence rcmd pmat
sprdy.

The following property is often useful when analyzing the set of reachable markings of a
P/T net.

Property 2.3.21. (Monotonicity of reachable markings) Let (N, s) with N = (P, T , F,
W, `) be a marked, labeled P/T net inN . Let s′ and s′′ in B(P) be two markings of N . If
s′ is a reachable marking in [N, s 〉, then marking s′ ] s′′ is reachable from s ] s′′; that is,
s′ ] s′′ ∈ [N, s ] s′′〉.
Proof. Let s′ and s′′ in B(P) be two markings of N such that s′ is a reachable marking
in [N, s〉. If s′ = s, then the property is trivial. Therefore, assume s′ 6= s. According
to Property 2.3.19 and Definition 2.3.18 (Firing sequence), there exist a non-empty firing
sequence σ = t1 . . . tn, for some positive natural number n ∈ IP and transitions t1, . . . , tn ∈
T , and markings s0, . . . , sn ∈ B(P) such that s = s0, s′ = sn , and, for all i with 0 ≤ i < n,
(N, si )[ti+1〉 and si+1 = si−iti+1]oti+1. It follows easily from Definition 2.3.5 (Transition
enabling) on Page 18 that, for all i with 0 ≤ i < n, (N, si ] s′′)[ti+1〉 and si+1 ] s′′ =
si ] s′′ − iti+1 ] oti+1. Hence, Definition 2.3.18 yields that (N, s ] s′′) [σ 〉 (N, s′ ] s′′).
Again Property 2.3.19 yields that s′ ] s′′ ∈ [N, s ] s′′〉. 2
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Example 2.3.20 on the preceding page shows that it can be straightforward to calculate
the set of reachable markings of a P/T net. However, in general, the state space of a non-
trivial P/T net can be very large or even infinite. A P/T net with a finite state space is said
to be bounded.

Definition 2.3.22. (Boundedness) A marked, labeled P/T net (N, s) ∈ N is bounded if
and only if the set of reachable markings [N, s 〉 is finite.

The following property characterizes boundedness; it is particularly useful to prove that a
P/T net is unbounded.

Property 2.3.23. (Characterization of boundedness) Let (N, s) be a marked, labeled
P/T net in N . Net (N, s) is bounded if and only if, for any markings s′ ∈ [N, s 〉 and
s′′ ∈ [N, s′ 〉, s′′ ≥ s′ implies s′′ = s′.

Proof. See (PETERSON, 1981, Section 4.2.1.1), where the property is formulated as a
property of the coverability tree (called the reachability tree in (PETERSON, 1981)). The
property is a direct result of Property 2.3.21 (Monotonicity of reachable markings) on the
facing page and the fact that the coverability tree of a labeled P/T net is always finite. 2
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Figure 2.3.24: An example of a live and unbounded P/T net.

Example 2.3.25. The P/T net of Figure 2.3.3 on Page 18 is bounded. Example 2.3.20 on
the preceding page shows that its state space is finite. Figure 2.3.24 shows a variant of the
P/T net of Figure 2.3.3. It contains two new transitions, modeling an operator that sends
commands to the production unit (scmd) and replenishes input material (rmat). The initial
marking is the empty bag 0. For convenience, all weights are set to one. As before, it is
assumed that the labeling function is the identity function. It is not difficult to see that
the net of Figure 2.3.24 is unbounded. Since the two abovementioned transitions have no
input places, they are continuously enabled. Therefore, the number of tokens in places
cmd and imt, and thus all other places, can increase indefinitely. Property 2.3.23 can be
used to prove this claim formally. Firing transition scmd leads to marking [cmd], which
is strictly larger than the initial marking 0.
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Another property of a P/T-net model, which is often meaningful from a design point of
view, is that it contains no so-called dead transitions. A dead transition is a transition that
is never able to fire.

Definition 2.3.26. (Dead transition) Let (N, s) be a marked, labeled P/T net in N . A
transition t ∈ T is dead in (N, s) if and only if there is no reachable marking s′ ∈ [N, s〉
such that (N, s′)[t〉.
A property stronger than the absence of dead transitions is liveness. A P/T net is live if
and only if, no matter what marking has been reached, it is always possible to enable an
arbitrary transition of the net by firing any number of other transitions.

Definition 2.3.27. (Liveness) A marked, labeled P/T net (N, s) ∈N with N = (P, T , F,
W, `) is live if and only if, for every reachable marking s′ ∈ [N, s〉 and transition t ∈ T ,
there is a reachable marking s′′ ∈ [N, s′ 〉 such that (N, s′′)[t〉.
Property 2.3.28. A live marked, labeled P/T net does not have any dead transitions.

Proof. Definitions 2.3.26 and 2.3.27. 2
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Figure 2.3.29: An example of a live and bounded P/T net.

Example 2.3.30. The P/T net of Figure 2.3.24 on the preceding page is live. Figure 2.3.29
shows another example of a live P/T net. It is a variant of the production unit of Figure
2.3.24. It contains three extra places. A token in place rdy means that the unit is ready to
receive a command; a token in bsy means that it is busy processing; a token in empty mod-
els that the unit contains no material. Another difference with the unit of Figure 2.3.24 is
that the processing-ready signal is not sent immediately after processing, but only after
the output material has been delivered. A final difference concerns the commands and the
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input material for the unit. The operator only sends a new command to the unit after a
processing-ready signal has been received. Material is only replenished after output ma-
terial has been delivered. Initially, two commands have been sent to the unit and three
pieces of input material are available.

It is possible to prove that the two P/T nets of Figures 2.3.24 and 2.3.29 are live by ana-
lyzing their state spaces. From such an analysis, it also follows that the net of Figure 2.3.29
is bounded, whereas we have already seen that the net of Figure 2.3.24 is unbounded.

The P/T net of Figure 2.3.3 on Page 18 is not live. Again, this follows easily from the
state space (see Example 2.3.20 on Page 22).

A marking of a marked P/T net is called a home marking if and only if it is reachable from
every marking reachable from the initial marking. Home markings play an important role
in the analysis of termination behavior and iterative behavior. Consider a marked P/T net
that terminates successfully when some given marking is reached. If this marking is a
home marking, it means that the P/T net always has the option to terminate successfully.
If the initial marking is a home marking of the net, then its behavior is iterative.

Definition 2.3.31. (Home marking) Let (N, s) be a marked, labeled P/T net in N . A
reachable marking s′ ∈ [N, s〉 is a home marking of (N, s) if and only if, for any reachable
marking s′′ ∈ [N, s〉, s′ ∈ [N, s′′〉.
Example 2.3.32. The initial marking of the P/T net of Figure 2.3.29 on the preceding page
is a home marking.

This subsection ends with two properties that a set of places of a labeled P/T net may ex-
hibit. A set of places X of a P/T net is called a trap if every transition that needs a token
from X to fire also returns a token to X . The preset and postset of a set of nodes X of a
P/T net are defined as follows: •X = (∪ x : x ∈ X : •x) and X• = (∪ x : x ∈ X : x•).

Definition 2.3.33. (Trap) Let N = (P, T , F,W, `) be a labeled P/T net. A set of places
X ⊆ P is called a trap if and only if X• ⊆ •X . A trap is proper if and only if it is not the
empty set.

A characteristic property of a trap is that, once it becomes marked, it remains marked.
Recall that, for some bag Y over alphabet A and element a ∈ A, Y (a) denotes the number
of occurrences of a in Y . For any X ⊆ A, Y (X) denotes the total number of occurrences
of elements of X in Y ; that is, Y (X) = (+ a : a ∈ X : Y (a)).

Property 2.3.34. Let (N, s) be a labeled P/T net with N = (P, T , F,W, `). Let X ⊆ P
be a trap of N . If s(X) > 0, then, for every reachable marking s′ ∈ [N, s〉, s′(X) > 0.

Proof. Definitions 2.3.33 (Trap), 2.3.17 (Reachable markings) on Page 21, and 2.3.7 (Fir-
ing rule) on Page 18. 2

Example 2.3.35. Consider again the P/T net of Figure 2.3.29 on the preceding page. The
following sets of places are traps: {rdy,bsy}, {empty,pmt}, {cmd,bsy,prdy}, {rdy, tcmd,
pmt, tprdy}, {cmd, tcmd,pmt, tprdy,prdy}, and {imt,pmt,omt}. By definition, the union
of any number of traps is again a trap. The P/T net of Figure 2.3.29 has no other proper
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traps than the six mentioned above and the ones that consist of the union of any number
of these six traps.

A set of places X of a labeled P/T net is called a siphon if and only if every transition that
puts a token in X upon firing also consumes a token from X .

Definition 2.3.36. (Siphon) Let N = (P, T , F,W, `) be a labeled P/T net. A set of places
X ⊆ P is called a siphon if and only if •X ⊆ X•. A siphon is proper if and only if it is
not the empty set.

A characteristic property of a siphon is that, once it becomes unmarked, it always remains
unmarked.

Property 2.3.37. Let (N, s) be a labeled P/T net with N = (P, T , F,W, `). Let X ⊆ P
be a siphon of N . If s(X) = 0, then, for every reachable marking s′ ∈ [N, s 〉, s′(X) = 0.

Proof. Definitions 2.3.36 (Siphon), 2.3.17 (Reachable markings) on Page 21, and 2.3.7
(Firing rule) on Page 18. 2

Example 2.3.38. Consider again Figure 2.3.29 on Page 24. In this particular example, the
set of siphons of the P/T net is identical to its set of traps given in Example 2.3.35 on the
preceding page.

In this subsection, a non-exhaustive selection of properties of labeled P/T nets has been
presented. However, some important aspects have not yet been addressed. Is it always
possible to decide whether some marking of a labeled P/T net is reachable from its initial
marking? Or whether it is a home marking? And is it always possible to decide whether
some given labeled P/T net is bounded or live? The answer to all these questions is affir-
mative. However, the algorithms are very complex and inefficient. The reader interested
in these algorithms, and in decidability and complexity results for P/T nets in general, is
referred to the literature. A good starting point is (ESPARZA AND NIELSEN, 1994). A
solution to improve the efficiency of analysis techniques for P/T nets is to consider sub-
classes of P/T nets.

2.3.4 Other classes of P/T nets

In this subsection, several subclasses of labeled P/T nets are defined by imposing restric-
tions on the net structure. A result of this approach is that the definitions and properties
introduced in the previous subsection are valid for any of the subclasses of labeled P/T
nets. Subclasses are presented in the order of decreasing expressive power.

The labeling function in labeled P/T nets is often only used for modeling purposes. It
usually does not affect analysis techniques. Omitting transition labeling yields the class
of unlabeled P/T nets. Recall that U is the universe of identifiers.

Definition 2.3.39. (P/T net) An unlabeled P/T net, or simply P/T net, is a U-labeled P/T
net (P, T , F,W, `), as defined in Definition 2.3.1 on Page 17, where the labeling function
` is the identity function. That is, for all t ∈ T , `(t) = t . An unlabeled P/T net is usually
represented by the tuple (P, T , F,W ).
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Example 2.3.40. According to Definition 2.3.39 on the facing page, the labeled P/T nets of
Figures 2.3.3 on Page 18, 2.3.24 on Page 23, and 2.3.29 on Page 24 are actually unlabeled
P/T nets.

Definition 2.3.41. (Ordinary P/T net) An ordinary P/T net is a P/T net (P, T , F,W ) as
in Definition 2.3.39 on the preceding page with all weights equal to one. That is, for all
x ∈ F , W(x) = 1. An ordinary P/T net is usually represented by the triple (P, T , F).

Example 2.3.42. The P/T net of Figure 2.3.3 is not ordinary. The weight of the arc be-
tween imt and pmat is greater than one. The P/T nets of Figures 2.3.24 and 2.3.29, on the
other hand, are ordinary.

The following definition defines a particularly interesting class of ordinary P/T nets, so-
called free-choice P/T nets. Free-choice P/T nets are characterized by the fact that two
transitions sharing an input place always share all their input places. The class of free-
choice P/T nets combines a reasonable expressive power with strong analysis techniques.
Consequently, free-choice P/T nets have been extensively studied in the literature. The
most important results on free-choice P/T nets have been brought together in (DESEL AND

ESPARZA, 1995).

Definition 2.3.43. (Free-choice P/T net) A free-choice P/T net is an ordinary P/T net
(P, T , F) as in Definition 2.3.41 such that, for all transitions t,u ∈ T , either •t ∩ •u = ø
or •t = •u.

a b c

Figure 2.3.44: A non-free-choice construct: confusion.

Example 2.3.45. The two P/T nets of Figures 2.3.24 on Page 23 and 2.3.29 on Page 24
are both free-choice. Figure 2.3.44 shows a typical non-free-choice construct, called con-
fusion. In the initial state, all three transitions a, b, and c are enabled. Transitions a and
c are independent; they do not share any input places. However, both transitions compete
for a token with transition b and are thus in conflict with b. The construct is called con-
fusion, because firing, for example, transition a solves the conflict between the other two
transitions b and c in favor of c. After a has fired only c is enabled.

Since free-choice P/T nets play such an important role in Petri-net theory, it is interesting
to study some analysis techniques for this class. The next subsection is devoted to this
topic.

The current subsection ends with two subclasses of free-choice P/T nets, called state
machines and marked graphs. Their expressive power is limited, but they play a role in
the analysis of other classes of P/T nets. An ordinary P/T net is a state machine if and only
if every transition has exactly one input place and one output place.
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Definition 2.3.46. (State machine) A state machine is an ordinary P/T net (P, T , F) as
in Definition 2.3.41 on the preceding page such that, for every transition t ∈ T , |•t| = 1
and |t•| = 1.

An ordinary P/T net is a marked graph if and only if every place has exactly one input
transition and one output transition.

Definition 2.3.47. (Marked graph) A marked graph is an ordinary P/T net (P, T , F) such
that, for every place p ∈ P, |•p| = 1 and |p•| = 1.

Note that ordinary P/T nets, free-choice P/T nets, state machines, and marked graphs have
all been defined as subclasses of unlabeled P/T nets. However, it is straightforward to
extend any of these classes with transition labels, yielding for example labeled, ordinary
P/T nets or labeled state machines.

2.3.5 Analysis of free-choice P/T nets

As mentioned in the previous subsection, free-choice P/T nets combine expressive power
with strong analysis techniques. This subsection presents some results useful in the anal-
ysis of free-choice P/T nets. Except for Property 2.3.66 on Page 32, all results in this sub-
section appear in (DESEL AND ESPARZA, 1995). The main theorems are given without
proof. Some other results are accompanied with proofs, because the proofs illustrate the
use of the main theorems. The results in this subsection show that traps, siphons, and state
machines play an important role in analyzing liveness, boundedness, and home markings
of free-choice P/T nets.

As in Section 2.3.3, assume that (N , L, [ 〉 , # ) is the process space in some oper-
ational semantics for labeled P/T nets. The following definition is the basis for several
results in this subsection. It defines the notion of a subnet of an ordinary P/T net.

Definition 2.3.48. (Subnet) Let N = (P, T , F) be an ordinary P/T net, as defined in
Definition 2.3.39 on Page 26; An ordinary P/T net S = (P0, T0, F0) with P0 ⊆ P and
T0 ⊆ T is a subnet of N if and only if F0 = F ∩ ((P0× T0)∪ (T0× P0)). Subnet S is said
to be generated by the set of nodes P0 ∪ T0.

Example 2.3.50. Consider the P/T net of Figure 2.3.29 on Page 24. Figure 2.3.49 on the
next page shows its subnet generated by the set of nodes {cmd, rcmd, tcmd,pmat,pmt,
omat, tprdy, sprdy,prdy, scmd}.
The first main theorem of this subsection states that a connected free-choice P/T net is live
if and only if every proper siphon includes an initially marked trap.

Theorem 2.3.51. (Commoner’s theorem) Let (N, s) with N = (P, T , F) be a marked,
connected free-choice P/T net inN such that T is not empty. Net (N, s) is live if and only
if every proper siphon X ⊆ P contains a trap Y ⊆ X such that s(Y ) > 0.

Proof. (DESEL AND ESPARZA, 1995, Section 4.3) 2
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tprdytcmd

rcmd sprdy

cmd prdy

scmd

pmt

pmat omat

Figure 2.3.49: A subnet of the P/T net of Figure 2.3.29 on Page 24.

Example 2.3.52. Consider the free-choice P/T net of Figure 2.3.24 on Page 23. It is not
difficult to see that this P/T net does not have any siphons. Hence, it trivially satisfies the
condition of Theorem 2.3.51, which means it is live.

Figure 2.3.29 on Page 24 shows another free-choice P/T net. Its traps and siphons are
given in Examples 2.3.35 on Page 25 and 2.3.38 on Page 26. It follows immediately that
the net satisfies the condition of Commoner’s theorem, which means that also this net is
live. Note that these two results conform to the conclusions of Example 2.3.30 on Page 24.

The P/T net of Figure 2.3.3 on Page 18 is not free-choice, because one of its weights
equals three. Therefore, consider a variant of this P/T net with all weights equal to one.
Clearly, this variant is a free-choice net. The set consisting of the single place cmd is a
siphon. Since it is not a trap, the condition of Commoner’s theorem is not satisfied. As a
result, the free-choice variant of the P/T net of Figure 2.3.3 is not live.

Theorem 2.3.51 (Commoner’s theorem) on the facing page can be used to prove the fol-
lowing interesting property of live free-choice P/T nets. It says that a live free-choice P/T
net remains live when an arbitrary number of tokens is added to its marking. The basic
idea of the proof is that adding tokens to a marking cannot invalidate the requirements of
Commoner’s theorem.

Property 2.3.53. (Monotonicity of liveness) Let (N, s) with N = (P, T , F) be a live
marked, free-choice P/T net in N ; let s′ ∈ B(P) be a marking of N .The marked, free-
choice P/T net (N, s ] s′) is live.

Proof. Since Commoner’s theorem is only valid for connected free-choice P/T nets, N is
partitioned into connected subnets without any connections between them. Formally, let
N0 = (P0, T0, F0), . . . , Nn = (Pn, Tn, Fn), for some n ∈ IN, be connected subnets of
N such that, for all i with 0 ≤ i ≤ n, Ni is generated by Pi ∪ Ti . Furthermore, assume
that P0 through Pn , T0 through Tn, and F0 through Fn are partitionings of P, T , and F ,
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respectively. Clearly, it follows from Definition 2.3.27 (Liveness) on Page 24 that, for
any marking s ∈ B(P), (N, s) is live if and only if, for all i with 0 ≤ i ≤ n, (Ni , s |̀ Pi )

is live.
Let Ni , for some i with 0 ≤ i ≤ n, be an arbitrary subnet of N as defined above.

To prove Property 2.3.53, it suffices to show that, for arbitrary markings s, s′ ∈ B(Pi),
(Ni , s ] s′) is live from the assumption that (Ni , s) is live. If Ti = ø, Definition 2.3.27
(Liveness) immediately yields that (Ni , s ] s′) is live. Therefore, assume that Ti 6= ø.
Note that, since N is free-choice, also Ni is free-choice. Thus, it follows from the as-
sumption that (Ni , s) is live and Theorem 2.3.51 (Commoner’s theorem) on Page 28 that
every proper siphon X ⊆ Pi of Ni contains a trap Y ⊆ X such that s(Y ) > 0. Conse-
quently, every proper siphon X ⊆ Pi contains a trap Y ⊆ X such that (s ] s′)(Y ) > 0.
Again Theorem 2.3.51 yields that (Ni , s ] s′) is live. 2

Note that liveness is not monotone for ordinary P/T nets. It is a nice exercise to find a live
ordinary P/T net that is no longer live when one or more tokens are added to the initial
marking. For the impatient reader, Figure 4.3.49 on Page 195 in Chapter 4 contains an
example of such a net.

The following definition defines a very specific kind of subnet of ordinary P/T nets. It
forms the basis for the second important theorem of this subsection.

Definition 2.3.54. (S-component) Let N = (P, T , F) be an ordinary P/T net; let • , • :
P∪T → P(P∪T ) be the preset and postset functions of N . The subnet S = (P0, T0, F0)

of N with P0 6= ø is an S-component of N if and only if S is a strongly connected state
machine, as defined by Definitions 2.3.15 on Page 21 and 2.3.46 on Page 28, such that,
for every place p ∈ P0, •p ∪ p• ⊆ T0.

Example 2.3.55. The ordinary P/T net of Figure 2.3.49 on the preceding page is an S-
component of the P/T net of Figure 2.3.29 on Page 24.

A characteristic property of an S-component of some ordinary P/T net is that the number
of tokens in the places of the S-component is constant for all reachable markings.

Property 2.3.56. Let (N, s) be a marked, ordinary P/T net in N ; let (P, T , F) be an S-
component of N . For any reachable marking s′ ∈ [N, s〉, s′(P) = s(P).

Proof. Induction on the length of any firing sequence needed to reach marking s′ from
marking s plus Property 2.3.19 on Page 22. 2

Example 2.3.57. Consider again the P/T net of Figure 2.3.29 on Page 24 and its S-compo-
nent of Figure 2.3.49 on the previous page. It is not difficult to see that the number of
tokens in the S-component is two for every reachable marking.

Property 2.3.56 has many interesting consequences. The following property states that the
marking of a live connected ordinary P/T net marks all of its S-components.

Property 2.3.58. Let (N, s) with N = (P, T , F) be a live marked, connected ordinary P/T
net inN such that T is not empty. For every S-component (P0, T0, F0) of N , s(P0) > 0.
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Proof. If N has no places the property is trivial. Therefore, assume that P is not empty. Let
(P0, T0, F0) be an S-component of N such that P0 is not empty. Assume that s(P0) = 0. It
follows from the assumption that T is not empty and Definitions 2.3.15 (Connectedness)
on Page 21 and 2.3.54 (S-component) on the preceding page that T0 is not empty. Property
2.3.56 implies that any of the places in P0 is unmarked in any marking reachable from s.
Thus, it follows from Definitions 2.3.26 (Dead transition) on Page 24 and again 2.3.54 (S-
component) that all transitions in T0 are dead in (N, s). However, this contradicts Property
2.3.28 on Page 24, which states that a live P/T net cannot have dead transitions. Hence,
s(P0) > 0. 2

Property 2.3.58 can be strengthened for a certain class of free-choice P/T nets.

Property 2.3.59. Let (N, s) with N = (P, T , F) be a live and bounded marked, con-
nected free-choice P/T net such that T is not empty. Let s′ ∈ B(P) be a marking of N .
The marked P/T net (N, s′) is live if and only if, for every S-component (P0, T0, F0) of N ,
s′(P0) > 0. That is, (N, s′) is live if and only if s′ marks every S-component of N .

Proof. The implication from left to right follows immediately from Property 2.3.58 on
the facing page. The other implication is a consequence of Theorem 2.3.51 (Commoner’s
theorem) on Page 28 and several results concerning siphons and traps, see (DESEL AND

ESPARZA, 1995, Section 5.2) for details. 2

An S-cover of an ordinary P/T net is a set of S-components such that each place of the net
is contained by at least one S-component.

Definition 2.3.60. (S-cover) Let N = (P, T , F) be an ordinary P/T net; let C be a set of
S-components of N . Set C is called an S-cover of N if and only if, for every place p ∈ P,
there exists an S-component (P0, T0, F0) in C such that p ∈ P0.

The second important theorem of this subsection is the S-coverability theorem.

Theorem 2.3.61. (S-coverability theorem) Let (N, s) be a live and bounded marked,
free-choice P/T net. Net N has an S-cover.

Proof. (DESEL AND ESPARZA, 1995, Section 5.1) 2

Example 2.3.62. In Example 2.3.30 on Page 24, it was argued that the P/T net of Figure
2.3.29 also on Page 24 is live and bounded. Since this P/T net is free-choice, it must have
an S-cover. It is not difficult to verify that the four subnets generated by the sets of nodes
{cmd, rcmd, tcmd, pmat, pmt, omat, tprdy, sprdy, prdy, scmd}, {rdy, rcmd, bsy, sprdy},
{empty,pmat,pmt,omat}, and {imt,pmat,pmt, omat, omt, rmat} are S-components that
form an S-cover. The first one of these S-components is the one shown in Figure 2.3.49 on
Page 29. Note that the marking in Figure 2.3.29 marks all S-components, which conforms
to Property 2.3.59.

The S-coverability theorem can be used to prove, for example, the following property of
live and bounded free-choice P/T nets.
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Property 2.3.63. Let (N, s) with N = (P, T , F) be a live and bounded marked, free-
choice P/T net inN . For every marking s′ ∈ B(P), net (N, s′) is bounded.

Proof. According to Definition 2.3.22 (Boundedness) on Page 23, it must be shown that
the set of reachable markings [N, s′〉 is finite. First, note that the number of tokens in
marking s′, s′(P), is finite. Second, it follows from Theorem 2.3.61 (S-coverability the-
orem) on the preceding page that N has an S-cover C. Since the number of places of a
P/T net is finite, it follows from Definition 2.3.60 (S-cover) on the previous page that the
number of S-components in C, |C|, is also finite. Since every S-component initially con-
tains at most s′(P) tokens, it follows from Property 2.3.56 on Page 30 that every reachable
marking s′′ ∈ [N, s′ 〉 contains at most s′(P) · |C| tokens; that is, for every s′′ ∈ [N, s′ 〉,
s′′(P) ≤ s′(P) · |C|. Since the number of places of N is finite, it follows that [N, s′〉 is
finite. 2

The basis for the S-coverability theorem is the notion of an S-component. S-components
are defined in terms of state machines, as introduced in the previous subsection. In a sim-
ilar way, marked graphs form the basis of so-called T-components. Analogously to the
S-coverability theorem, it can be shown that live and bounded free-choice P/T nets are
covered by T-components. See (DESEL AND ESPARZA, 1995) for more details.

The third and final theorem of this subsection states that a reachable marking of a live
and bounded connected free-choice P/T net is a home marking if and only if it marks every
proper trap of the net.

Theorem 2.3.64. (Home-marking theorem) Let (N, s) with N = (P, T , F) be a live
and bounded marked, connected free-choice P/T net in N such that T is not empty. A
reachable marking s′ ∈ [N, s 〉 is a home marking of (N, s) if and only if, for every proper
trap X ⊆ P, s′(X) > 0.

Proof. (DESEL AND ESPARZA, 1995, Section 8.2) 2

Example 2.3.65. Consider again the P/T net of Figure 2.3.29 on Page 24 and its traps given
in Example 2.3.35 on Page 25. Since the initial marking marks every proper trap of the
net, it is a home marking, which conforms to the claim of Example 2.3.32 on Page 25.

The Home-marking theorem can be used to prove monotonicity of home markings for live
and bounded free-choice P/T nets.

Property 2.3.66. (Monotonicityof home markings) Let (N, s) with N = (P, T , F) be a
live and bounded marked, free-choice P/T net inN . Let s′ and s′′ inB(P) be two markings
of N . If s′ is a home marking of (N, s), then s′ ] s′′ is a home marking of (N, s ] s′′).

Proof. If N has no transitions, the property is trivial. Therefore assume that T is not empty.
Without loss of generality, it may also be assumed that N is connected. (If N is not con-
nected, it is possible to consider the partitioning of connected subnets of N , similar to the
proof of Property 2.3.53 (Monotonicity of liveness) on Page 29.)

Assume that s′ is a home marking of (N, s). The goal is to use the Home-marking
theorem to prove that s′ ] s′′ is a home marking of (N, s ] s′′). Thus, it must be shown
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that (N, s ]s′′) is live and bounded, that s′ ]s′′ ∈ [N, s ] s′′〉, and that s′ ]s′′ marks every
proper trap of N .

Since (N, s) is live and bounded, Properties 2.3.53 on Page 29 and 2.3.63 on the facing
page yield that (N, s]s′′) is live and bounded. Since s′ is a home marking of (N, s), it fol-
lows from Definition 2.3.31 (Home marking) on Page 25 and Property 2.3.21 on Page 22
that s′ ] s′′ ∈ [N, s ] s′′〉. It follows from the Home-marking theorem that s′ marks every
proper trap of N and, thus, that also s′ ] s′′ marks every proper trap of N . As a result,
the conditions of the Home-marking theorem are satisfied proving that s′ ] s′′ is a home
marking of (N, s ] s′′). 2

Similar to Property 2.3.53 (Monotonicity of liveness) on Page 29, Property 2.3.66 does
not generalize to ordinary P/T nets. Figure 4.3.49 on Page 195 shows a live and bounded
ordinary P/T net with a home marking that does not satisfy the monotonicity requirement
stated in Property 2.3.66.

The three main theorems of this subsection, Commoner’s theorem, the S-coverability
theorem, and the home-marking theorem, form the basis for several efficient analysis tech-
niques for free-choice P/T nets. None of the results generalizes to ordinary P/T nets, al-
though some of them (partially) generalize to subclasses of ordinary P/T nets that are
slightly larger than free-choice P/T nets. The interested reader is referred to (DESEL AND

ESPARZA, 1995, Chapter 10).

2.4 Process Algebra

This section gives an introduction to process algebra in the style of the Algebra of Commu-
nicating Processes, abbreviated ACP, (see BERGSTRA AND KLOP, 1984; BAETEN AND

VERHOEF, 1995; BAETEN AND WEIJLAND, 1990). Whereas Petri-net formalisms are
graphical by nature, process algebras are symbolic. Process algebras are often used for the
analysis of concurrent-system behavior, in particular, the comparison of behaviors. There
are many different kinds of process algebras. Apart from the already mentioned ACP, the
process algebras CCS (MILNER, 1980, 1989) and CSP (HOARE, 1985) are the most well-
known. Specifications and verifications in ACP are based on an equational style of reason-
ing, as opposed to CCS and CSP, which are model-based. In the latter case, the starting
point of the process algebra is an operational semantics. The goal is to find equational
laws that are valid in the semantics. In the former case, the starting point is an equational
theory, which may have several operational (or non-operational) semantic interpretations.
For a detailed comparison of ACP, CCS, and CSP, the reader is referred to (BAETEN AND

WEIJLAND, 1990, Chapter 8).
The next subsection introduces the process algebra BPA which can be used to reason

about sequential processes only, but which shows the essentials of any process-algebraic
theory. Section 2.4.2 extends BPA in such a way that it is possible to reason about dead-
locks in a process. In Section 2.4.3, concurrency in process algebra is introduced. Sec-
tion 2.4.4 presents a process algebra for reasoning about processes with silent behavior.
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Finally, Section 2.4.5 shows how to formalize a simple form of recursion in a process-
algebraic setting.

2.4.1 Basic Process Algebra

The most elementary process algebra in the style of ACP is the so-called Basic Process
Algebra, abbreviated BPA. It can be used to reason about the behavior of sequential pro-
cesses. As mentioned, any ACP-style process algebra is basically an equational theory.
An equational theory consists of a signature and a set of axioms. The signature defines
the sorts of the theory, a set of variables for each sort, and the functions of the theory.
Functions and variables can be used to construct terms. In process algebra, terms usually
represent processes. Terms not containing any variables are called closed terms. The ax-
ioms of the theory determine which terms are equal. A 0-ary function is often called a
constant; other functions are often called operators.

The equational theory BPA. The signature and axioms of BPA are given in Table 2.4.1.
The theory is parameterized by a set of constants A, which is a set of actions. The first part
of Table 2.4.1 lists the sorts of BPA; the second part defines the operators and the third part
gives the variables and lists the axioms. Note that the signature of BPA has no variables
of sort A. Also note that new variables may be introduced any time when necessary. An
informal explanation of the operators and the axioms is given below.

BPA(A)
P; A ⊆ P

+ , · : P× P→ P

x, y, z : P;
x + y = y + x A1
(x + y)+ z = x + (y + z) A2
x + x = x A3
(x + y) · z = x · z + y · z A4
(x · y) · z = x · (y · z) A5

Table 2.4.1: The process algebra BPA.

As mentioned, A is a set of actions. Terms of sort P represent processes. Each action is
a process, namely the process that can only execute the action and then terminates. The
operators + and · denote choice and sequential composition, respectively. Sequential
composition binds stronger than choice. Given some processes, the operators of BPA can
be used to construct new processes. If two processes x and y are composed using the
choice operator, the behavior of the new process x + y may be either x or y. Process
x · y first performs x and, upon successful termination of x , it performs y. Thus, choice
and sequential composition are two elementary operators in describing the behavior of
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sequential processes. Most of the axioms of BPA are self-explanatory. Only Axiom A4
might need some explanation. It states the right distributivity of sequential composition
over choice. The converse, left distributivity, is not an axiom of the theory. As a result,
processes with different moments of choice are distinguished. Example 2.2.12 on Page 10
explains why this can be useful.

An equational theory like BPA defines an equivalence relation, namely derivability
from the axioms of the theory. For any terms x and y in some given process algebra X ,
X ` x = y denotes that x = y can be derived from the axioms of X . Derivability is de-
fined as follows. First, the axioms themselves can be derived from the axioms of an equa-
tional theory. Second, since derivability is an equivalence relation, it is reflexive, symmet-
ric, and transitive. Third, if an equation is derivable from the axioms, then also any equa-
tion obtained by substituting terms for variables in this equation is derivable. Finally, any
equation obtained by replacing a term in an arbitrary context by another derivably equiv-
alent term is also derivable from the theory. The axioms of an equational theory must be
chosen in such a way that derivability defines a meaningful equivalence relation on pro-
cesses. Below, it is explained that, in the case of the theory BPA, derivability corresponds
to bisimilarity.

Example 2.4.2. It can be shown that BPA ` rcmd · ((pmat1 + pmat2) · omat) = rcmd ·
(pmat1 ·omat+pmat2 ·omat). The first step is to substitute pmat1, pmat2, and omat for the
variables x , y, and z in Axiom A4, which shows that BPA ` t1 = t2, where t1 is the term
(pmat1 + pmat2) · omat and t2 denotes the term pmat1 · omat+ pmat2 · omat. The second
and final step consists of an application of the context rule explained above: Replacing
term t1 in rcmd · t1 with the equivalent term t2 yields the desired result.

The intuitive meaning of the operators, the axioms, and the induced equivalence relation
given above can be formalized by giving an operational semantics. However, before going
into more details about the operational semantics for BPA, a few more aspects of the theory
BPA itself are explained.

The main purpose of a theory as BPA is to reason about processes in an equational way.
The goal is to prove a desired equality on processes by applying simple term-rewriting
techniques. As a consequence, a very useful property of a process algebra is when its
(closed) terms can be reduced to (unique) normal forms. If such normal forms exist, an
equational proof becomes very simple. The equality of two process terms can be shown
by reducing them to their normal forms. If the normal forms are equal, then, obviously,
also the two processes are equal. By considering Axioms A3, 4, and 5 in Table 2.4.1 on the
facing page as rewrite rules from left to right, it can be shown that closed BPA terms have
normal forms. The proof and more details about term rewriting in the context of process
algebra can be found in (BAETEN AND VERHOEF, 1995). For the purpose of this thesis,
it is sufficient to know that the normal forms of closed BPA terms are contained in a very
specific class of terms, called basic terms.

Definition 2.4.3. (Basic terms) The set of basic BPA terms, denoted B(BPA), is induc-
tively defined as follows. The actions A are contained in B(BPA). Furthermore, for any
a ∈ A and s, t ∈ B(BPA), also a · t and s + t are elements of B(BPA).
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Note that not all basic terms are normal forms of closed terms. For example, basic term
a+a, where a is some action in A, can be reduced by means of Axiom A3 and is, therefore,
not a normal form.

The set of all closed terms of X is denoted C(X) .

Property 2.4.4. (Elimination) For any closed term p ∈ C(BPA), there exists a basic term
t ∈ B(BPA), such that BPA ` p = t .

Proof. It is straightforward to prove the property using Axioms A3, 4, and 5 in Table 2.4.1
on Page 34 as rewrite rules from left to right. For details, see (BAETEN AND VERHOEF,
1995). 2

The above result is called the elimination property, because it shows that the general se-
quential composition · as defined in Table 2.4.1 on Page 34 can be eliminated from any
closed term, yielding a term containing only so-called prefix compositions. A prefix com-
position is a sequential composition whose left operand is a single action (see Defini-
tion 2.4.3 (Basic terms) on the previous page). The elimination property is useful in in-
ductive proofs in process algebra (see Section 2.4.3).

An operational semantics for BPA. The processes in the operational semantics for BPA
are the closed BPA terms. It remains to give a transition relation and a termination pred-
icate. The theory BPA does not allow to distinguish between successful termination and
deadlock. In Section 2.4.2, BPA is extended in such a way that it is possible to make
this distinction. The usual semantics for BPA is that termination means successful ter-
mination. For this purpose, a special process

√
, pronounced “tick,” is introduced, which

is the only process that can terminate successfully. The transition relation −→ ⊆
(C(BPA) ∪ {√})×A× (C(BPA) ∪ {√}) can now be defined as the smallest relation sat-
isfying the derivation rules in Table 2.4.5. The rules conform to the intuitive explanation
given above.

a : A; p, p′,q,q ′ : C(BPA);

a
a−→√ p

a−→ p′

p · q a−→ p′ · q
p

a−→√

p · q a−→ q

p
a−→ p′

p + q
a−→ p′

q
a−→ q ′

p + q
a−→ q ′

p
a−→√

p + q
a−→√

q
a−→√

p + q
a−→ √

Table 2.4.5: The transition relation for BPA.

Definition 2.4.6. (Operational semantics) The operational semanticsS(BPA) is the pro-
cess space (C(BPA) ∪ {√},A, −→ , {√}), where −→ is the transition relation defined
above, with strong bisimilarity as the equivalence relation.
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Example 2.4.7. Consider Example 2.2.5 on Page 6. The process depicted in Figure 2.2.4
(a) on Page 7 can be specified in BPA by the closed term rcmd·pmat·omat. Since sequen-
tial composition is associative, brackets are omitted. It is easy to see that the semantics of
this closed term, assuming the operational semantics S(BPA), is indeed the desired pro-
cess. The two processes depicted in Figure 2.2.4(b) and (c) cannot be expressed in BPA.
The theory has no means to specify deadlocks nor does it allow iterative or other recur-
sive specifications. Although BPA has no explicit concurrency operator, it is possible to
specify the process of Figure 2.2.4(d) as follows: rcmd·pmat·(omat·sprdy+sprdy·omat).

Example 2.4.8. Consider Example 2.2.12 on Page 10. In BPA, the three processes de-
picted in Figure 2.2.11 on Page 9 are defined as (rcmd · pmat1 + rcmd · pmat2) · omat,
rcmd · (pmat1 + pmat2) · omat, and rcmd · (pmat1 · omat + pmat2 · omat). The first two
terms cannot be proved equal in BPA, because the theory lacks an axiom stating the left
distributivity of sequential composition over choice. The second and third process, on the
other hand, are equal in BPA. As shown in Example 2.4.2 on Page 35, the desired equality
follows from a single application of Axiom A4, stating the right distributivity of sequential
composition over choice.

Not every operational semantics is suitable for an equational theory such as BPA. The
minimal requirement for a proper semantics is that the axioms of the theory must be sound
for the semantics. A set of axioms is sound for a semantics only if any equality that can be
derived from the axioms is also valid in the semantics. An equality between processes is
valid in a semantics if and only if the processes are equivalent according to the semantic
equivalence. Validity is formally defined as follows. Let p and q be two closed terms in
some given process algebra X . For any operational semanticsS for X , the equation p = q
is valid in S , denoted S |= p = q, if and only if p ≈ q, where≈ is the equivalence in S .
The soundness requirement implies that the equivalence relation must be a congruence for
all the operators in the algebra. That is, for a given semantic equivalence≈ the following
property must be satisfied. Let f be any n-ary function in the signature of the process
algebra, where n is some natural number; let p1, . . . , pn,q1, . . . ,qn be closed terms of
the appropriate sorts such that p1 ≈ q1, . . . , pn ≈ qn. Then, the congruence property
requires that f (p1, . . . , pn) ≈ f (q1, . . . ,qn).

Example 2.4.9. A simple example shows why the congruence property is necessary. As-
sume that≈ is a semantic equivalence in an operational semantics for which the axioms of
BPA are sound. Furthermore, assume that ≈ is not a congruence for the choice operator.
This means that there exist closed BPA terms p1, p2,q1, and q2 satisfying i) BPA ` p1 =
q1 and BPA ` p2 = q2, and ii) p1 ≈ q1 and p2 ≈ q2, but not satisfying p1+ p2 ≈ q1+q2.
Since BPA ` p1 + p2 = q1 + q2, this clearly contradicts the soundness of BPA for the
semantics.

Property 2.4.10. (Congruence) Strong bisimilarity,∼, is a congruence for the operators
of BPA.

Proof. See (BAETEN AND VERHOEF, 1995). Note that the proof in (BAETEN AND VER-
HOEF, 1995) uses the fact that the derivation rules used to define the operational semantics
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for BPA are in the so-called path format. Although the formulation of the operational se-
mantics in this section follows a slightly different notation, it is straightforward to give an
equivalent definition satisfying the desired format. 2

Besides soundness, a useful property of a set of axioms of an equational theory is com-
pleteness. A set of axioms is complete if every equality that is valid in the semantics is also
derivable from the axioms. The following theorem is a standard result in process algebra.

Theorem 2.4.11. (Soundness and completeness) For any closed terms p,q ∈ C(BPA),
BPA ` p = q ⇔ S(BPA) |= p = q.

Proof. (BAETEN AND VERHOEF, 1995) 2

This theorem means that the semantics S(BPA) defined in Definition 2.4.6 on Page 36
captures all the essential aspects of BPA, as far as closed terms are considered. A conse-
quence of the soundness result and the fact that bisimilarity preserves the branching struc-
ture of processes is that derivability also preserves the branching structure of processes,
as was already mentioned earlier.

2.4.2 Basic Process Algebra with inaction

As explained in the previous subsection, BPA does not allow to distinguish between suc-
cessful termination and deadlock. Therefore, in this subsection, BPA is extended to BPAδ,
which is an abbreviation of Basic Process Algebra with inaction.

The equational theory BPAδ. Table 2.4.12 shows the equational theory BPAδ. The first
entry means that BPAδ is an extension of BPA. The other entries of Table 2.4.12 have a
meaning as explained before.

BPAδ(A)
BPA(A)

δ : P

x : P;
x + δ = x A6
δ · x = δ A7

Table 2.4.12: The process algebra BPAδ.

In BPAδ, one new process is introduced, namely δ. Process δ stands for inaction, often
also called deadlock. However, the former name is best suited, as follows from Axiom
A6. It says that a process which can choose between some behavior x and doing nothing
is equivalent to the process that has no choice and can only do x . Hence, in the context of
a choice, δ is not a true deadlock. Axiom A7 shows that δ is a deadlock in the context of
a sequential composition.
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As before, BPAδ terms can be reduced to basic terms. However, the set of basic BPAδ

terms differs from the set of basic BPA terms because δ is a basic BPAδ term (and can
therefore be used in the construction of other basic BPAδ terms).

Definition 2.4.13. (Basic terms) The set of basic BPAδ terms, denoted B(BPAδ), is induc-
tively defined as follows. The actions A and process δ are contained in B(BPAδ). Further-
more, for any a ∈ A and s, t ∈ B(BPAδ), also a · t and s + t are elements of B(BPAδ).

Property 2.4.14. (Elimination) For any closed term p ∈ C(BPAδ), there is a basic term
t ∈ B(BPAδ), such that BPAδ ` p = t .

Proof. (BAETEN AND VERHOEF, 1995) 2

An operational semantics for BPAδ. The processes in the operational semantics for
BPAδ are the closed BPAδ terms. As before, a special process

√
is introduced, which is

the only process that can terminate successfully. The transition relation is the same as the
transition relation for BPA. That is, −→ ⊆ (C(BPAδ)∪ {√})×A× (C(BPAδ)∪ {√})
is the smallest relation satisfying the derivation rules in Table 2.4.5 on Page 36, where
p, p′,q, and q ′ range over C(BPAδ). This means that the new process δ cannot perform
any actions, which conforms to the claim that it represents inaction. As a result, it is pos-
sible to distinguish between successful termination and deadlock. Note that the process
that can only terminate successfully cannot be expressed in the theory BPAδ. It is possi-
ble to extend BPA or BPAδwith a constant called the empty process. The empty process is
exactly the process that can only terminate successfully. For more details about the empty
process, see (BAETEN AND VERHOEF, 1995; BAETEN AND WEIJLAND, 1990).

Definition 2.4.15. (Operational semantics) The operational semantics S(BPAδ) is the
process space (C(BPAδ)∪{√},A, −→ , {√}) with strong bisimilarity as the equivalence
relation.

Example 2.4.16. Consider again Example 2.2.5 on Page 6. Since BPAδ is an extension
of BPA, the BPAδ specifications of the processes in Figure 2.2.4 (a) and (d) on Page 7
are identical to the BPA specifications given in Example 2.4.7 on Page 37. In BPAδ, it is
possible to define the process depicted in Figure 2.2.4(b) as follows: rcmd·δ+rcmd·pmat·
omat. Recall that it is not possible to define this process in BPA (see Example 2.4.7). It
is still not possible to define the iterative process of Figure 2.2.4(c).

As before, strong bisimilarity is a congruence for the operators of BPAδ and the axioms
of BPAδ are sound and complete for the operational semantics.

Property 2.4.17. (Congruence) Strong bisimilarity,∼, is a congruence for the operators
of BPAδ.

Proof. (BAETEN AND VERHOEF, 1995) 2

Theorem 2.4.18. (Soundness and completeness) For any closed terms p,q ∈ C(BPAδ),
BPAδ ` p = q ⇔ S(BPAδ) |= p = q.

Proof. (BAETEN AND VERHOEF, 1995) 2
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2.4.3 Process Algebra with inaction and renaming

One of the main goals of this thesis is to study formalisms for describing concurrent sys-
tems. However, the basic process-algebraic theories of the previous two subsections are
only suitable for reasoning about sequential processes. To allow reasoning about con-
current processes, in this subsection, a concurrency operator is introduced. At the same
time, a second new feature is added to the theory, namely renaming. Renaming is a gen-
eral construct which can be used to define operators such as an encapsulation operator
and an abstraction operator. The encapsulation operator renames actions to δ, thus effec-
tively blocking, or encapsulating, them. The encapsulation operator is introduced below.
The abstraction operator renames actions to τ , thus hiding them from the environment.
The abstraction operator is introduced in the next subsection, where a process algebra for
processes with silent behavior is given. Extending BPAδ with concurrency and renaming
yields the theory PAδ+RN, which is an abbreviation of Process Algebra with inaction and
renaming. The absence of the adjective “basic” in the name expresses that the theory con-
tains a concurrency operator. The naming conventions for ACP-style process algebras are
standard (see, for example, BAETEN AND VERHOEF, 1995; BAETEN AND WEIJLAND,
1990).

The equational theory PAδ+RN. Let A be again some set of action labels. A renaming
function f : (A ∪ {δ}) → (A ∪ {δ}) is any function with the restriction that f (δ) = δ.
This restriction means that the inaction process can be the result of a renaming, but that it
cannot be renamed itself. It is included in the domain of renaming functions only for the
sake of convenience. The sort of all renaming functions is denoted F.

Table 2.4.19 gives the theory PAδ+RN. The informal explanation of the operators and
the axioms is given below, along with the binding precedences of the operators.

PAδ+RN(A)
BPAδ, F

‖ , bb : P× P→ P ρ : F→ (P→ P)

a : A ∪ {δ}; f : F; x, y, z : P;
x ‖ y = x bb y + y bb x M1 ρf (a) = f (a) RN1
a bb x = a · x M2 ρf (x + y) = ρf (x)+ ρf (y) RN2
a · x bb y = a · (x ‖ y) M3 ρf (x · y) = ρf (x) · ρf (y) RN3
(x + y) bb z = x bb z + y bb z M4

Table 2.4.19: The process algebra PAδ+RN.

The theory PAδ+RN is an extension of BPAδ. Three new operators are introduced.
The parallel-composition operator ‖ , often called the merge operator, denotes the paral-
lel execution of its operands. It is axiomatized using an auxiliary operator bb , called the
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left merge. The left merge has the same meaning as the merge except that the left pro-
cess must perform the first action. The axiomatization of the merge in terms of the left
merge means that the interleaving view of concurrency is chosen (see also Example 2.2.5
on Page 6). Finally, for any renaming function f in F, the renaming operator ρf simply
renames actions according to f . The binding precedence of the operators of PAδ+RN is
as follows. The unary renaming operators bind stronger than binary operators. Sequential
composition binds stronger than all other binary operators. Choice binds weaker than all
other operators.

The operators and axioms introduced in this subsection can be used to define various
other process algebras. Extending the theory BPA with all the operators and axioms of
Table 2.4.19 on the preceding page yields the process algebra PA+RN. Omitting the re-
naming operators and the corresponding axioms from PAδ+RN or PA+RN yields the
theories PAδ and PA respectively. It is also possible to extend BPA or BPAδ with only
renaming.

The following property states that the new operators introduced in this subsection can
be eliminated from closed terms yielding an equivalent basic term.

Property 2.4.20. (Elimination)

i) For any closed term p ∈ C(X), where X is a process algebra in {PA,PA+RN}, there
is a basic term t ∈ B(BPA), such that X ` p = t .

ii) For any closed term p ∈ C(X), where X is a process algebra in {PAδ,PAδ+RN},
there is a basic term t ∈ B(BPAδ), such that X ` p = t .

Proof. The results for PA and PAδ appear in (BAETEN AND VERHOEF, 1995). Using the
techniques of (BAETEN AND VERHOEF, 1995), the proofs for PA+RN and PAδ+RN are
straightforward. 2

The next result states that the new theories are proper extensions of one of the basic the-
ories BPA or BPAδ. It is not possible to derive any equalities between BPA or BPAδ pro-
cesses from the axioms of the new theories that are not also derivable from the original
theories.

Property 2.4.21. (Conservative extension)

i) For any closed terms p,q ∈ C(BPA) and process algebra X ∈ {PA,PA+RN},
X ` p = q ⇔ BPA ` p = q.

ii) For any closed terms p,q ∈ C(BPAδ) and process algebra X ∈ {PAδ,PAδ+RN},
X ` p = q ⇔ BPAδ ` p = q.

Proof. The results for PA and PAδ appear in (BAETEN AND VERHOEF, 1995). Using the
techniques of (BAETEN AND VERHOEF, 1995), the proofs for PA+RN and PAδ+RN
are straightforward. Note that the proof techniques for proving conservativity results in
(BAETEN AND VERHOEF, 1995) depend on the operational semantics given for the vari-
ous process algebras. However, this does not cause problems, because the semantics given
below and in the previous subsections are identical to those given in (BAETEN AND VER-
HOEF, 1995). The reason for presenting the conservativity result before the operational
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semantics is defined, is that the result itself is independent of the semantics. Furthermore,
there are also proof techniques that do not use any specific semantics (see BAETEN AND

WEIJLAND, 1990). 2

Renaming and merge. The theory PAδ+RN as introduced in Table 2.4.19 on Page 40
does not contain any axioms describing the interaction between the renaming operator and
the merge. A meaningful and useful axiom would be the distribution of renaming over
merge. The reason that such an axiom is not included in the standard definition of PAδ+RN
is twofold. First, the elimination result given above means that, in theory, such an axiom is
redundant. Second, adding both distribution of renaming over merge and communication
in the style of ACP (see BAETEN AND VERHOEF, 1995; BAETEN AND WEIJLAND, 1990)
leads to an inconsistent theory.

However, for the purpose of this thesis, only process algebras without communication
are needed. Since distribution of renaming over the merge operator is often convenient in
verifications, two new axioms, given in Table 2.4.22, are introduced.

f : F; x, y : P;
ρf (x ‖ y) = ρf (x) ‖ ρf (y) RNM1
ρf (x bb y) = ρf (x) bb ρf (y) RNM2

Table 2.4.22: Axioms for renaming, merge, and left merge.

Note that Axiom RNM1 is derivable from Axioms M1 and RNM2. Hence, it might be
more appropriate to refer to RNM1 as “Theorem RNM1” or “Property RNM1.” However,
it is tedious to have to distinguish between RNM1 and the other axioms. Therefore, for the
sake of convenience, it is referred to as “Axiom RNM1.” Axiom RNM2 is not derivable
from the axioms of PAδ+RN as introduced in Table 2.4.19 on Page 40. However, by
means of the inductive proof techniques introduced below, it is possible to show that it
can be derived from the axioms of PAδ+RN for closed terms. Since inductive proofs
are usually restricted to process algebras satisfying the elimination property, which not
all process algebras in this thesis do, in the remainder, it is assumed that Axioms RNM1
and RNM2 are contained in the theory PA+RN. As a result, they are part of all extensions
of PA+RN such as, for example, PAδ+RN. Note that the elimination and conservative-
extension results given above are also valid for PA+RN and PAδ+RN including Axioms
RNM1 and RNM2.

The encapsulation operator. As mentioned earlier, the renaming operator can be used
to define the so-called encapsulation operator. The encapsulation operator makes it pos-
sible to block occurrences of certain actions in a given process. Blocking all occurrences
of an action is done by renaming that action to δ. Let H be a set of actions from A. Let
fH be a renaming function in F, which is defined as follows: fH(δ) = δ; for any a ∈ H ,
fH(a) = δ and for any a ∈ A\H , fH(a) = a. That is, the function fH renames all actions
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in H to δ and does not affect any other actions. Consequently, the resulting renaming op-
erator ρfH exactly blocks all the actions in H . Since the operator ρfH plays an important
role in many ACP-like process algebras, it has its own notation, ∂H , and is usually referred
to as the encapsulation operator. Table 2.4.23 lists the renaming-operator axioms for the
encapsulation operator. Axiom RN1 is split into two conditional axioms D1 and D2.

a : A ∪ {δ}; H : P(A); x, y : P;
a 6∈ H ⇒ ∂H(a) = a D1
a ∈ H ⇒ ∂H(a) = δ D2
∂H(x + y) = ∂H(x)+ ∂H(y) D3
∂H(x · y) = ∂H(x) · ∂H(y) D4
∂H(x ‖ y) = ∂H(x) ‖ ∂H(y) DM1
∂H(x bb y) = ∂H(x) bb ∂H(y) DM2

Table 2.4.23: The axioms for the encapsulation operator.

An operational semantics for PAδ+RN. The operational semantics for PAδ+RN con-
tains no surprises. The processes are the closed PAδ+RN terms plus the special process√

. The transition relation −→ ⊆ (C(PAδ+RN) ∪ {√})× A× (C(PAδ+RN) ∪ {√})
is the smallest relation satisfying the derivation rules given in Tables 2.4.5 on Page 36
and 2.4.24. In Table 2.4.5, of course, p, p′,q, and q ′ range over C(PAδ+RN).

a : A; f : F; p, p′,q,q ′ : C(PAδ+RN);

p
a−→ p′

p ‖ q
a−→ p′ ‖ q

q
a−→ q ′

p ‖ q
a−→ p ‖ q ′

p
a−→ √

p ‖ q
a−→ q

q
a−→ √

p ‖ q
a−→ p

p
a−→ p′

p bb q
a−→ p′ ‖ q

p
a−→√

p bb q
a−→ q

p
a−→ p′, f (a) 6= δ
ρf (p)

f (a)−→ ρf (p′)

p
a−→ √, f (a) 6= δ
ρf (p)

f (a)−→ √

Table 2.4.24: The transition relation for merge, left merge, and renaming.

Definition 2.4.25. (Operational semantics) The operational semantics S(PAδ+RN) is
the process space (C(PAδ+RN)∪{√},A, −→, {√})with strong bisimilarity as the equiv-
alence relation.

Property 2.4.26. (Congruence) Strong bisimilarity,∼, is a congruence for the operators
of PAδ+RN.
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Proof. The property is a straightforward consequence of several results in (BAETEN AND

VERHOEF, 1995). 2

Theorem 2.4.27. (Soundness and completeness) For closed terms p,q ∈ C(PAδ+RN),
PAδ+RN ` p = q ⇔ S(PAδ+RN) |= p = q.

Proof. Using the techniques of (BAETEN AND VERHOEF, 1995), the proof is straightfor-
ward. 2

Example 2.4.28. Consider again Example 2.2.5 on Page 6. The process depicted in Fig-
ure 2.2.4(d) on Page 7 can be specified in PAδ+RN as follows: rcmd·pmat·(omat‖sprdy).
In Example 2.4.7 on Page 37, a BPA term representing the same process has already been
given. Since these two terms have the same semantics and PAδ+RN is complete for the
operational semantics S(PAδ+RN), it should be possible to derive the equality of the two
terms from the axioms of PAδ+RN. Axioms M1 and M2 yield the desired result.

It is interesting to compare the algebraic specification given in this example to the
P/T net given in Figure 2.3.3 on Page 18. There are two major differences between the
two formalisms. P/T nets have a graphical representation and explicitly represent states.
Process-algebraic terms have a purely symbolic representation and do not explicitly rep-
resent states.

Structural induction. A proof technique that is often used in process algebra is induc-
tion on the structure of basic terms. To illustrate this proof technique, this paragraph con-
tains an example. In this thesis, many results in Chapter 4 are proved by means of struc-
tural induction. The example also shows why the elimination property is useful. Note that
by definition the composition of two renaming functions yields another renaming func-
tion.

Property 2.4.29. For any closed term p ∈ C(PAδ+RN) and f ,g ∈ F,
PAδ+RN ` ρf◦g(p) = ρf (ρg(p)).

Proof. It follows from Property 2.4.20 on Page 41 that there is a basic BPAδ term t such
that PAδ+RN ` p = t . Hence, it suffices to show that ρf◦g(t) = ρf (ρg(t)). Given this
result, it follows that PAδ+RN ` ρf◦g(p) = ρf◦g(t) = ρf (ρg(t)) = ρf (ρg(p)). The proof
is by induction on the structure of basic BPAδ terms. The symbol ≡ is used to denote
syntactical identity of terms.

i) Assume t ≡ δ or t ≡ a, for some action a ∈ A. It follows that

ρf◦g(t)
RN1= f ◦ g(t) = f (g(t))

RN1= ρf (g(t))
RN1= ρf (ρg(t)).

ii) Assume t ≡ a · s, for some action a ∈ A and basic term s ∈ B(BPAδ). Then,

ρf◦g(a · s) RN3= ρf◦g(a) · ρf◦g(s)
Induction (2×)= ρf (ρg(a)) · ρf (ρg(s))

RN3=
ρf (ρg(a) · ρg(s))

RN3= ρf (ρg(a · s)).
iii) Assume t ≡ u + v, for some basic terms u and v in B(BPAδ). Then,

ρf◦g(u + v) RN2= ρf◦g(u)+ ρf◦g(v)
Induction (2×)= ρf (ρg(u))+ ρf (ρg(v))

RN2=
ρf (ρg(u)+ ρg(v))

RN2= ρf (ρg(u + v)).
2
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Standard concurrency and expansion. Table 2.4.30 introduces the so-called axioms of
standard concurrency . These axioms state properties of the merge operator that are intu-
itively meaningful and often useful in verifications. The reason for not including them in
the basic theory is that ASC2 is derivable from the axioms of PAδ+RN (see Property 2.4.31
below), whereas the other two are derivable for closed terms (see Property 2.4.32 below).
The numbering of the axioms in Table 2.4.30 is not continuous, because a theory with
both concurrency and communication has several more axioms of standard concurrency
(see BAETEN AND VERHOEF, 1995; BAETEN AND WEIJLAND, 1990). The axioms that
are only meaningful in a context with communication are omitted.

x, y, z : P;
x ‖ y = y ‖ x ASC2
(x bb y) bb z = x bb (y ‖ z) ASC4
(x ‖ y) ‖ z = x ‖ (y ‖ z) ASC6

Table 2.4.30: The axioms of standard concurrency.

Property 2.4.31. PAδ+RN ` ASC2.

Proof. It follows immediately from Axioms M1 and A1. 2

The proof of the following property shows another use of induction in process algebra,
namely natural induction on the number of symbols in one or more terms. Just like struc-
tural induction, it is a technique that is often used in process algebra. It also shows again
the usefulness of the elimination property.

Property 2.4.32. For any p,q, and r in C(PAδ+RN),
PAδ+RN ` (p bb q) bb r = p bb (q ‖ r), (p ‖ q) ‖ r = p ‖ (q ‖ r).

Proof. It follows from Property 2.4.20 (Elimination) on Page 41 that it suffices to show the
property for basic BPAδ terms. The proof is by (strong) natural induction on the number of
symbols in the terms. For any closed term p ∈ C(PAδ+RN), let l(p) denote the number of
symbols in p. Let n be some natural number at least three. The following two properties
must be proven.

(∀ s, t,u : s, t,u ∈ B(BPAδ) :
l(s) + l(t) + l(u) = n ⇒ PAδ+RN ` (s bb t) bb u = s bb (t ‖ u)

) and

(2.4.33)

(∀ s, t,u : s, t,u ∈ B(BPAδ) :
l(s) + l(t) + l(u) = n ⇒ PAδ+RN ` (s ‖ t) ‖ u = s ‖ (t ‖ u)

).

(2.4.34)

The induction hypothesis (IH) is as follows:
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(∀ k : 3 ≤ k < n
: (∀ s, t,u : s, t,u ∈ B(BPAδ)

: k = l(s) + l(t) + l(u)⇒
PAδ+RN ` (s bb t) bb u = s bb (t ‖ u), (s ‖ t) ‖ u = s ‖ (t ‖ u)

)

).

Let s, t , and u be basic terms in B(BPAδ) such that l(s) + l(t) + l(u) = n. The proof of
Property 2.4.33 consists of a case analysis.

i) Assume s ≡ δ or s ≡ a, for some action a ∈ A. It easily follows that (s bb t) bb u
M2=

(s · t) bb u
M3= s · (t ‖ u)

M2= s bb (t ‖ u).

ii) Assume s ≡ a · v, for some action a ∈ A and basic term v ∈ B(BPAδ). Then,

(a ·v bb t) bb u
M3= a · (v ‖ t) bb u

M3= a · ((v ‖ t) ‖ u)
IH= a · (v ‖ (t ‖ u))

M3= a ·v bb (t ‖ u).

iii) Assume s ≡ v +w, for some basic terms v and w in B(BPAδ). Then,

((v+w) bb t) bb u
M4(2×)= (v bb t) bb u + (w bb t) bb u

IH(2×)= v bb (t ‖ u)+w bb (t ‖ u)
M4=

(v +w) bb (t ‖ u).

This completes the proof of Property 2.4.33. Since the proof does not depend on Property
2.4.34, Property 2.4.33 may be used to prove Property 2.4.34. The proof is as follows.

(s ‖ t) ‖ u
= { M1(2×) }
(s bb t + t bb s) bb u + u bb (s ‖ t)
= { M4,ASC2 }
(s bb t) bb u + (t bb s) bb u + u bb (t ‖ s)
= { Property 2.4.33 (3×) }

s bb (t ‖ u)+ t bb (s ‖ u)+ (u bb t) bb s
= { ASC2, Property 2.4.33 }

s bb (t ‖ u)+ (t bb u) bb s + (u bb t) bb s
= { M4,M1(2×) }

s ‖ (t ‖ u)

The principle of strong natural induction implies that Properties 2.4.33 and 2.4.34 hold
for all natural numbers at least three, which completes the proof of Property 2.4.32.

A slightly different proof of Property 2.4.32, which does not use natural induction but
structural induction, can be found in (BAETEN AND WEIJLAND, 1990). 2

For the interested reader, it is a nice exercise to prove by means of strong natural induction
that, for closed PAδ+RN terms, Axiom RNM2 in Table 2.4.22 on Page 42 is derivable from
the other axioms of theory PAδ+RN given in Table 2.4.19 on Page 40.

It follows immediately from Properties 2.4.31 and 2.4.32 on the preceding page that
the axioms of standard concurrency are valid in the operational semantics S(PAδ+RN)
given in Definition 2.4.25 on Page 43.

Property 2.4.35. For any p,q, r ∈ C(PAδ+RN),
S(PAδ+RN) |= p ‖ q = q ‖ p, (p bb q) bb r = p bb (q ‖ r), (p ‖ q) ‖ r = p ‖ (q ‖ r).
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Proof. Properties 2.4.31 and 2.4.32 and Theorem 2.4.27 (Soundness) on Page 44. 2

In PAδ+RN extended with the axioms of standard concurrency, it is possible to prove the
following theorem, which is very useful for simplifying many calculations. It states that
a parallel composition of k processes, where k is some natural number at least two, can
be expanded into a choice of exactly those k alternatives where in each of the alternatives
a different one of the k processes performs the initial action. For any associative binary
process-algebra operator ⊗, some function f , some n ∈ IP, and operands x0, . . . , xn , the
quantifier notation (⊗ i : 0 ≤ i ≤ n : f (xi)) is used as a shorthand notation for f (x0)⊗
. . .⊗ f (xn).

Theorem 2.4.36. (Expansion) Let x0, . . . , xn be terms of sort P, where n ∈ IP.
PAδ+RN+standard concurrency `
(‖ i : 0 ≤ i ≤ n : xi) = (+ i : 0 ≤ i ≤ n : xi bb (‖ j : 0 ≤ j ≤ n ∧ j 6= i : x j )).

Proof. The proof by induction on n is taken from (BAETEN AND WEIJLAND, 1990). The
base case, n = 1, is Axiom M1. Assume n > 1.

(‖ i : 0 ≤ i ≤ n : xi )

= { ASC6 (associativity of merge) }
(‖ i : 0 ≤ i < n : xi) ‖ xn

= { M1 }
(‖ i : 0 ≤ i < n : xi) bb xn + xn bb (‖ i : 0 ≤ i < n : xi )

= { Induction }
(+ i : 0 ≤ i < n : xi bb (‖ j : 0 ≤ j < n ∧ j 6= i : x j )) bb xn +

xn bb (‖ i : 0 ≤ i < n : xi)

= { M4,ASC4 }
(+ i : 0 ≤ i < n : xi bb ((‖ j : 0 ≤ j < n ∧ j 6= i : x j ) ‖ xn))+

xn bb (‖ i : 0 ≤ i < n : xi)

= { ASC6 (associativity of merge); dummy change; calculus }
(+ i : 0 ≤ i < n : xi bb (‖ j : 0 ≤ j ≤ n ∧ j 6= i : x j ))+

xn bb (‖ j : 0 ≤ j ≤ n ∧ j 6= n : x j )

= { A2 (associativity of choice) }
(+ i : 0 ≤ i ≤ n : xi bb (‖ j : 0 ≤ j ≤ n ∧ j 6= i : x j ))

2

2.4.4 Process Algebra with inaction, silent actions, and renaming

So far in this section, no distinction has been made between observable behavior and silent
behavior. This subsection extends the process algebra PAδ+RN in such a way that it is
possible to reason about processes with silent behavior.

The equational theory PAτ
δ+RN. The introduction of the silent action τ in the process-

algebraic setting developed so far, yields the process algebra PAτ
δ +RN. The acronym

PAτ
δ+RN is an abbreviation of Process Algebra with inaction, silent actions, and renaming.
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PAτ
δ+RN(A)

PAδ+RN(A)

τ : A

x, y, z : P;
x · τ = x B1
x · (τ · (y + z) + y) = x · (y + z) B2

Table 2.4.37: The process algebra PAτ
δ+RN.

Let A be some set of action labels. Table 2.4.37 gives the theory PAτ
δ+RN. Note that the

second entry of Table 2.4.37 introduces the special action τ .
Axioms B1 and B2 are the basis for an axiomatization of rooted branching bisimilar-

ity (see VAN GLABBEEK AND WEIJLAND, 1996). These axioms are, of course, chosen
because rooted branching bisimilarity is the equivalence used in the operational seman-
tics given below. Together, B1 and B2 state that it is allowed to remove a silent action
provided that it does not enforce an internal choice.

Example 2.4.38. Consider two versions of a production unit which are specified as fol-
lows: rcmd · (τ · (pmat1 + pmat2)) · omat and rcmd · (τ · pmat1 + pmat2) · omat. The
first production unit decides after some internal computations what source of input ma-
terial to use. Clearly, the environment cannot distinguish it from a unit with behavior
rcmd · (pmat1 + pmat2) · omat. In PAτ

δ+RN, the equality follows simply from Axioms
A5 and B1. The second production unit behaves slightly different. Based on some inter-
nal computations, it may decide autonomously that it wants to get input from source one.
Thus, it removes the option to get input from the other source. The environment can de-
tect this internal choice when input source one is left empty. When making enough runs
with the unit, it may get stuck in a deadlock once in a while. The algebra PAτ

δ+RN does
not contain any axioms to remove the silent action in the unit’s specification.

In the previous subsection, renaming functions have been introduced. In the presence of
silent actions, renaming functions must satisfy an additional requirement. Since silent ac-
tions are internal and unobservable, they cannot be renamed. That is, for any f in the sort
of renaming functions F, f (τ ) must be τ . One of the consequences is that silent actions
cannot be blocked. This implies that the definition of the encapsulation operator when de-
fined in PAτ

δ+RN must be adapted accordingly. The axioms in Table 2.4.23 on Page 43
remain the same, but H now ranges over P(A\{τ }).

Silent actions can be used to define a whole range of new process algebras. The most
interesting ones are PAτ , PAτ+RN, and PAτ

δ . By now, the exact definition of these theo-
ries should need no further elaboration. The following property states several elimination
results.

Property 2.4.39. (Elimination)

i) For any closed term p ∈ C(X), where X is a process algebra in {PAτ ,PAτ+RN},
there is a basic term t ∈ B(BPA), such that X ` p = t .
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ii) For any closed term p ∈ C(X), where X is a process algebra in {PAτ
δ ,PAτ

δ+RN},
there is a basic term t ∈ B(BPAδ), such that X ` p = t .

Proof. The proof is identical to the proof of Property 2.4.20 on Page 41. The introduction
of the silent action τ has no effect. 2

In addition to the above elimination results, various conservativity results can be proved.
It goes beyond the scope of this chapter to present all these results. Basically, extending
a theory with any of the operators given so far yields a conservative extension.

The abstraction operator. The process algebra PAτ
δ+RN allows us to specify processes

with internal behavior. However, does it also provide an abstraction facility? That is, is
it possible to hide certain behavior of a process from the environment? The answer is
affirmative. Hiding the occurrence of an action is established by renaming that action oc-
currence to τ . This means that the renaming operator can be used to define an abstraction
operator. The definition is very similar to the definition of the encapsulation operator in the
previous subsection. Let I be a set of actions from A\{τ }. Let fI be a renaming function in
F, which is defined as follows: fI (δ) = δ; for any a ∈ I , fI (a) = τ and for any a ∈ A\I ,
fI (a) = a. Note that this definition satisfies the requirement that fI (τ ) = τ . Function fI

renames exactly all actions in I to τ . The resulting renaming operator ρfI thus effectively
hides the actions in I from the environment. Because of its importance in process alge-
bra, the operator ρfI is usually denoted τI , and is referred to as the abstraction operator.
Table 2.4.40 lists the renaming-operator axioms for the abstraction operator.

a : A ∪ {δ}; I : P(A\{τ }); x, y : P;
a 6∈ I ⇒ τI (a) = a TI1
a ∈ I ⇒ τI (a) = τ TI2
τI (x + y) = τI (x)+ τI (y) TI3
τI (x · y) = τI (x) · τI (y) TI4
τI (x ‖ y) = τI (x) ‖ τI (y) TIM1
τI (x bb y) = τI (x) bb τI (y) TIM2

Table 2.4.40: The axioms for the abstraction operator.

An operational semantics for PAτ
δ +RN. The processes in the operational semantics

for PAτ
δ+RN are the closed PAτ

δ+RN terms extended with the special process
√

. The
transition relation −→ ⊆ (C(PAτ

δ+RN)∪{√})×A× (C(PAτ
δ+RN)∪{√}) is identical

to the transition relation for PAδ+RN. That is, it is the smallest relation satisfying the
derivation rules given in Tables 2.4.5 on Page 36 and 2.4.24 on Page 43, where in both
tables p, p′,q, and q ′ range over C(PAτ

δ+RN). The only difference with the operational
semantics for PAδ+RN is that rooted branching bisimilarity is chosen as the equivalence
relation.
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Definition 2.4.41. (Operational semantics) The operational semantics S(PAτ
δ+RN) is

the process space (C(PAτ
δ+RN)∪ {√},A, −→ , {√}) with rooted branching bisimilarity

as the equivalence relation.

As mentioned in Section 2.2.3, the root condition in the definition of rooted branching
bisimilarity guarantees that the equivalence is a congruence for all the algebraic operators.

Property 2.4.42. (Congruence) Rooted branching bisimilarity, ∼rb, is a congruence for
the operators of PAτ

δ+RN.

Proof. Let p1, p2,q1,q2 be closed PAτ
δ +RN terms. Let R1 and R2 be rooted branch-

ing bisimulations between p1 and q1, and p2 and q2 respectively. It must be shown that
there exist rooted branching bisimulationsQ1, . . . ,Q5, such that (p1 + p2)Q1(q1 + q2),
(p1 · p2)Q2(q1 · q2), (p1 ‖ p2)Q3(q1 ‖ q2), (p1 bb p2)Q4(q1 bb q2), and, such that, for
any renaming function f ∈ F, ρf (p1)Q5ρf (q1). The five relations are given below. It
is straightforward to verify that the relations are indeed rooted branching bisimulations.
To avoid unnecessarily complex formulas, some notations are introduced. Let, for any
p ∈ C(PAτ

δ+RN)∪{√},√· p = p,
√‖ p = p ‖√ = p, and, for any f ∈ F, ρf (

√
) = √.

Q1=R1 ∪R2 ∪ {(p1 + p2,q1 + q2)},
Q2=R2 ∪ {(p · p2,q · q2) | pR1q},
Q3={(p ‖ p′,q ‖ q ′) | pR1q ∧ p′R2q ′},
Q4=Q3 ∪ {(p1 bb p2,q1 bb q2)},
Q5={(ρf (p), ρf (q)) | pR1q ∧ f ∈ F}.

2

a

#

#

b a b

##
?

τ

Figure 2.4.43: Branching bisimilarity is not a congruence for the choice operator.

Example 2.4.44. The reason for introducing the root condition in Section 2.2.3 was that
branching bisimilarity is not a congruence for the algebraic choice operator, as the follow-
ing example shows. Let a and b be two different actions in A. Processes τ · a and a are
branching bisimilar. Figure 2.2.17 on Page 12 shows a branching bisimulation between
these two processes. Clearly, also process b is branching bisimilar to itself. However,
τ · a + b is not branching bisimilar to a + b. Figure 2.4.43 shows the problem when try-
ing to construct a branching bisimulation. Process τ · a + b has a state in which only a
is possible, whereas a + b does not have such a state. The problem does not occur for
rooted branching bisimilarity, because τ · a and a are not rooted branching bisimilar (see
also Example 2.2.18 on Page 12).
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Theorem 2.4.45. (Soundness and completeness) For closed terms p,q ∈ C(PAτ
δ+RN),

PAτ
δ+RN ` p = q ⇔ S(PAτ

δ+RN) |= p = q.

Proof. The theorem is a fairly straightforward result of Property 2.4.42, the completeness
of BPAτ for rooted branching bisimilarity (see VAN GLABBEEK AND WEIJLAND, 1996)
and the proof techniques in (BAETEN AND VERHOEF, 1995). 2

Example 2.4.46. Consider Examples 2.2.12 on Page 10 and 2.2.20 on Page 13. The pro-
cess in Figure 2.2.11(b) on Page 9 can be specified in PAτ

δ+RN as follows: rcmd·(pmat1+
pmat2) ·omat (see also Example 2.4.8 on Page 37). In Example 2.2.20, the claim has been
made that the process of Figure 2.2.19(a) on Page 13 is the result of abstracting away the
processing actions pmat1 and pmat2 in the process of Figure 2.2.11(b). The process of Fig-
ure 2.2.19(a) is specified by the PAτ

δ+RN term rcmd · τ · omat. In Example 2.2.20, it has
also been shown that the resulting observable behavior is the process in Figure 2.2.19(b),
which is specified in PAτ

δ+RN as rcmd ·omat. Using the abstraction operator of PAτ
δ+RN,

the abstraction of actions can be formalized and it is possible to calculate the resulting ob-
servable behavior. Let I be equal to {pmat1,pmat2}. The following derivation shows the
desired results.

τI (rcmd · (pmat1 + pmat2) · omat)
= { TI3,TI4 (repeatedly) }
τI (rcmd) · (τI (pmat1)+ τI (pmat2)) · τI (omat)
= { TI1,TI2 (repeatedly) }

rcmd · (τ + τ ) · omat
= { A3 }

rcmd · τ · omat
= { B1 }

rcmd · omat

Structural induction, standard concurrency, and expansion. Since PAτ
δ+RN has an

elimination result (Property 2.4.39 on Page 48), structural induction in PAτ
δ +RN goes

in exactly the same way as in Section 2.4.3, where an example in PAδ+RN is given. The
extension of the theory PAτ

δ+RN with the axioms of standard concurrency is also identical
to the extension of PAδ+RN with standard concurrency. As a result, PAτ

δ+RN has the
same expansion theorem as the one given in Theorem 2.4.36 on Page 47.

2.4.5 Iteration in process algebra

This subsection introduces a simple form of recursion into process algebra, namely iter-
ation, in the form of the binary Kleene star. The binary Kleene star is the original star
operator as introduced in (KLEENE, 1956). The binary Kleene star is much simpler than
general recursion (see BAETEN AND VERHOEF, 1995; BAETEN AND WEIJLAND, 1990).
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The equational theory PAτ∗
δ +RN. Table 2.4.47 gives the theory PAτ∗

δ +RN, Process
Algebra with inaction, silent actions, renaming, and iteration.

PAτ∗
δ +RN(A)

PAτ
δ+RN(A)
∗ : P× P→ P

f : F; x, y, z : P;
x ∗ y = x · (x ∗ y)+ y BKS1
x ∗ (y · z) = (x ∗ y) · z BKS2
x ∗ (y · ((x + y) ∗ z) + z) = (x + y) ∗ z BKS3
ρf (x ∗ y) = ρf (x) ∗ρf (y) BKS4

Table 2.4.47: The process algebra PAτ∗
δ +RN.

The binary Kleene star ∗ was introduced in process algebra in (BERGSTRA, BETHKE,
AND PONSE, 1994), where also the axioms BKS1 through BKS4 appear. ((BERGSTRA,
BETHKE, AND PONSE, 1994) gives variants of BKS4 for the encapsulation and abstrac-
tion operators.) Axiom BKS3 is a sophisticated axiom which is needed to get a complete
axiomatization of bisimilarity. Below, completeness is discussed in more detail. It is pos-
sible to extend any of the other theories given so far with the binary Kleene star. In case the
basic theory does not contain the renaming operator, BKS4 is omitted. The binary Kleene
star has the same binding priority as sequential composition.

A disadvantage of iteration is that elimination of the binary Kleene star from closed
terms is not possible anymore (see BAETEN AND VERHOEF, 1995). As a result, inductive
proofs as given in the Section 2.4.3 do not carry over to a theory containing the binary
Kleene star. One consequence is that the axioms of standard concurrency ASC4 and ASC6
are no longer derivable for closed terms (see Property 2.4.32 on Page 45). Note that they
can still be valid in some given operational semantics (see Property 2.4.35 on Page 46).

An operational semantics for PAτ∗
δ +RN. The processes in the operational semantics

for PAτ∗
δ +RN are the closed PAτ∗

δ +RN terms extended with the special process
√

. The
transition relation −→ ⊆ (C(PAτ∗

δ +RN) ∪ {√})× A× (C(PAτ∗
δ +RN) ∪ {√}) is the

smallest relation satisfying the derivation rules given in Tables 2.4.5 on Page 36, 2.4.24
on Page 43, and 2.4.48 on the next page, where in all tables p, p′,q, and q ′ range over
C(PAτ∗

δ +RN).

Definition 2.4.49. (Operational semantics) The operational semantics S(PAτ∗
δ +RN) is

the process space (C(PAτ∗
δ +RN)∪{√},A, −→ , {√}) with rooted branching bisimilarity

as the equivalence relation.

Example 2.4.50. In theory PAτ∗
δ +RN, it is finally possible to specify the process depicted

in Figure 2.2.4 (c) on Page 7: (rcmd · pmat · omat) ∗ δ. The non-terminating iteration is
specified using the binary Kleene star in combination with the inaction constant δ.
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a : A; p, p′,q,q ′ : C(PAτ∗
δ +RN);

p
a−→ p′

p ∗q
a−→ p′ · (p ∗q)

q
a−→ q ′

p ∗ q
a−→ q ′

p
a−→ √

p ∗q
a−→ p ∗ q

q
a−→√

p ∗ q
a−→√

Table 2.4.48: The transition relation for the binary Kleene star.

Property 2.4.51. (Congruence) Rooted branching bisimilarity, ∼rb, is a congruence for
the operators of PAτ∗

δ +RN.

Proof. For all operators of PAτ∗
δ +RN except the binary Kleene star, the proof is identical to

the proof of Property 2.4.42 on Page 50. LetR1 andR2 be rooted branching bisimulations
between p1 and q1, and p2 and q2, respectively, where p1, p2,q1, and q2 are closed PAτ∗

δ +
RN terms. Let, for any p ∈ C(PAτ∗

δ +RN) ∪ {√}, √ · p denote p. It is straightforward
to verify that R2 ∪ {(p1

∗ p2,q1
∗ q2)} ∪ {(p · (p1

∗ p2),q · (q1
∗ q2)) | pR1q} is a rooted

branching bisimulation between p1
∗ p2 and q1

∗ q2. 2

Theorem 2.4.52. (Soundness) For any closed terms p,q ∈ C(PAτ∗
δ +RN),

PAτ∗
δ +RN ` p = q ⇒ S(PAτ∗

δ +RN) |= p = q.

Proof. Since rooted branching bisimilarity is a congruence for the operators of PAτ∗
δ +RN,

it suffices to show the validity of each of the axioms. It is not difficult to construct a rooted
branching bisimulation for each case. 2

There is no completeness result for PAτ∗
δ +RN. On the contrary, the results of (SEWELL,

1994) show that in a setting with the binary Kleene star and inaction, no finite complete
axiomatization for strong bisimilarity exists. The techniques of (SEWELL, 1994) can also
be used to prove that in a context with the binary Kleene star and silent actions no finite
complete axiomatization exists for (rooted) branching bisimilarity. The only complete-
ness result for the binary Kleene star that to date exists is a result proved in (FOKKINK

AND ZANTEMA, 1994). There, it is shown that BPA∗, Basic Process Algebra with the bi-
nary Kleene star, is a sound and complete axiomatization for strong bisimilarity on closed
terms. In addition, there are several completeness results for restricted forms of the binary
Kleene star (see VAN GLABBEEK, 1997, for an overview).

Standard concurrency and expansion. Although the axioms of standard concurrency
ASC4 and ASC6 are not derivable from the axioms of PAτ∗

δ +RN, they are valid in the
semantics S(PAτ∗

δ +RN). Axiom ASC2 is still derivable from PAτ∗
δ +RN, and hence also

valid in S(PAτ∗
δ +RN).

Property 2.4.53. For any p,q, r ∈ C(PAτ∗
δ +RN),

S(PAτ∗
δ +RN) |= p ‖ q = q ‖ p, (p bb q) bb r = p bb (q ‖ r), (p ‖ q) ‖ r = p ‖ (q ‖ r).

Proof. Property 2.4.31 on Page 45, adapted for PAτ∗
δ +RN, and Theorem 2.4.52 (Sound-

ness) immediately yield that S(PAτ∗
δ +RN) |= p ‖ q = q ‖ p. The following relation is
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a rooted branching bisimulation both between (p bb q) bb r and p bb (q ‖ r) and between
(p ‖ q) ‖ r and p ‖ (q ‖ r):
{((p bb q) bb r, p bb (q ‖ r)) | p,q, r ∈ C(PAτ∗

δ +RN)}
∪ {((p ‖ q) ‖ r, p ‖ (q ‖ r)) | p,q, r ∈ C(PAτ∗

δ +RN)}
∪ {(p, p) | p ∈ C(PAτ∗

δ +RN) ∪ {√}}.
2

A consequence of Property 2.4.53 is that PAτ∗
δ +RN+standard concurrency has the same

expansion theorem as given in Theorem 2.4.36 on Page 47. The addition of the binary
Kleene star does not influence the proof of this theorem.

Fairness. In a theory which includes both recursion and silent actions, it is often useful
to have a fairness principle. A simple form of fairness means that a process cannot always
choose to do an internal action if it also has other options. For the binary Kleene star, this
form of fairness can be expressed by a single axiom, namely the Fair Iteration Rule (FIR)
given in Table 2.4.54. It simply states that a sequence of silent actions cannot be infinitely
long. For a treatment of other, more sophisticated forms of fairness in process algebra, the
reader is referred to (BAETEN AND WEIJLAND, 1990).

x : P;
τ ∗ x = x + τ · x FIR

Table 2.4.54: The Fair Iteration Rule.

The Fair Iteration Rule is valid in the operational semantics S(PAτ∗
δ +RN) of Defini-

tion 2.4.49 on Page 52.

Property 2.4.55. For any p ∈ C(PAτ∗
δ +RN),

S(PAτ∗
δ +RN) |= τ ∗ p = p + τ · p.

Proof. For any p ∈ C(PAτ∗
δ +RN), the following relation is a rooted branching bisimulation

between τ ∗ p and p + τ · p.
{(τ ∗ p, p + τ · p) | p ∈ C(PAτ∗

δ +RN)}
∪ {(τ ∗ p, p) | p ∈ C(PAτ∗

δ +RN)} ∪ {(p, p) | p ∈ C(PAτ∗
δ +RN) ∪ {√}}.

2

Recursive equations. Since often verifications in process algebra result in an equation
that is recursive in some given process, it is useful to have a principle that gives solutions
for such recursive equations. The Recursive Specification Principle for the binary Kleene
star (RSP∗) given in Table 2.4.57 on the next page is a derivation rule which gives a so-
lution in terms of the binary Kleene star for some restricted set of recursive equations.
Axiom RSP∗ uses the notion of a guard which is defined as follows. Informally, a term
is a guard if it cannot terminate successfully without performing at least one observable
action.
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Definition 2.4.56. (Guard) A closed PAτ∗
δ +RN term p is a guard if and only if, using the

axioms of PAτ∗
δ +RN, it can be rewritten into an equivalent term of any of the following

forms:

i) δ or a, for any a ∈ A\{τ };
ii) q · r, for closed PAτ∗

δ +RN terms q and r where either q or r or both are guards;

iii) q + r, for any closed PAτ∗
δ +RN terms q and r where both q and r are guards.

x, y, z : P;
x = y · x + z, y is a guard

x = y ∗ z
RSP∗

Table 2.4.57: The Recursive Specification Principle for the binary Kleene star.

Example 2.4.58. Definition 2.4.56 states that silent actions cannot act as guards. The fol-
lowing example shows the reason for this restriction. Let a and b be two different actions
in A not equal to τ . Axioms A5, A6, and B1 easily yield that τ · a = τ · (τ · a) + δ and
τ ·b = τ · (τ ·b)+ δ. Assume that the silent action is a guard. Then, it follows from RSP∗

that τ · a = τ ∗ δ and τ · b = τ ∗ δ. Hence, τ · a = τ · b, which is clearly a contradiction
when a and b are different.

The derivation rule RSP∗ is valid in the operational semantics S(PAτ∗
δ +RN).

Property 2.4.59. For any p,q, r ∈ C(PAτ∗
δ +RN) such that q is a guard,

S(PAτ∗
δ +RN) |= p = q · p + r ⇒ S(PAτ∗

δ +RN) |= p = q ∗ r.

Proof. Let p,q, and r be closed PAτ∗
δ +RN terms such that q is a guard; letR be a rooted

branching bisimulation between p and q · p+r. It can be shown that the following relation
which uses the transitive closure of R, denoted R+, is a rooted branching bisimulation
between p and q ∗ r:
{(p,q ∗ r)} ∪R+ ∪ {(s,q ∗ r) | s ∈ C(PAτ∗

δ +RN) ∪ {√} ∧ sR+ p}
∪ {(s, t · (q ∗ r)) | s ∈ C(PAτ∗

δ +RN) ∪ {√} ∧ t ∈ C(PAτ∗
δ +RN) ∧ sR+t · p}.

An explanation of this relation and the details of the proof can be found in (BASTEN AND

VOORHOEVE, 1995a). 2

Note that in the above proof a rooted branching bisimulation is constructed explicitly. In a
process-algebraic theory with general recursion another proof strategy could be followed,
namely the one used in (BAETEN AND WEIJLAND, 1990) and (BAETEN AND VERHOEF,
1995) to show that an operational semantics satisfies the general Recursive Specification
Principle RSP. Any semantics satisfying RSP also satisfies RSP∗.
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An example verification. To clarify the use of FIR and RSP∗, this paragraph contains
an example verification using these two axioms. The calculations show how to verify an
implementation of a system against its specification. The verification is an example of a
typical application of process algebra.

Assume that the manager of a factory for the production of certain goods wants to have
a production unit satisfying the following simple specification.

PUspec = (imat · omat) ∗ δ. (2.4.60)

Specification PUspec states that the production unit performs two actions that are visible
to the environment. First, it starts with getting input material (action imat). Second, after
it has internally processed the input, it produces output material (omat). Of course, the in-
put and output should satisfy certain requirements, but specification PUspec abstracts away
from such details. The iteration in the specification means that the unit should repeat the
above two steps indefinitely (see Axioms BKS1 and A6).

A supplier has a production unit PU available of which the behavior can be described
as follows.

PU = (imat · (ppmat ∗ fmat1) · (pmat1 ‖ pmat2) · omat ·
imat · (ppmat ∗ fmat2) · (pmat1 ‖ pmat2) · omat

) ∗ δ.

(2.4.61)

As required by the specification, unit PU performs a non-terminating iteration. Internally,
the unit has two trays for unprocessed material. Each time the unit receives input material
(imat), it performs a number of preprocessing steps (ppmat) and forwards the material to
one of the two trays (fmat1, fmat2). Each processing step, the unit alternates between the
two trays, starting with the first one. The number of preprocessing steps, if any at all, is
always limited. The unit executes two processing actions on input material (pmat1 and
pmat2). These processing actions can be done in parallel. If both processing actions are
completed, the unit produces output material (omat). The supplier claims that the produc-
tion unit satisfies the specification PUspec of Property 2.4.60.

Of course, the factory manager wants to verify the claim. Since she is proficient in pro-
cess algebra, she quickly performs a few calculations. Let I be the set of actions {ppmat,
fmat1, fmat2,pmat1,pmat2}. Hiding these actions in the behavior PU should yield speci-
fication PUspec. Formally, the proof requirement is specified as follows.

τI (PU) = PUspec. (2.4.62)

The following derivation hides the actions in I in the behavior PU and eliminates the re-
sulting silent steps. Note that it is allowed to use Axiom FIR because the number of pre-
processing actions is limited.

τI (PU)
= { Definition 2.4.61;

TI1,2,4,TIM1,BKS4 (repeatedly) }
(imat · (τ ∗ τ ) · (τ ‖ τ ) · omat · imat · (τ ∗ τ ) · (τ ‖ τ ) · omat) ∗ δ
= { FIR (2×),M1,M2(2×) }
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(imat · (τ + τ · τ ) · (τ · τ + τ · τ ) · omat ·
imat · (τ + τ · τ ) · (τ · τ + τ · τ ) · omat

) ∗ δ
= { B1, A3 (repeatedly) }
(imat · omat · imat · omat) ∗ δ

Summarizing,

τI (PU) = (imat · omat · imat · omat) ∗ δ. (2.4.63)

This is almost the desired result. Informally, the non-terminating iteration of some actions
should be equal to the non-terminating iteration of twice these actions. Let p ∈ C(PAτ∗

δ +
RN) be a guard (see Definition 2.4.56 on Page 55).

p ∗ δ
= { BKS1(2×) }

p · (p · (p ∗ δ)+ δ)+ δ
= { A6, A5 }
(p · p) · (p ∗ δ)+ δ

Hence, it follows from RSP∗ that

p ∗ δ = (p · p) ∗ δ. (2.4.64)

Property 2.4.64 proves the informal claim made above. Applying Property 2.4.64 to Re-
sult 2.4.63 easily yields the proof requirement of Property 2.4.62 on the preceding page.

τI (PU) = PUspec. (2.4.65)

Hence, the factory manager is satisfied and decides to take the production unit.

2.5 Conclusions

This chapter has given an introduction to basic concurrency theory. None of the material
is new in itself. The main purpose of this chapter is to present it in a common framework.
Thus, it provides a basis for the remaining chapters of this thesis.

Section 2.2 has introduced a very natural way to describe concurrent systems, namely
transition systems. The notion of an operational semantics has been defined. This notion
is elementary to the remainder of this thesis. Any formalism for describing concurrent
systems introduced in this thesis is given a meaning in the framework of transition systems
by providing it with an operational semantics.

In Section 2.3, the formalism of Place/Transition nets has been introduced. This for-
malism is a member of the large class of formalisms for modeling concurrent systems
called Petri nets. Petri nets combine an intuitive graphical representation with strong anal-
ysis techniques. A class of Petri nets that is particularly suitable for the efficient analysis
of properties of concurrent systems is the class of free-choice P/T nets.
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Section 2.4 has given an introduction to ACP-style process algebras. Process algebras
are symbolic formalisms for describing and analyzing concurrent-system behavior. They
are particularly useful for the comparison of behaviors, for example, to verify an imple-
mentation against a specification.

The remainder of this thesis studies topics combining and integrating Petri nets and
process algebra, using transition systems as a common framework.



3
Algebraic Verification of Modular Nets

3.1 Introduction

An essential property of any formalism for modeling and analyzing complex concurrent
systems is compositionality. A formalism is compositional if it allows the system designer
to structure a formal model of a system into component models of subsystems in such a
way that properties of the system as a whole can be derived from the properties of the
components. Unfortunately, labeled P/T nets as introduced in Chapter 2 are not suited for
compositional design. They lack a structuring mechanism to divide models of concurrent
systems into components. Process algebra, on the other hand, supports compositional de-
sign of concurrent systems. When the behavior of the subsystems of a concurrent system is
described by means of algebraic terms, the behavior of the entire system can be described
by composing these terms, using the suitable operators in the process algebra.

The goal of this chapter is to show how Petri nets and process algebra can be integrated
into a formalism supporting compositional design of concurrent systems, combining the
strengths of both formalisms. The resulting formalism is such that the combination of
Petri nets and process algebra provides a better understanding of the system under devel-
opment than any of the two formalisms in isolation.

The chapter is organized as follows. Section 3.2 briefly sketches a design method that
provides the framework for the underlying integrated formalism. The design method em-
phasizes the strengths of both Petri nets and process algebra. Sections 3.3 through 3.6
present the formalism itself. The notion of modular P/T nets is introduced. Several alge-
braic semantics of modular P/T nets are given that allow a system designer to verify their
behavior against an algebraic specification. The theory is a revised and improved version
of the theory in (BASTEN AND VOORHOEVE, 1995b). To validate the design method and
the underlying theory, in Sections 3.7 and 3.8, the results of two case studies are discussed.
Finally, Section 3.9 presents some conclusions and open problems. It also contains a dis-
cussion of related work.

59
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3.2 Design Method

First of all, it should be noted that it is not the intention of this section to present a complete
design method that can be used for the design of real-world concurrent systems. The goal
is merely to provide a framework for the formalism presented in the remaining sections.

In concurrent systems, the order in which communications between different parts of
the system occur is often crucial. Petri nets and process algebra are both formalisms that
focus on the dynamic behavior of systems. Therefore, the theory presented in this chapter
is particularly useful for the design of concurrent systems where the communication pro-
tocol between the various parts of the system plays an important role. It is not very well
suited for data-oriented applications or applications where most of the computations are
performed by a single system component without much communication with other parts
of the system. This does not mean that issues related to the data structures being used in
the implementation of the system and the correctness of computations local to some spe-
cific part of the system are less important. However, other formalisms, such as assertional
reasoning based on predicate logic and model checking techniques, are more useful for
those purposes.

Petri nets and process algebra complement each other very well. Petri nets have an
intuitive, graphical representation and are well suited to describe the dynamic behavior
of a system including the states in which the system can be. Colored Petri nets, in par-
ticular, provide a strong formalism for modeling concurrent systems. Petri nets are very
useful for purposes of system validation and simulation. In addition, the analysis tech-
niques that are available for Petri nets can be used to show that a system satisfies some
given property. Process algebra, on the other hand, is a compositional, purely symbolic
formalism, designed to compare the dynamic behavior of different systems. By applying
term rewriting techniques and equational reasoning, it can be verified whether an imple-
mentation satisfies a given specification, where both specification and implementation are
algebraic terms.

Based on the above observations, a very simple design method is introduced that con-
sists of four separate activities. Each activity is explained in more detail below.

i) Specify the behavior or behavioral properties of the concurrent system.

ii) Construct a (colored-)Petri-net model of the system.

iii) Use simulation to validate the specification and to test whether the Petri net con-
forms to the specification.

iv) Verify the correctness of the net with respect to its behavioral specification using
process algebra.

Behavioral specification. In the early stages of system design, it is useful to specify in
a concise way the order in which the actions in a concurrent system can occur. A process
algebra or a simple specification language based on process-algebraic principles is well
suited for this purpose. In this step, only behavioral properties are specified. Other details
of the system are addressed when designing the Petri-net model of the system.
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Petri-net model. Once a designer who is familiar with the method of this chapter has
a clear understanding of the dynamic behavior of a system, he or she usually has no dif-
ficulty to construct a Petri net of which the behavior conforms to the specification of the
system. For any non-trivial concurrent system, many more aspects than the order in which
actions may occur are important. Examples of such aspects are the timing of actions, the
data structures that are used in the implementation, and the algorithms needed for the lo-
cal computations. These aspects are usually addressed in this stage of the design process.
This means that, in general, a colored-Petri-net formalism is used to define the Petri-net
model of the system.

Simulation. The Petri-net model of a concurrent system can be simulated using tools
such as ExSpect (ASPT, 1994), Design/CPN (JENSEN ET AL., 1991), or PEP (BEST AND

GRAHLMANN, 1995). The specification and the net model can be validated and corrected,
if necessary. Simulation is an excellent means to discover the more obvious mistakes in
both the behavioral specification and the Petri-net model. However, by means of simula-
tion only, it is usually impossible to guarantee that all errors are discovered.

Note that simulation can also be used for other purposes, such as performance anal-
ysis. Although performance analysis may be very useful for many applications, it is not
an important activity in the design method proposed here, which focuses on behavioral
correctness.

Verification. In the verification phase, the Petri-net model and, if necessary, also the be-
havioral specification are formally translated into a process-algebra expression. By means
of term rewriting techniques and equational reasoning, it is verified whether the behavior
of the net conforms to its specification. This step is useful to discover the more subtle
mistakes in a specification and the corresponding Petri net.

The presentation of the four activities suggests an ordering. In an ideal situation, they are
indeed applied in the order presented. However, the experience of the case studies pre-
sented in Sections 3.7 and 3.8 shows that, in practice, they are seldom clearly separated.
Systems design is a complex process where one often works on several of the four activi-
ties simultaneously. If one discovers an error during one step, it may be necessary to redo
some of the work in other steps. Even more important, if one follows a top-down design
strategy, it is possible to first design and verify a system on a high level of abstraction be-
fore adding more detail. When adding a detailed level of abstraction, the design cycle is
repeated.

The next four sections present basic theoretical results, integrating Petri nets and pro-
cess algebra, that are needed in the modeling and verification phases of the above design
method. Although in practice, a colored-Petri-net formalism is needed, the results in this
chapter are restricted to an uncolored formalism, called modular P/T nets. Modular P/T
nets extend P/T nets as defined in Chapter 2 with a hierarchy construct. As mentioned,
such a construct is essential in compositional design. The extension of the theory to col-
ored Petri nets remains for future investigation. In Sections 3.7 and 3.8, where two case
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studies are discussed, a very simple language for behavioral specifications is introduced.
In these sections, the role of simulation in the method is also explained in more detail.

3.3 P/T-Net Components

The basis of a modular P/T net is the so-called P/T-net component. P/T-net components
are the building blocks used to construct a modular P/T net. Figure 3.3.1 shows an exam-
ple of a P/T-net component. P/T-net components strongly resemble standard P/T nets as
introduced in Chapter 2. The only difference is that, for P/T-net components, the set of
places is divided into internal places and pins. The graphical representation of a P/T-net
component uses a dashed box to divide the set of places into internal places and pins. Pins
are depicted as double circles. The idea is that pins are connectors to the environment. The
environment can interact with the P/T-net component by removing tokens from or putting
tokens into its pins. Since transition labels do not play an important role in the theory of
this chapter, unlabeled P/T nets, as defined in Definition 2.3.39 on Page 26, are taken as
the starting point for this chapter. The extension with transition labels is straightforward.

tprdytcmd

pmt

empty

omatpmat

rcmd

rdy

bsy

cmd prdy

sprdy

omtimt
3

Figure 3.3.1: The graphical representation of a P/T-net component.

Definition 3.3.2. (P/T-net component) A P/T-net component is a pair C = (N, I ), where
N = (P, T , F,W ) is a P/T net as defined in Definition 2.3.39 on Page 26 and where
I ⊆ P is the set of internal places.

For any P/T-net component C, the set P\I is the set of pins of the component, also called
the interface of the component, denoted ifc(C). For any transition t ∈ T , its bag of inter-
nal input places iit is defined as it |̀ I ; its bag of observable input places oit is defined as
it |̀ ifc(C). The bags of internal and observable output places, denoted iot and oot , respec-
tively, are defined likewise.

Example 3.3.3. Figure 3.3.1 shows an example of a P/T-net component modeling a pro-
duction unit. Its interface is the set of pins {cmd,prdy, imt,omt}. The bag of input places
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of transition rcmd, ircmd, is equal to [cmd, rdy]; its bag of output places orcmd is equal to
[tcmd,bsy]. Consequently, its internal input places iircmd and its internal output places
iorcmd are the bags [rdy] and [tcmd,bsy], respectively; its bag of observable input places
oircmd is the singleton bag [cmd] and the bag of its observable output places oorcmd is
the empty bag 0.

Definition 3.3.4. (Marked P/T-net component) A marked P/T-net component is a triple
(N, I, s), where (N, I ) is a P/T-net component as defined above and where s is a bag over
I denoting the internal marking of the net component. The set of all marked P/T-net com-
ponents is denoted C.

Pins are not considered in the marking of a P/T-net component, because the goal is to de-
termine the behavior of such a component under the assumption that the environment is
responsible for consuming tokens from and producing tokens on pins. It is assumed that
the environment has always tokens available when they are needed by a P/T-net compo-
nent. It is also assumed that the environment is always willing to receive any tokens that
the component might produce. Therefore, transition enabling is defined in such a way that
it does not depend on pins.

Definition 3.3.5. (Transition enabling) Let (N, I, s) be a marked P/T-net component,
where N = (P, T , F,W ). A transition t ∈ T is enabled, denoted (N, I, s)[t〉, if and only
if each internal input place p of t contains at least as many tokens as its cardinality in iit .
That is, (N, I, s)[t〉 ⇔ iit ≤ s.

Example 3.3.6. Consider again the marked P/T-net component in Figure 3.3.1 on the fac-
ing page. Its pins cmd,prdy, imt, and omt do not contain any tokens, since only internal
places can be marked in a P/T-net component. In the initial marking depicted in the figure,
only transition rcmd is enabled.

The firing rule for P/T-net components is very similar to the firing rule for labeled P/T nets
(see Definition 2.3.7 on Page 18). There are two differences. The first one is that the firing
rule for P/T-net components only affects tokens in internal places. The second difference
is the action function. As already mentioned, the environment and a P/T-net component
interact via the pins of the component. From the point of view of the environment, it is
therefore most appropriate to define the behavior of a P/T-net component in terms of the
production and consumption of tokens. In a single action, any number of tokens can be
consumed or produced. This means that an action is uniquely determined by two bags of
tokens, one denoting the consumed tokens and one denoting the produced tokens. As a re-
sult, actions are no longer atomic, as in the previous chapter, but they are structured. For
this reason, actions of P/T-net components are also called multi-actions. Recall that tran-
sition names, place names, and hence also token identifiers, are taken from the universe
of identifiers U introduced in Section 2.3.2.

Definition 3.3.7. (Multi-actions) The set of multi-actions A is defined as B(U)×B(U),
the set of all pairs of bags over U .
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Similar to Section 2.3.2, for any P/T-net component C = (N, I ) with N = (P, T , F,W),
an action function αC : T → A is a function assigning to each transition of C a corre-
sponding multi-action. Since it is always clear from the context to which P/T-net compo-
nent an action function refers, in the remainder, the subscript of action functions is omit-
ted.

Definition 3.3.8. (Firing rule) The firing rule [ 〉 ⊆ C×A×C is the smallest relation
satisfying for any (N, I, s) in C, with N = (P, T , F,W ) and action function α : T → A,
and any t ∈ T ,
(N, I, s)[t〉 ⇒ (N, I, s) [α(t)〉 (N, I, s − iit ] iot).

When analyzing the behavior of a P/T-net component in isolation, it is useful to be able to
look inside the component as though it were a glass box. This means that all consumptions
and productions of tokens that result from firing a transition are visible. When using a
component in a compositional design, on the other hand, it is often useful to assume that
its internal structure is hidden as in a black box. The environment observes the actions of
the P/T-net component projected onto its pins. When formalizing the semantics for P/T-
net components, the action function in the definition of the firing rule determines which
point of view is taken.

Definition 3.3.9. (Action functions) Let (N, I ) with N = (P, T , F,W ) be a P/T-net
component.

Glass-box action function: For any transition t ∈ T , αg(t) is equal to (it,ot).

Black-box action function: For any transition t ∈ T , αb(t) is defined as (oit,oot).

As for labeled P/T nets, the firing rule is the basis for the operational semantics for P/T-net
components. The semantics defined in this chapter do not distinguish between successful
termination and deadlock. In this respect, they adhere to the usual semantics given for
Petri nets (see also Section 2.3.2). The following definition gives the glass-box semantics
for P/T-net components.

Definition 3.3.10. (Operational glass-box semantics) The glass-box behavior of marked
P/T-net components is formalized by the operational semantics Sg(C). It consists of the
process space (C,A, [ 〉 ,ø), where the firing rule is instantiated with the glass-box action
function αg . The equivalence on processes is strong bisimilarity.

omat

sprdy

s1 s3
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s0 = [rdy, empty]
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s2 = [bsy,pmt]
s1 = [bsy, tcmd, empty]

s3 = [bsy, tprdy, empty]

Figure 3.3.11: The operational semantics of the production-unit component.
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Example 3.3.12. Figure 3.3.11 on the facing page shows the operational glass-box seman-
tics for the P/T-net component of Figure 3.3.1 on Page 62. The firing rule is depicted by
arrows. Processes are identified with their markings. The transition identifier t is used as
an abbreviation of the corresponding multi-action αg(t). For example, rcmd is an abbre-
viation of ([cmd, rdy], [tcmd,bsy]).

The next definition gives the black-box semantics for P/T-net components. As may be
expected, it uses rooted branching bisimilarity as the equivalence relation. It is important
to note that the silent multi-action in A is the pair (0,0).

Definition 3.3.13. (Operational black-box semantics) The black-box behavior of P/T-
net components is formalized by the operational semantics Sb(C). It consists of the pro-
cess space (C,A, [ 〉 ,ø), where the firing rule is instantiated with the black-box action
function αb. The equivalence on processes is rooted branching bisimilarity.

Example 3.3.14. Consider again Figure 3.3.11 on the facing page. Let the identifier t of
a transition be an abbreviation of αb(t), which is the pair (oit,oot). For example, rcmd is
an abbreviation of ([cmd],0). Under this assumption, Figure 3.3.11 shows the semantics
for the P/T-net component of Figure 3.3.1 on Page 62 in the black-box semantics Sb(C).

3.4 Algebraic Semantics for P/T-Net Components

In the previous section, two different operational semantics for P/T-net components have
been defined, namely the operational glass-box semantics and the operational black-box
semantics. This section presents two algebraic semantics for P/T-net components. It is
shown that the algebraic semantics are consistent with the two operational semantics of
the previous section.

3.4.1 Glass-box semantics

The equational theory PA∗δλ. The algebraic glass-box semantics for P/T-net compo-
nents is defined in an extension of the process algebra PA∗δ , Process Algebra with inaction
and iteration. The theory PA∗δ is defined by combining the appropriate ingredients intro-
duced in Chapter 2. It is extended with the so-called state operator λ yielding the theory
PA∗δλ, for Process Algebra with inaction, state operator, and iteration. The state opera-
tor is an operator which has a memory to explicitly describe the state of a process. For
a detailed treatment of the state operator, see (BAETEN AND VERHOEF, 1995; BAETEN

AND WEIJLAND, 1990). The state operator used to define an algebraic semantics for P/T-
net components is called the causal state operator. A variant of the causal state operator
first appeared in (BAETEN AND BERGSTRA, 1993). Table 3.4.1 on the following page
presents the theory PA∗δλ which is as always parameterized by a set of actions. It is instan-
tiated with the set of multi-actions A defined in the previous section (Definition 3.3.7 on
Page 63). The following auxiliary functions on multi-actions in A are defined. For any
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action a = (c, p) in A, ca is equal to c and defines the consumption of a; pa is p and
defines the production of a.

PA∗δλ(A)
PA∗δ(A)

λ : (P(U)× B(U))→ (P→ P)

a : A; I : P(U); s : B(U); x, y : P;
λI

s (δ) = δ CSO1
ca |̀ I ≤ s ⇒ λI

s (a) = a CSO2
ca |̀ I 6≤ s ⇒ λI

s (a) = δ CSO3
λI

s (a · x) = λI
s (a) · λI

s−ca|̀I]pa |̀I (x) CSO4
λI

s (x + y) = λI
s (x)+ λI

s (y) CSO5

Table 3.4.1: The process algebra PA∗δλ.

For I, s, and x as in Table 3.4.1, the term λI
s (x) can be thought of as the P/T-net com-

ponent x with internal places I and marking s. The operator is axiomatized by means of
five axioms. Axioms CSO2, CSO3, and CSO4 are the most interesting ones. The other two
should be clear without further explanation. Axiom CSO2 can be read as follows. It states
that an action may occur provided that its consumption from internal places is available in
the marking. Axiom CSO3 says that if not enough tokens are available, an action cannot
be executed and results in a deadlock. Axiom CSO4 states that the result of executing an
action is that the consumption is removed from the marking, whereas the production in
internal places is added to the marking. If the marking does not contain enough tokens
to execute the action, then the combination of Axioms CSO3 and A7 guarantees that the
result is a deadlock. Note the correspondence between the causal state operator and the
firing rule for P/T-net components.

An operational semantics for PA∗δλ. The theory PA∗δλ is given an operational semantics
in the standard way (see Section 2.4). The processes in the operational semantics for the
theory PA∗δλ are the closed PA∗δλ terms extended with the special process

√
. The transition

relation −→ ⊆ (C(PA∗δλ)∪{
√})×A×(C(PA∗δλ)∪{

√}) is the smallest relation satisfying
the appropriate derivation rules given in Tables 2.4.5 on Page 36, 2.4.24 on Page 43, 2.4.48
on Page 53, and 3.4.2 on the next page, where in all tables p, p′,q, and q ′ range over
C(PA∗δλ).

Definition 3.4.3. (Operational semantics) The operational semanticsS(PA∗δλ) is the pro-
cess space (C(PA∗δλ) ∪ {

√},A, −→ , {√}) with strong bisimilarity as the equivalence re-
lation.

Property 3.4.4. (Congruence) Strong bisimilarity, ∼, is a congruence for the operators
of PA∗δλ.
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a : A; I : P(U); s : B(U); p, p′ : C(PA∗δλ);

p
a−→ p′

λI
s]ca|̀I (p)

a−→ λI
s]pa|̀I (p′)

p
a−→√

λI
s]ca|̀I (p)

a−→ √

Table 3.4.2: The transition relation for the causal state operator.

Proof. It follows from the format of the derivation rules in Tables 2.4.5, 2.4.24, 2.4.48,
and 3.4.2 (see BAETEN AND VERHOEF, 1995). 2

Theorem 3.4.5. (Soundness) For any closed terms p,q ∈ C(PA∗δλ),
PA∗δλ ` p = q ⇒ S(PA∗δλ) |= p = q.

Proof. Since bisimilarity is a congruence for the operators of PA∗δλ, it is sufficient to show
the validity of each of the axioms of PA∗δλ. It is not difficult to construct a bisimulation for
each case. 2

As explained in Section 2.4.5, there is no completeness result for PA∗δλ.

Standard concurrency and expansion. The theory PA∗δλ can be extended with the ax-
ioms of standard concurrency in exactly the same way as in Section 2.4.5. It is not diffi-
cult to see that the rooted branching bisimulations given in the proof of Property 2.4.53
on Page 53 are also strong bisimulations.

Recursive equations. The theory PA∗δλ is extended with the principle RSP∗ in the same
way as in Section 2.4.5.

An algebraic semantics for P/T-net components. At this point, all ingredients needed
to define an algebraic semantics for P/T-net components are present. Each P/T-net compo-
nent is translated into a closed PA∗δλ term with the same operational behavior as the compo-
nent, assuming that the glass-box semantics for P/T-net components is chosen. The idea is
to start by defining the unrestricted behavior of a component. That is, its behavior when
every transition is always enabled. Then, the causal state operator instantiated with the
marking of the component is used to restrict the behavior to all possible firing sequences.
The unrestricted behavior of a single transition is the non-terminating iteration of its con-
sumption and production of tokens. The unrestricted behavior of a net component is the
parallel execution of all its transitions.

Definition 3.4.6. (Algebraic glass-box semantics) Let C = (N, I, s) be a P/T-net com-
ponent in C, where N = (P, T , F,W ). The algebraic glass-box semantics for C, denoted
Cg[[C]], is defined as follows:
Cg[[C]] = λI

s (‖ t : t ∈ T : αg(t) ∗ δ),
where αg is the glass-box action function defined in Definition 3.3.9 on Page 64. Note that
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αg is not an operator of the theory PA∗δλ. Hence, αg(t), where t is a transition in T , is not a
term in the algebra. However, the value of αg(t) is a multi-action in A and, hence, a term
in PA∗δλ. Therefore, in the above definition, αg(t) should be interpreted as the function
value and not as a syntactical term.

Example 3.4.7. Let C be the P/T-net component of Figure 3.3.1 on Page 62. As before,
the identifier of a transition t of C is used as an abbreviation of αg(t). Let I be the set of
internal places of C, {rdy,bsy, tcmd, tprdy, empty,pmt}. The algebraic glass-box seman-
tics of C is now as follows:
λI

[rdy,empty](rcmd ∗ δ ‖ pmat ∗ δ ‖ sprdy ∗ δ ‖ omat ∗ δ).

Assuming the glass-box semantics for P/T-net components, a component C and its alge-
braic representation Cg[[C]] have the same operational semantics. That is, any action that
a component can perform can be simulated by its algebraic semantics and vice versa. Fur-
thermore, since a component cannot terminate successfully, its algebraic semantics cannot
terminate successfully either. This means that the algebraic semantics of a net component
cannot evolve into the special process

√
. In other words, in a process space combining

P/T-net components and closed PA∗δλ terms, a P/T-net component and its algebraic seman-
tics are strongly bisimilar. Recall that ≡ denotes syntactical equality of closed terms.

Theorem 3.4.8. Assume the semantics for P/T-net components is the operational glass-
box semanticsSg(C) of Definition 3.3.10 on Page 64. For any P/T-net components (N, I,
s) and (N, I, s′) in C, closed term p in C(PA∗δλ), and action a ∈ A,

i) (N, I, s) [a〉 (N, I, s ′)⇒ Cg[[(N, I, s)]]
a−→ Cg[[(N, I, s′)]],

ii) Cg[[(N, I, s)]]
a−→ p⇒

(∃ s′ : s′ ∈ B(I ) : p ≡ Cg[[(N, I, s′)]]∧ (N, I, s) [a〉 (N, I, s′)),

iii) Cg[[(N, I, s)]] 6 a−→ √.

Proof. Let N be equal to (P, T , F,W ).

i) Assume (N, I, s) [a〉 (N, I, s ′). It follows from the definitions of the semantics
Sg(C) for P/T-net components (Definition 3.3.10 on Page 64) and the firing rule
(Definition 3.3.8 also on Page 64) that there must be a transition u in T , enabled in
marking s, such that a = αg(u) and s′ = s − iiu ] iou. Definition 3.3.5 (Tran-
sition enabling) on Page 63 yields that iiu ≤ s. It follows from Definition 3.3.9
(Action function αg) on Page 64 that ca = iu and pa = ou. Hence, ca |̀ I = iiu
and pa |̀ I = iou. Consequently, s′ = s − iiu ] iou = s − ca |̀ I ] pa |̀ I . The
following steps follow from the derivation rules in Tables 2.4.5 on Page 36, 2.4.24
on Page 43, 2.4.48 on Page 53, and 3.4.2 on the previous page. The fact that

a
a−→√

implies that
a ∗ δ

a−→ a ∗ δ.
Since u ∈ T and a = αg(u),
(‖ t : t ∈ T : αg(t) ∗ δ)

a−→ (‖ t : t ∈ T : αg(t) ∗ δ).
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It follows from the expression derived above for s′ that
λI

s (‖ t : t ∈ T : αg(t) ∗δ)
a−→ λI

s ′(‖ t : t ∈ T : αg(t) ∗ δ).
Hence, Definition 3.4.6 (Algebraic semantics) on Page 67 yields
Cg[[(N, I, s)]]

a−→ Cg[[(N, I, s′)]],
which concludes the first part of the proof.

ii) Assume Cg[[(N, I, s)]]
a−→ p. Definition 3.4.6 (Algebraic semantics) on Page 67

yields
λI

s (‖ t : t ∈ T : αg(t) ∗δ)
a−→ p.

Recall that the transition relation−→ in the operational semanticsS(PA∗δλ) (Defini-
tion 3.4.3 on Page 66) is defined as the smallest relation satisfying a set of derivation
rules. Therefore, it follows from the derivation rules for the causal state operator in
Table 3.4.2 on Page 67 that process λI

s (‖ t : t ∈ T : αg(t) ∗ δ) can only perform an
a action if there is a closed term q ∈ C(PA∗δλ) such that ca |̀ I ≤ s,

p ≡ λI
s−ca|̀I]pa|̀I (q),

and
(‖ t : t ∈ T : αg(t) ∗ δ)

a−→ q.
In the following, empty merge quantifications must be omitted. In addition, for the
sake of simplicity, closed terms that are equal up to symmetry and associativity of
the merge are considered syntactically equal. The derivation rules for the merge op-
erator in Table 2.4.24 on Page 43 yield that there must be a transition u ∈ T and a
closed term r ∈ C(PA∗δλ) such that

q ≡ r ‖ (‖ t : t ∈ T ∧ t 6= u : αg(t) ∗ δ)
and
αg(u) ∗δ

a−→ r.
It follows from the derivation rules for the Kleene star in Table 2.4.48 on Page 53
that a = αg(u) and

r ≡ αg(u) ∗δ.
Hence, it follows from the definition of αg (Definition 3.3.9 on Page 64) that ca = iu
and pa = ou. Therefore, s − ca |̀ I ] pa |̀ I = s − iiu ] iou. Summarizing the
results so far yields

p ≡ λI
s−iiu]iou(‖ t : t ∈ T : αg(t) ∗δ),

which by Definition 3.4.6 (Algebraic semantics) on Page 67 means that
p ≡ Cg[[(N, I, s − iiu ] iou)]].

Since ca |̀ I ≤ s, it follows that iiu ≤ s. It follows from the definition of transition
enabling for P/T-net components (Definition 3.3.5 on Page 63), the definition of the
firing rule (Definition 3.3.8 on Page 64), and the fact that αg(u) = a that
(N, I, s) [a〉 (N, I, s − iiu ] iou),

which completes the second part of the proof.

iii) Assume Cg[[(N, I, s)]]
a−→√. It is straightforward to derive from Definition 3.4.6

on Page 67 (Algebraic semantics) and the derivation rules in Table 3.4.2 also on
Page 67 that
(‖ t : t ∈ T : αg(t) ∗ δ)

a−→√.
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It follows from the derivation rules in Table 2.4.24 on Page 43 that this is only pos-
sible if T is a singleton set {u}, for some transition identifier u ∈ U , such that
αg(u) ∗δ

a−→ √.
The derivation rules for the binary Kleene star in Table 2.4.48 on Page 53 yield that
δ

a−→√.
Since this clearly is a contradiction,
Cg[[(N, I, s)]] 6 a−→ √,

which concludes the proof. 2

The following property is a simple variant of the expansion theorem, presented in Sec-
tion 2.4.3, which is often useful in verifications concerning the algebraic semantics of P/T-
net components.

Property 3.4.9. For any non-empty bag of actions B ∈ B(A),
(‖ a : a ∈ B : a ∗ δ) = (+ b : b ∈ B : b · (‖ a : a ∈ B : a ∗ δ)).

Proof. If B is a singleton bag containing only one action a, then the above equation re-
duces to a ∗ δ = a · (a ∗ δ), which follows immediately from Axioms BKS1 and A6. So,
assume that B contains at least two different actions.

(‖ a : a ∈ B : a ∗ δ)
= { Expansion }
(+ b : b ∈ B : b ∗ δ bb (‖ a : a ∈ B ∧ a 6= b : a ∗ δ))
= { BKS1, A6 }
(+ b : b ∈ B : b · (b ∗ δ) bb (‖ a : a ∈ B ∧ a 6= b : a ∗ δ))
= { M3 }
(+ b : b ∈ B : b · ((b ∗ δ) ‖ (‖ a : a ∈ B ∧ a 6= b : a ∗ δ)))
= { ASC6 (associativity of merge) }
(+ b : b ∈ B : b · (‖ a : a ∈ B : a ∗ δ)) 2

Example 3.4.10. Consider again Example 3.4.7 on Page 68. The following derivations
yield a simple algebraic expression for the behavior of the P/T-net component C of Fig-
ure 3.3.1 on Page 62. The same abbreviations are used as in Example 3.4.7. In addition,
let X denote the term rcmd ∗ δ ‖ pmat ∗ δ ‖ sprdy ∗ δ ‖ omat ∗ δ. The superscript I of the
causal state operator, denoting the internal places of component C, is omitted.

Cg[[C]]
= { Definition 3.4.6 (Algebraic semantics) on Page 67 }
λ[rdy,empty](X)
= { Property 3.4.9 }
λ[rdy,empty](rcmd · X + pmat · X + sprdy · X + omat · X)
= { CSO5 (repeatedly) }
λ[rdy,empty](rcmd·X)+λ[rdy,empty](pmat·X)+λ[rdy,empty](sprdy·X)+λ[rdy,empty](omat·X)
= { CSO4 (repeatedly) }
λ[rdy,empty](rcmd) · λ[bsy,tcmd,empty](X)+ λ[rdy,empty](pmat) · λ[rdy,pmt](X)+
λ[rdy,empty](sprdy) · λ

[rdy2,empty]
(X)+ λ[rdy,empty](omat) · λ[rdy,tprdy,empty2](X)
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= { CSO2, CSO3 (repeatedly), A7 (repeatedly) }
rcmd · λ[bsy,tcmd,empty](X)+ δ + δ + δ
= { A6 (repeatedly) }

rcmd · λ[bsy,tcmd,empty](X)

Derivations similar to this one yield the following results.

λ[bsy,tcmd,empty](X) = pmat · λ[bsy,pmt](X),
λ[bsy,pmt](X) = omat · λ[bsy,tprdy,empty](X), and
λ[bsy,tprdy,empty](X) = sprdy · λ[rdy,empty](X).

Summarizing,

λ[rdy,empty](X) = rcmd · pmat · omat · sprdy · λ[rdy,empty](X).

Since clearly rcmd ·pmat ·omat ·sprdy is a guard (see Definition 2.4.56 on Page 55), RSP∗

and A6 yield

λ[rdy,empty](X) = (rcmd · pmat · omat · sprdy) ∗ δ.
Concluding,

Cg[[C]] = (rcmd · pmat · omat · sprdy) ∗ δ.

It is not difficult to see that the operational semantics for Cg[[C]] is identical to the process
depicted in Figure 3.3.11 on Page 64. Hence, Theorem 3.4.8 on Page 68 is clearly satisfied.

3.4.2 Black-box semantics

The equational theory PAτ∗
δλ+RN. In order to define the algebraic black-box semantics

for P/T-net components, the process algebra PA∗δλ, defined in the previous subsection, is
extended with silent actions and renaming. The result is the process algebra PAτ∗

δλ+RN,
Process Algebra with inaction, state operator, silent actions, iteration, and renaming. It is
parameterized with a set of actions, which is instantiated with the set of multi-actions A
(see Definition 3.3.7 on Page 63).

In PAτ∗
δλ+RN, it is possible to define an abstraction operator similar to the operator

defined in Section 2.4.4. It is slightly different, because the multi-actions in the current
setting are structured. Nevertheless, the standard notation τI is used, where I ⊆ U is
a set of identifiers. The renaming function fI : A ∪ {δ} → A ∪ {δ} that is the basis
for the abstraction operator is defined as follows: fI (δ) = δ; for any a ∈ A, fI (a) =
(ca |̀ (U\I ),pa |̀ (U\I )). Note that this definition satisfies the requirement for the silent
action (0,0) that fI (0,0) = (0,0). Table 3.4.11 on the next page gives the axioms for
the abstraction operator corresponding to Axioms RN1 through RN3, BKS4, RNM1, and
RNM2 for the general renaming operator.

An operational semantics for PAτ∗
δλ+RN. The processes in the operational semantics

for PAτ∗
δλ+RN are the closed PAτ∗

δλ+RN terms extended with the special process
√

. The
transition relation −→ ⊆ (C(PAτ∗

δλ+RN) ∪ {√})× A× (C(PAτ∗
δλ+RN) ∪ {√}) is the

smallest relation satisfying the derivation rules given in Tables 2.4.5 on Page 36, 2.4.24
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a : A; I : P(U); x, y : P;
τI (δ) = δ TA1
τI (a) = (ca |̀ (U\I ),pa |̀ (U\I )) TA2
τI (x + y) = τI (x)+ τI (y) TA3
τI (x · y) = τI (x) · τI (y) TA4
τI (x ∗ y) = τI (x) ∗ τI (y) TA5
τI (x ‖ y) = τI (x) ‖ τI (y) TAM1
τI (x bb y) = τI (x) bb τI (y) TAM2

Table 3.4.11: The axioms for abstraction in process algebra with multi-actions.

on Page 43, 2.4.48 on Page 53, and 3.4.2 on Page 67, where in all tables p, p′,q, and q ′

range over C(PAτ∗
δλ+RN).

Definition 3.4.12. (Operational semantics) The operational semantics S(PAτ∗
δλ+RN) is

the process space (C(PAτ∗
δλ+RN)∪{√},A, −→ , {√}) with rooted branching bisimilarity

as the equivalence relation.

Property 3.4.13. (Congruence) Rooted branching bisimilarity, ∼rb, is a congruence for
the operators of PAτ∗

δλ+RN.

Proof. All operators of PAτ∗
δλ+RN except the causal state operator, are treated as in the

proofs of Properties 2.4.42 on Page 50 and 2.4.51 on Page 53. LetR be a rooted branching
bisimulation such that pRq, where p and q are closed PAτ∗

δλ+RN terms. Let λI
s (
√
) be

equal to
√

. It is straightforward to verify that {(λI
s (p), λI

s (q)) | pRq ∧ I ∈ P(U) ∧ s ∈
B(U)} is a rooted branching bisimulation between λI

s (p) and λI
s (q). 2

Theorem 3.4.14. (Soundness) For any closed terms p,q ∈ C(PAτ∗
δλ+RN),

PAτ∗
δλ+RN ` p = q ⇒ S(PAτ∗

δλ+RN) |= p = q.

Proof. It is not difficult to construct a rooted branching bisimulation for each axiom of
PAτ∗

δλ+RN. 2

Standard concurrency, expansion, fairness, and recursive equations. The extension
of the theory PAτ∗

δλ+RN with any of these features is the same as in Section 2.4.5.

An algebraic semantics for P/T-net components. The algebraic black-box semantics
for P/T-net components is defined using the definition of the algebraic glass-box semantics
for net components and the abstraction operator of PAτ∗

δλ+RN. The idea is simply to hide
consumptions and productions that are internal to a component.

Definition 3.4.15. (Algebraic black-box semantics) Let C = (N, I, s) be a P/T-net com-
ponent in C. The algebraic semantics for the black-box behavior of C, denoted Cb[[C]], is
defined as follows:
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Cb[[C]] = τI (C
g[[C]]),

where Cg[[C]] is the algebraic glass-box semantics of C as defined in Definition 3.4.6 on
Page 67.

Example 3.4.16. It is important to note that the algebraic black-box semantics cannot be
defined directly in terms of the action function αb, similar to the definition of the algebraic
glass-box semantics in terms of the action function αg (Definition 3.4.6 on Page 67). Let
C be again the P/T-net component of Figure 3.3.1 on Page 62. Let I be the set of internal
places of C, {rdy,bsy, tcmd, tprdy, empty,pmt}. Assume the black-box behavior of C had
been defined as follows.

λI
[rdy,empty](α

b(rcmd) ∗ δ ‖ αb(pmat) ∗ δ ‖ αb(sprdy) ∗ δ ‖ αb(omat) ∗ δ).

It follows from Definition 3.3.9 (Action function αb) on Page 64 that this expression is
equal to

λI
[rdy,empty](([cmd],0) ∗ δ ‖ ([imt3],0) ∗ δ ‖ (0, [omt]) ∗ δ ‖ (0, [prdy]) ∗ δ).

It is not difficult to see that, in the operational semantics S(PAτ∗
δλ+RN) given in Defini-

tion 3.4.12 on the facing page, this term can perform any of the four actions αb(rcmd),
αb(pmat), αb(sprdy), and αb(omat). According to the operational black-box semantics
Sb(C) for P/T-net components given in Definition 3.3.13 on Page 65, P/T-net component
C can only fire transition rcmd. This means that the component can only perform action
αb(rcmd). Clearly, this discrepancy is undesirable. The reason for the discrepancy is that,
in the algebraic semantics given in this example, the internal consumptions and produc-
tions of the component are hidden, by means of the black-box action function αb, before
the causal state operator is applied. Thus, the causal state operator misses crucial informa-
tion about the causal relationships between the actions of the net-component. In Defini-
tion 3.4.15 on the facing page, first the glass-box behavior of a component is determined
and then the internal consumptions and productions are hidden. Effectively, this means
that the causal state operator is applied before the abstraction takes place.

Theorem 3.4.17. Assume that the semantics for P/T-net components is the operational
black-box semantics Sb(C) of Definition 3.3.13 on Page 65. For any P/T-net components
(N, I, s) and (N, I, s′) in C, closed term p in C(PAτ∗

δλ+RN), and action a ∈ A,

i) (N, I, s) [a〉 (N, I, s ′)⇒ Cb[[(N, I, s)]]
a−→ Cb[[(N, I, s′)]],

ii) Cb[[(N, I, s)]]
a−→ p⇒

(∃ s′ : s′ ∈ B(I ) : p ≡ Cb[[(N, I, s′)]]∧ (N, I, s) [a〉 (N, I, s′)),

iii) Cb[[(N, I, s)]] 6 a−→√.

Proof. The proof uses Theorem 3.4.8 on Page 68, where a similar result is proven for the
glass-box semantics for P/T-net components. Let N be equal to (P, T , F,W ).

i) Assume (N, I, s) [a〉 (N, I, s′). It follows from the definitions of the operational
black-box semantics Sb(C) for P/T-net components (Definition 3.3.13 on Page 65)
and the firing rule (Definition 3.3.8 on Page 64) that there must be a transition t in
T , enabled in marking s, such that a = αb(t) and s′ = s−iit]iot . The definition of
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the firing rule is such that the action function does not influence the marking s′. As
a consequence, in the glass-box semantics Sg(C) of Definition 3.3.10 on Page 64,
(N, I, s) [αg(t)〉 (N, I, s′). Hence, Theorem 3.4.8 i) on Page 68 yields that

Cg[[(N, I, s)]]
αg(t)−→ Cg[[(N, I, s′)]].

Definition 3.3.9 (Action functions αg and αb) on Page 64 yields that a = αb(t) =
fI (α

g(t)), where function fI is the renaming function used to define the abstraction
operator τI on Page 71. Hence, it follows from the derivation rules for the renaming
function given in Table 2.4.24 on Page 43 that
τI (C

g[[(N, I, s)]])
a−→ τI (C

g[[(N, I, s′)]]).
Definition 3.4.15 (Algebraic black-box semantics) on Page 72 completes the first
part of the proof.

ii) Assume Cb[[(N, I, s)]]
a−→ p. Definition 3.4.15 (Algebraic semantics) yields that

τI (C
g[[(N, I, s)]])

a−→ p.
Let fI be the renaming function used to define the abstraction operator τI on Page 71.
According to the derivation rules for the renaming function given in Table 2.4.24 on
Page 43, there must be a closed term q ∈ C(PAτ∗

δλ+RN) and an action b ∈ A with
fI (b) = a such that,

p ≡ τI (q),
and
Cg[[(N, I, s)]])

b−→ q.
It follows from Theorem 3.4.8 ii) on Page 68 that there exists a marking s′ such that

q ≡ Cg[[(N, I, s′)]]
and such that, in the glass-box semantics Sg(C) of Definition 3.3.10 on Page 64,
(N, I, s) [b〉 (N, I, s′).

Hence, Definition 3.3.8 (Firing rule) also on Page 64 yields that there must be a
transition t ∈ T , enabled in marking s, such that b = αg(t) and s′ = s − iit ] iot .
Definition 3.3.9 (Action functions αg and αb) on Page 64 yields that a = fI (b) =
fI (α

g(t)) = αb(t). Since the choice for the action function does not affect the con-
sumption and production of tokens when firing a transition, it follows that, in the
black-box semantics Sb(C) of Definition 3.3.13 on Page 65,
(N, I, s) [a〉 (N, I, s ′).

Since p ≡ τI (q) and q ≡ Cg[[(N, I, s′)]], Definition 3.4.15 (Algebraic black-box
semantics) on Page 72 yields,

p ≡ Cb[[(N, I, s′)]],
which completes the second part of the proof.

iii) Assume Cb[[(N, I, s)]]
a−→ √. It follows from Definition 3.4.15 (Algebraic seman-

tics) that
τI (C

g[[(N, I, s)]])
a−→√.

It follows from the derivation rules for the renaming operator in Table 2.4.24 on
Page 43 that there is an action b ∈ A with fI (b) = a such that,

Cg[[(N, I, s)]]
b−→ √.
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Clearly this contradicts Theorem 3.4.8 on Page 68. Hence,
Cb[[(N, I, s)]] 6 a−→√,

which completes the proof.
2

Example 3.4.18. Consider again the P/T-net component C of Figure 3.3.1 on Page 62. As
before, the identifier t of a transition of C is an abbreviation of the action αg(t) (see Defi-
nition 3.3.9 on Page 64). Recall that I is the set of internal places of C, namely {rdy,bsy,
tcmd, tprdy, empty, pmt}.

Cb[[C]]
= { Definition 3.4.15 (Algebraic black-box semantics) on Page 72 }
τI (C

g[[C]])
= { Result of Example 3.4.10 on Page 70 }
τI ((rcmd · pmat · omat · sprdy) ∗ δ)
= { TA5, TA4 (repeatedly) }
(τI (rcmd) · τI (pmat) · τI (omat) · τI (sprdy)) ∗ τI (δ)

= { TA2 (repeatedly), TA1 }
(([cmd],0) · ([imt3],0) · (0, [omt]) · (0, [prdy])) ∗ δ

It is not difficult to see that the operational semantics for Cb[[C]] is identical to the oper-
ational black-box semantics for C given in Example 3.3.14 on Page 65. Clearly, Theo-
rem 3.4.17 on Page 73 is satisfied.

3.5 Modular P/T Nets

In the previous two sections, P/T-net components, their operational semantics, and an al-
gebraic characterization of their semantics have been presented. As already mentioned,
P/T-net components form the basis for modular P/T nets. Modular P/T nets are a simple
form of hierarchical P/T nets. A modular P/T net is simply a collection of P/T-net compo-
nents, also called subnets, that are connected via places. This means that a modular P/T
net consists of only two hierarchical levels. The reason for this restriction is simplicity. It
is much harder to reason formally about hierarchical P/T nets with an arbitrary number of
hierarchical levels than it is to reason about modular P/T nets. The basic ideas and impor-
tant results of this chapter, on the other hand, can be easily explained by means of modular
P/T nets. The modularity construct of modular P/T nets is essentially the same as the hi-
erarchy construct in the hierarchical Petri nets of (VAN HEE, 1994). It is also one of the
constructs used in (JENSEN, 1992). Furthermore, it is supported by tools as Design/CPN
and ExSpect.

The interface function ifc on P/T-net components is generalized to sets of components
by taking the union of the interfaces of all the components in a set.

Definition 3.5.1. (Modular P/T net) A (marked) modular P/T net is a pair (M, s), with
M in turn a tuple (S, P, I, f ), where
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i) S ⊆ C is a non-empty set of marked P/T-net components which are also called the
subnets of M;

ii) P ⊆ U is the set of places of M;

iii) I ⊆ P is the set of internal places of M;

iv) f : ifc(S)→ P is a surjective function, called the place-fusion function, mapping
the pins of the subnets of M to places in P;

v) s ∈ B(I ) is the internal marking of M.

The set P\I is the set of pins or the interface of M, denoted ifc(M). A modular P/T net
must satisfy the following restrictions.

i) The set of places of any component in S and the set of places P of the modular net
are disjoint;

ii) The sets of places of any two different components in S are disjoint;

iii) The sets of transitions of two different components in S are disjoint.

Control

Processing

cmd prdy

tprdy

omtimt
3

tcmd

cicmd coprdy

cocmd

sprdy

Control

rcmd

Processing

pmt

empty

pcmd

pomt

rdy

omatpmat

ciprdy

pprdy

3
pimt

bsy

Figure 3.5.2: An example of a modular P/T net.

Example 3.5.3. Figure 3.5.2 shows an example of a modular P/T net. The top level is
shown in the left half of the figure. The modular net contains two components, called
Control and Processing. The right half of Figure 3.5.2 shows these two components. The
place-fusion function f is defined as follows:

cicmd 7→cmd
cocmd 7→tcmd
ciprdy 7→tprdy
coprdy 7→prdy

pimt 7→imt
pcmd 7→tcmd
pprdy 7→tprdy
pomt 7→omt
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Intuitively, the modular P/T net of Figure 3.5.2 models the same production unit as the
one in Figure 3.3.1 on Page 62. The only difference is that, in the modular net, the pro-
duction unit is divided into a control part and a processing part. The two parts exchange
information via places. The interface of the modular net is identical to the interface of the
component in Figure 3.3.1.

The next step is to define operational semantics for modular P/T nets. As usual, the basis
for any operational semantics is a firing rule. It is possible to define a firing rule directly
on modular P/T nets using the firing rule for P/T-net components. This yields an elegant,
compositional definition which is useful when defining algebraic semantics for modular
P/T nets. It is also possible to define a firing rule for modular P/T nets in an indirect way.
The hierarchy in a modular net can be removed by unfolding the modular net into a net
component. The firing rule of a modular net is then defined as the firing rule of its un-
folding. The first approach yields the most elegant definition of the firing rule. The sec-
ond one guarantees consistency with the semantics for P/T-net components. Therefore,
in the remainder of this section, the following approach is taken. First, a compositional
definition of the firing rule for modular P/T nets is given. Based on this firing rule, three
different operational semantics are defined, called the glass-box semantics, the system se-
mantics, and the black-box semantics. The system semantics defines an interesting view
on modular nets that lies in between the glass-box view and the black-box view. Second,
the unfolding of a modular P/T net is defined. Third, it is shown that the glass-box and
black-box semantics of a modular P/T net correspond to the glass-box and black-box se-
mantics of its unfolding. As explained below, it is also possible to define a semantics for
P/T-net components that corresponds to the system semantics for modular nets. However,
for P/T-net components, such a semantics is not meaningful, since it uses the hierarchical
structure of modular nets, which is lost when unfolding a modular net into a component.

A renaming function f : U → U is generalized to bags over U as follows. For any
bag X over U , the value f (X) is defined as (] x : x ∈ X : [ f (x)X(x)]). A transition in
some component of a modular P/T net is enabled if two conditions are satisfied. First, it
must be enabled in the component. Second, the marking of the modular net must contain
sufficient tokens in the internal places connected to the input pins of the transition. The
second requirement is formalized as follows. Let (M, s), with M = (S, P, I, f ), be a
modular P/T net; let t be a transition in some component C in S. The bag of tokens that
t needs in internal places of the modular net in order to be enabled is equal to f (oit) |̀ I .
This means that the bag of tokens required in input pins of t is renamed to a bag of tokens
in places in P and, subsequently, restricted to internal places of the modular net.

Definition 3.5.4. (Transition enabling) Let (M, s), with M = (S, P, I, f ), be a modular
P/T net. Let t be a transition in some component C in S. Transition t is enabled, denoted
(M, s)[t〉, if and only if C[t〉 (see Definition 3.3.5 on Page 63) and f (oit) |̀ I ≤ s.

The set of all modular P/T nets is denotedM.

Definition 3.5.5. (Firing rule) The firing rule [ 〉 ⊆ M × A ×M is the smallest
relation satisfying for any modular P/T net (M, s) with M = (S, P, I, f ), component C
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in S with set of transitions T and action function α : T → A, and transition t in T ,
(M, s)[t〉 ⇒ (M, s) [α(t)〉 (M ′, s − f (oit) |̀ I ] f (oot) |̀ I ),

where M ′ is identical to M except that subnet C is replaced by the subnet C′ obtained by
firing transition t in C (see Definition 3.3.8 on Page 64).

Action functions determine what action a modular net performs when firing a transition.
As mentioned, three different operational semantics can be defined for modular P/T nets.
In the first one, all consumptions and productions of the modular net including those in-
side components are visible. The modular net is a glass box. In the second semantics, the
consumptions and productions inside the components of a modular net are hidden, but all
other consumptions and productions of are visible. This semantics is useful when one is
interested in the behavior of the modular net without seeing all behavioral details of its
components. This view is called the system view of the modular net. The idea is that the
modular P/T net models the system under development; its components are standard build-
ing blocks whose internal behavior is of no interest to the developer. In the final semantics,
all internal consumptions and productions are hidden. The modular net behaves as a black
box. This semantics is useful when the modular net itself is meant to be a building block
in a larger system model.

Let f : U → U be some renaming function. If f is a partial function with domain D,
then f̄ : U → U is a total function defined as follows: For any d ∈ D, f̄ (d) = f (d); for
any u ∈ U\D, f̄ (u) = u. Let (M, s), with M = (S, P, I, f ), be a modular P/T net. In the
definition of action functions for modular P/T nets, the place-fusion function f and its ex-
tension f̄ are used to rename consumptions of tokens from and productions of tokens into
pins of components in such a way that they appear as consumptions from and productions
into places in P. Let C be a component in S and t a transition in C. When firing transition
t , its consumption from pins of C is equal to oit . As already mentioned, this translates to
the consumption of the bag of tokens f (oit) from places in P. The total consumption of
t from places in C is equal to it . The renaming function f̄ renames consumptions from
pins of C to consumptions from places in P, but it does not affect consumptions that are
internal to component C: f̄ (it) = f̄ (oit ] iit) = f̄ (oit) ] f̄ (iit) = f (oit) ] iit .

Definition 3.5.6. (Action functions) Let (M, s), with M = (S, P, I, f ), be a modular
P/T net. Let C be a component in S with set of transitions T .

Glass-box action function: For any t ∈ T , µg(t) = ( f̄ (it), f̄ (ot));

System-view action function: For any t ∈ T , µs(t) = ( f (oit), f (oot));

Black-box action function: For any t ∈ T , µb(t) = ( f (oit) |̀ ifc(M), f (oot) |̀ ifc(M)).
Definition 3.5.7. (Operational glass-box semantics) The glass-box behavior of modular
P/T nets is formalized by the operational semantics Sg(M). It consists of the process
space (M,A,[ 〉,ø), where the firing rule is instantiated with the glass-box action function
µg. The equivalence on processes is strong bisimilarity.

Definition 3.5.8. (Operational system semantics) The system behavior of modular P/T
nets is formalized by the operational semantics S s(M). It consists of the process space
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(M, A, [ 〉 ,ø), where the firing rule is instantiated with the system-view action function
µs . The equivalence on processes is rooted branching bisimilarity.

Definition 3.5.9. (Operational black-box semantics) The black-box behavior of modu-
lar P/T nets is formalized by the operational semantics Sb(M). It consists of the process
space (M, A, [ 〉 ,ø), where the firing rule is instantiated with the black-box action func-
tion µb. The equivalence on processes is rooted branching bisimilarity.

omat

sprdyrcmd

pmat

s0, c0, p0

s2, c2, p2

c3 = [bsy]
c2 = [bsy]
c1 = [bsy]
c0 = [rdy]

s1, c1, p1 s3, c3, p3

p0 = [empty]
p1 = [empty]
p2 = [pmt]
p3 = [empty]

s0 = 0
s1 = [tcmd]
s2 = 0
s3 = [tprdy]

Figure 3.5.10: The operational semantics of the modular production unit.

Example 3.5.11. Consider the modular net of Figure 3.5.2 on Page 76. Figure 3.5.10
shows its operational semantics. The firing rule is depicted by arrows. Processes are rep-
resented by the marking of the places of the modular net and the markings of its subnets.
For any i, with 0 ≤ i ≤ 3, si is the marking of the places tcmd and tprdy, ci is the mark-
ing of component Control, and pi is the marking of Processing. Transition identifiers are
used as an abbreviation of the corresponding action. Depending on what action function is
chosen, Figure 3.5.10 shows the glass-box behavior, the system behavior, or the black-box
behavior of the net of Figure 3.5.2.

To show that the above semantics are consistent with the semantics for P/T-net compo-
nents, the unfolding of a modular P/T net is defined. The unfolding removes the hierar-
chy from a modular P/T net resulting in a P/T-net component. For any P/T-net component
C = ((P, T , F,W), I, s), the notation C.∗ is used to denote element ∗ of the component,
where ∗ ∈ {P, T , F,W, I, s}.
Definition 3.5.12. (Unfolding) The unfolding of a modular P/T net (M, s) inM, where
M = (S, P, I, f ), is a P/T-net component U(M, s) = ((Pu, Tu, Fu,Wu ), Iu, su) defined
as follows:

i) The set of places of the unfolding contains all the places of the components, where
pins of components are renamed according to the place-fusion function of M:

Pu = f̄ (∪C : C ∈ S : C.P).
Note that P is a subset of Pu , because the place-fusion function is surjective.

ii) The set of transitions contains all the transitions of all the components:
Tu = (∪C : C ∈ S : C.T ).

iii) The flow relation of the unfolding of M contains all the arcs of all the components
where arcs connected to a pin of a component are connected to the place to which
the pin is mapped by the place-fusion function:

Fu = (∪C : C ∈ S : {( f̄ (p), t) | pC.Ft} ∪ {(t, f̄ (p)) | tC.Fp}).
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Note that several arcs of a component may collapse into a single arc in the unfold-
ing when multiple pins of the component are mapped to the same place in P. It
is not possible that arcs from two different components result in a single arc in the
unfolding.

iv) The weight of an arc in the unfolding is simply the sum of the weights of all arcs in
a component resulting in this one arc in the unfolding. For any (p, t) ∈ Fu , where
t is a transition in some component C ∈ S,

Wu(p, t) = (+ p′ : p′C.Ft ∧ f̄ (p′) = p : C.W(p′, t)).
For any (t, p) ∈ Fu , where t is a transition in some component C ∈ S,

Wu(t, p) = (+ p′ : tC.Fp′ ∧ f̄ (p′) = p : C.W(t, p′)).
v) The set of internal places of the unfolding contains the internal places of M and, in

addition, all internal places of the components:
Iu = I ∪ (∪C : C ∈ S : C.I ).

vi) The marking is simply the marking of M plus all the markings of the components:
su = s ] (]C : C ∈ S : C.s).

Example 3.5.13. The unfolding of the modular P/T net of Figure 3.5.2 on Page 76 is the
P/T-net component of Figure 3.3.1 on Page 62. This validates the claim made earlier that
the modular net of Figure 3.5.2 and the component of Figure 3.3.1 model the same system.

As mentioned, it is desirable that a modular P/T net and its unfolding have the same op-
erational semantics. The correspondence should hold for the glass-box and black-box se-
mantics. Technically, it is also possible to define the system semantics of an unfolded net,
provided that the hierarchical structure of the original modular net is remembered in one
way or the other. However, such a semantics is not very meaningful for P/T-net compo-
nents. Arbitrary P/T-net components simply do not have a modular structure that can be
used as a basis for such a semantics.

Theorem 3.5.14. Assume that S∗(C) and S∗(M), with ∗ ∈ {g,b}, are the operational
semantics for P/T-net components and modular P/T nets respectively. Let (M, s) with
M = (S, P, I, f ) and (M ′, s′) be modular P/T nets in M. For any component V ∈ C
and action a ∈ A,

i) (M, s) [a〉 (M ′, s′)⇒ U(M, s) [a〉 U(M ′, s′),
ii) U(M, s) [a〉 V ⇒

(∃ (M ′, s′) : (M ′, s′) ∈M : V = U(M ′, s′)∧ (M, s) [a〉 (M ′, s′)).
Proof. The theorem is proven under the assumption that the glass-box semantics is chosen
for modular nets and net components. The proof for the black-box semantics is identical
except for a few minor details in the proof of the first auxiliary property given below.

Let the unfolding U(M, s) be the tuple ((Pu, Tu, Fu ,Wu), Iu, su). It is clear that the
components of a modular P/T net and its unfolding contain the same transitions. To dis-
tinguish functions i,o, ii,oi, io, and oo in a component C of M from those in the unfolding
U(M, s), the latter are subscripted with the character “u.”

The following two auxiliary results are useful in the remainder of the proof. Let t be
some transition in some component C of M.
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(a) The glass-box action function for the components of a modular net and the glass-
box action function for its unfolding coincide on t:
µg(t) = αg(t).

The proof is straightforward. Definition 3.5.12 (Unfolding) on Page 79 yields that
iut = f̄ (it) and out = f̄ (ot). That is, the input (output) places of t in the unfolding
are the input (output) places of t in component C renamed according to the place-
fusion function. Definitions 3.5.6 (Action functionµg) on Page 78 and 3.3.9 (Action
function αg) on Page 64 yield that µg(t) = ( f̄ (it), f̄ (ot)) = (iut,out) = αg(t).

(b) Transition t is enabled in the modular net if and only if it is enabled in its unfolding:
(M, s)[t〉 ⇔ U(M, s)[t〉.

Definitions 3.5.4 (Transition enabling in modular P/T nets) on Page 77 and 3.3.5
(Transition enabling in P/T-net components) on Page 63 yield that the following
must be shown:

f (oit) |̀ I ≤ s ∧ iit ≤ C.s ⇔ iiut ≤ su.
The derivation below is a straightforward result of Definitions 3.3.2 (P/T-net com-
ponent) on Page 62, 3.5.1 (modular P/T net) on Page 75, and 3.5.12 (Unfolding)
on Page 79. It states that the internal input places of t in the unfolding are equal to
the observable input places of t in C renamed according to the place-fusion func-
tion and restricted to the internal places of the modular net M plus the internal input
places of t in C.

iiut = iut |̀ Iu

= f̄ (it) |̀ (I ∪ (∪ D : D ∈ S : D.I ))
= ( f (oit) ] iit) |̀ (I ∪ (∪ D : D ∈ S : D.I ))
= f (oit) |̀ I ] iit.

Definition 3.5.12 (Unfolding) on Page 79 yields that su = s](] D : D ∈ S : D.s).
Hence, the proof obligation reduces to:

f (oit) |̀ I ≤ s ∧ iit ≤ C.s ⇔ f (oit) |̀ I ] iit ≤ s ] (] D : D ∈ S : D.s).
The implication from left to right is clearly true. The converse implication follows
easily from the following two observations. First, f (oit) |̀ I and s are both bags over
I , whereas iit,C.s, and (] D : D ∈ S : D.s) do not contain any elements in I .
Second, since iit only contains elements of C.I , it follows that iit ≤ (] D : D ∈
S : D.s) implies iit ≤ C.s.

Using these two auxiliary results, the proof of the main theorem is as follows.

i) Assume (M, s) [a〉 (M ′, s′). It must be shown that U(M, s) [a〉 U(M ′, s′). Defini-
tion 3.5.5 (Firing rule) on Page 77 implies that there is a transition t in some com-
ponent C ∈ S, such that a = µg(t), (M, s)[t〉, and s′ = s− f (oit) |̀ I ] f (oot) |̀ I .
Furthermore, tuple M ′ is equal to (S ′, P, I, f ), where S ′ is S except that C is re-
placed by component C′ obtained from C by firing transition t (see Definition 3.3.8
(Firing rule) on Page 64). The two auxiliary results above imply that U(M, s)[t〉
and that αg(t) = a. It follows from the definitions of the firing rules for modu-
lar P/T nets and P/T net components (Definitions 3.5.5 and 3.3.8) and the defini-
tion of the unfolding of modular nets (Definition 3.5.12 on Page 79) that U(M, s)
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and U(M ′, s′) only differ in their marking. This means that U(M ′, s′) is the tuple
((Pu, Tu, Fu ,Wu), Iu, s′u), where s′u = s′ ] (] D : D ∈ S ′ : D.s). Hence, accord-
ing to Definition 3.3.8 (Firing rule for P/T-net components) on Page 64, it suffices to
show that s′u = su− iiut ] iout . The proof is as follows. Recall that C′ is the P/T-net
component obtained from C by firing transition t . Hence, C′.s = C.s − iit ] iot .
Recall from above that iiut = f (oit) |̀ I ] iit . There is a similar result for the bag
of internal output places of t in the unfolding: iout = f (oot) |̀ I ] iot . The follow-
ing derivation is a straightforward result of Definitions 3.3.2 (P/T-net component)
on Page 62, 3.5.1 (modular P/T net) on Page 75, 3.5.12 (Unfolding) on Page 79,
and 3.5.5 (Firing rule) on Page 77.

s′u = s′ ] (] D : D ∈ S ′ : D.s)
= (s − f (oit) |̀ I ] f (oot) |̀ I ) ]

(] D : D ∈ S ∧ D 6= C : D.s) ] (C.s − iit ] iot)
= s ] (] D : D ∈ S : D.s)− ( f (oit) |̀ I ] iit) ] ( f (oot) |̀ I ] iot)
= su − iiut ] iout.

This completes the first part of the proof.

ii) Assume U(M, s) [a〉 V . It must be shown that there is a modular net (M ′, s′) such
that V = U(M ′, s′) and (M, s) [a〉 (M ′, s′). It follows from the definition of the fir-
ing rule for net components (Definition 3.3.8 on Page 64) and the assumption that
U(M, s) is the tuple ((Pu, Tu , Fu,Wu), Iu, su) that there is a transition t in U(M, s)
such that a = αg(t), U(M, s)[t〉, and V = ((Pu, Tu , Fu,Wu), Iu, su − iiut ] iout).
Definition 3.5.12 (Unfolding) on Page 79 implies that t is a transition in some com-
ponent C of M. It follows from the auxiliary results above that µg(t) = a and
(M, s)[t〉. Let (M ′, s′) be the modular net obtained by firing transition t . Hence,
s′ = s − f (oit) |̀ I ] f (oot) |̀ I and M ′ = (S ′, P, I, f ), where S ′ is S with C re-
placed by C′ which is obtained from C by firing transition t (see Definition 3.3.8 on
Page 64). It suffices to show that V = U(M ′, s′). Definitions 3.5.5 (Firing rule for
modular nets) on Page 77 and 3.5.12 (Unfolding) on Page 79 yield that U(M ′, s′)
differs from U(M, s) only in its marking. Hence, U(M ′, s′) = ((Pu, Tu , Fu,Wu),

Iu, s′u) with s′u = s′ ] (] D : D ∈ S ′ : D.s). The derivation in Part i) of the proof
shows that s′u = su− iiut ] iout . Hence, V = U(M ′, s′), which completes the proof.

2

Example 3.5.15. Clearly, Theorem 3.5.14 on Page 80 is satisfied for the modular P/T net
of Figure 3.5.2 on Page 76 and its unfolding shown in Figure 3.3.1 on Page 62 (see Ex-
amples 3.3.12 and 3.3.14 on Page 65 and 3.5.11 on Page 79).

3.6 Algebraic Semantics for Modular P/T Nets

In order to support compositional design in terms of Petri nets, this section presents alge-
braic characterizations of the three operational semantics for modular P/T nets given in
the previous section.
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3.6.1 Glass-box semantics

The algebraic semantics for the glass-box behavior of modular P/T nets is defined in the
process algebra PA∗δλ+RN. The algebraic glass-box semantics is compositional in the
sense that it is defined in terms of the algebraic glass-box semantics for P/T-net compo-
nents (see Definition 3.4.6 on Page 67). The unrestricted behavior of a modular P/T net is
the parallel composition of the behavior of all its components, where consumptions and
productions are renamed according to the place-fusion function of the modular net. The
state operator as introduced in Section 3.4 is used to restrict the behavior to all possible
firing sequences.

Let (M, s) with M = (S, P, I, f ) be a modular P/T net inM. Using the place-fusion
function f , a renaming function f : A ∪ {δ} → A ∪ {δ} is defined as follows: f (δ) = δ;
for any (c, p) ∈ A, f (c, p) = ( f̄ (c), f̄ (p)).

Definition 3.6.1. (Algebraic glass-box semantics) Let (M, s) with M = (S, P, I, f ) be
a modular P/T net inM. The algebraic semantics for the glass-box behavior of (M, s),
denotedMg[[(M, s)]], is defined as follows:
Mg[[(M, s)]] = λI

s (‖C : C ∈ S : ρf (C
g[[C]])).

Note that the superscript of the causal state operator only contains the internal places of
the modular net itself and not the internal places of the components. It is not necessary
that the state operator in the definition above affects consumptions and productions that
are internal to a component, because the algebraic semantics of the component is already
restricted to all possible transition firings.

The following theorem states that the algebraic semantics and the operational seman-
tics for modular P/T nets coincide. Its proof is relatively straightforward because both the
algebraic semantics and the firing rule for modular P/T nets are defined in a compositional
way. As a result, it is possible to use Theorem 3.4.8 on Page 68 in the proof.

Theorem 3.6.2. Assume that the semantics for modular P/T nets is the operational glass-
box semantics Sg(M) of Definition 3.5.7 on Page 78. For any two modular P/T nets
(M, s) with M = (S, P, I, f ) and (M ′, s′) inM, closed term p in C(PA∗δλ+RN), and
action a ∈ A,

i) (M, s) [a〉 (M ′, s′)⇒Mg[[(M, s)]]
a−→Mg[[(M ′, s′)]],

ii) Mg[[(M, s)]]
a−→ p⇒

(∃ (M ′, s′) : (M ′, s′) ∈M : p ≡Mg[[(M ′, s′)]]∧ (M, s) [a〉 (M ′, s′)),
iii) Mg[[(M, s)]] 6 a−→ √.

Proof.

i) Assume (M, s)[a〉(M ′, s′). It must be shown thatMg[[(M, s)]]
a−→Mg[[(M ′, s′)]].

It follows from the definition of the firing rule (Definition 3.5.5 on Page 77) that
there is a transition t in some component C of M such that

(a) a = µg(t),

(b) (M, s)[t〉,
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(c) s′ = s − f (oit) |̀ I ] f (oot) |̀ I , and

(d) M ′ = (S ′, P, I, f ), where S ′ is equal to S with C replaced by C′ which is
obtained from C by firing transition t (Definition 3.3.8 on Page 64).

Definition 3.6.1 (Algebraic semantics) on the previous page implies that the follow-
ing must be shown:
λI

s (‖ D : D ∈ S : ρf (C
g[[D]]))

a−→ λI
s ′(‖ D : D ∈ S ′ : ρf (C

g[[D]])).
It follows from Property (d) and Theorem 3.4.8 on Page 68 that

Cg[[C]]
αg(t)−→ Cg[[C′]].

Definitions 3.3.9 (Action function αg) on Page 64, 3.5.6 (Action function µg) on
Page 78, and the definition of the renaming function f above yield that f (αg(t)) =
( f̄ (it), f̄ (ot)) = µg(t). Hence, it follows from Property (a) and the derivation rules
in Table 2.4.24 on Page 43 that
ρf (C

g[[C]])
a−→ ρf (C

g[[C′]]).
Since S ′ is equal to S except for components C and C′ , again the derivation rules in
Table 2.4.24 on Page 43 yield that
(‖ D : D ∈ S : ρf (C

g[[D]]))
a−→ (‖ D : D ∈ S ′ : ρf (C

g[[D]])).
Definition 3.5.6 (Action functionµg) on Page 78 and Property (a) yield that ca |̀ I =
cµg(t) |̀ I = f̄ (it) |̀ I = ( f (oit)] iit) |̀ I = f (oit) |̀ I . Similarly, pa |̀ I = f (oot) |̀ I .
Hence, Property (c) implies that s′ = s − ca |̀ I ] pa |̀ I . It follows from Prop-
erty (b) and the definition of transition enabling (Definition 3.5.4 on Page 77) that
f (oit) |̀ I ≤ s, which means that ca |̀ I ≤ s. Hence, the derivation rules for the
causal state operator in Table 3.4.2 on Page 67 yield that
λI

s (‖ D : D ∈ S : ρf (C
g[[D]]))

a−→ λI
s ′(‖ D : D ∈ S ′ : ρf (C

g[[D]])),
which completes the first part of the proof.

ii) Assume Mg[[(M, s)]]
a−→ p. It must be shown that there exists a modular P/T net

(M ′, s′) such that p ≡Mg[[(M ′, s′)]] and (M, s) [a〉 (M ′, s′). It follows from Def-
inition 3.6.1 (Algebraic semantics) on the preceding page that
λI

s (‖ D : D ∈ S : ρf (C
g[[D]]))

a−→ p.
It follows from the derivation rules in Table 3.4.2 on Page 67 that there exists a
closed term q ∈ C(PA∗δλ+RN) such that ca |̀ I ≤ s,

p ≡ λI
s ′(q),

with s′ = s − ca |̀ I ] pa |̀ I , and
(‖ D : D ∈ S : ρf (C

g[[D]]))
a−→ q.

The derivation rules in Table 2.4.24 on Page 43 yield that there must be a P/T-net
component C in S and a closed term r ∈ C(PA∗δλ+RN) such that

q ≡ r ‖ (‖ D : D ∈ S ∧ D 6= C : ρf (C
g[[D]]))

and
ρf (C

g[[C]])
a−→ r.

It follows from again the rules in Table 2.4.24 that there must be an action b ∈ A
with f (b) = a and a closed term u ∈ C(PA∗δλ+RN) such that

r ≡ ρf (u)



3.6 Algebraic Semantics for Modular P/T Nets 85

and
Cg[[C]]

b−→ u.
As a result, Theorem 3.4.8 on Page 68 yields that there must be a P/T-net compo-
nent C′ ∈ C such that u ≡ Cg[[C′]]
and

C [b〉 C′ .
Hence, a consequence of Definition 3.3.8 (Firing rule for P/T-net components) on
Page 64 is that there is a transition t in C such that C[t〉 and b = αg(t). Recall that
a = f (b). This means that a = f (αg(t)) = ( f̄ (it), f̄ (ot)) = µg(t). As in the
first part of the proof, it follows that ca |̀ I = f (oit) |̀ I and pa |̀ I = f (oot) |̀ I .
Since ca |̀ I ≤ s and s′ = s − ca |̀ I ] pa |̀ I , it follows that f (oit) |̀ I ≤ s and
s′ = s− f (oit) |̀ I ] f (oot) |̀ I . Since C[t〉, Definition 3.5.4 (Transition enabling in
modular P/T nets) on Page 77 implies that (M, s)[t〉. As a result of Definition 3.5.5
(Firing rule) on Page 77,
(M, s) [a〉 (M ′, s′),

where M ′ = (S ′, P, I, f ) with S ′ equal to S with C replaced by C′ . Summarizing
the above results means that

p ≡ λI
s ′(‖ D : D ∈ S ′ : ρf (C

g[[D]])).
Definition 3.6.1 on Page 83 (Algebraic semantics) yields that

p ≡Mg[[(M ′, s′)]],
which completes this part of the proof.

iii) Assume Mg[[(M, s)]]
a−→ √. According to Definition 3.6.1 (Algebraic seman-

tics), this means that
λI

s (‖ D : D ∈ S : ρf (C
g[[D]]))

a−→ √.
The derivation rules in Tables 3.4.2 on Page 67 and 2.4.24 on Page 43 imply that
there is an action b ∈ A with f (b) = a and a component C in S such that

Cg[[C]]
b−→ √.

However, this contradicts Theorem 3.4.8 on Page 68. Hence,
Mg[[(M, s)]] 6 a−→ √,

which completes the proof.
2

Example 3.6.3. Let (M,0) be the modular P/T net of Figure 3.5.2 on Page 76. This exam-
ple shows that the algebraic semantics for the glass-box behavior of (M,0) is equal to the
expression derived in Example 3.4.10 on Page 70 for the glass-box behavior of the P/T-net
component of Figure 3.3.1 on Page 62. This result may be expected, since the component
of Figure 3.3.1 is the unfolding of (M,0).

First, the behavior of the two components Control and Processing must be determined.
It is not difficult to verify that the glass-box behavior of these components can be expressed
by the following terms. The derivations are similar to the derivations in Example 3.4.10
on Page 70. As usual, transition identifiers are used to denote actions.

Cg[[Control]] = (rcmd · sprdy) ∗ δ, and
Cg[[Processing]] = (pmat · omat) ∗ δ.
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Second, using these expressions, the behavior of the modular net is calculated. Let I be
the set of internal places {tcmd, tprdy}. Let f be the place-fusion function given in Ex-
ample 3.5.3 on Page 76. Function f is the renaming function based on function f as de-
fined before Definition 3.6.1 on Page 83. An upright transition identifier denotes the ac-
tion corresponding to the transition after renaming it by means of function f . For example,
rcmd = f ([cicmd, rdy], [cocmd,bsy]) = ([cmd, rdy], [tcmd,bsy]). The following equal-
ities give the behavior of the components Control and Processing in the context of the
modular net (M,0). They are a straightforward result of the axioms for the renaming op-
erator given in Tables 2.4.19 on Page 40 and 2.4.47 on Page 52.

ρf (C
g[[Control]]) = (rcmd · sprdy) ∗ δ, and

ρf (C
g[[Processing]]) = (pmat · omat) ∗ δ.

The glass-box behavior of the modular net (M,0) is now calculated as follows.

Mg[[(M,0)]]

= { Definition 3.6.1 (Algebraic semantics) on Page 83 }
λ0((rcmd · sprdy) ∗ δ ‖ (pmat · omat) ∗ δ)
= { M1,BKS1(2×), A6(2×) }
λ0 ( rcmd · sprdy · ((rcmd · sprdy) ∗ δ) bb (pmat · omat) ∗ δ
+ pmat · omat · ((pmat · omat) ∗ δ) bb (rcmd · sprdy) ∗ δ
)

= { M3(2×) }
λ0 ( rcmd · (sprdy · ((rcmd · sprdy) ∗ δ) ‖ (pmat · omat) ∗ δ)
+ pmat · (omat · ((pmat · omat) ∗ δ) ‖ (rcmd · sprdy) ∗ δ)
)

= { CSO5,CSO4(2×) }
λ0(rcmd) · λ[tcmd](sprdy · ((rcmd · sprdy) ∗ δ) ‖ (pmat · omat) ∗ δ)
+λ0(pmat) · λ0(omat · ((pmat · omat) ∗ δ) ‖ (rcmd · sprdy) ∗ δ)
= { CSO2,CSO3, A7, A6 }

rcmd · λ[tcmd](sprdy · ((rcmd · sprdy) ∗ δ) ‖ (pmat · omat) ∗ δ)
= { Continue as above }

rcmd · pmat · omat · sprdy · λ0((rcmd · sprdy) ∗ δ ‖ (pmat · omat) ∗ δ)
= { Definition 3.6.1 (Algebraic semantics) on Page 83 }

rcmd · pmat · omat · sprdy ·Mg[[(M,0)]]

Hence, RSP∗ yields

Mg[[(M,0)]] = (rcmd · pmat · omat · sprdy) ∗ δ.

This results shows that indeed the algebraic semantics for the glass-box behavior of the
modular net of Figure 3.5.2 on Page 76 is equal to the glass-box behavior of the P/T-net
component of Figure 3.3.1 on Page 62 as it is derived in Example 3.4.10 on Page 70.
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3.6.2 System semantics

The algebraic semantics for the system behavior of modular P/T nets is defined in the pro-
cess algebra PAτ∗

δλ+RN. The basic idea of the definition is the same as for Definition 3.6.1
on Page 83, where the algebraic glass-box semantics for modular P/T nets is defined. The
only difference is that the black-box semantics for P/T-nets components is used instead of
their glass-box semantics.

Definition 3.6.4. (Algebraic system semantics) Let (M, s) with M = (S, P, I, f ) be a
modular P/T net in M. The algebraic semantics for the system behavior of (M, s), de-
notedMs[[(M, s)]], is defined as follows:
Ms[[(M, s)]] = λI

s (‖C : C ∈ S : ρf (C
b[[C]])).

Theorem 3.6.5. Assume that the semantics for modular P/T nets is the operational system
semantics S s(M) of Definition 3.5.8 on Page 78. For any two modular P/T nets (M, s)
with M = (S, P, I, f ) and (M ′, s′) inM, closed term p in C(PAτ∗

δλ+RN), and action
a ∈ A,

i) (M, s) [a〉 (M ′, s′)⇒Ms[[(M, s)]]
a−→Ms[[(M ′, s′)]],

ii) Ms[[(M, s)]]
a−→ p⇒

(∃ (M ′, s′) : (M ′, s′) ∈M : p ≡Ms[[(M ′, s′)]]∧ (M, s) [a〉 (M ′, s′)),
iii) Ms[[(M, s)]] 6 a−→√.

Proof. The proof is almost identical to the proof of Theorem 3.6.2 on Page 83. The main
difference is in the use of the action functions. Furthermore, Theorem 3.4.17 on Page 73
is used instead of Theorem 3.4.8 on Page 68. 2

Example 3.6.6. Let (M,0) be the modular P/T net of Figure 3.5.2 on Page 76. An alge-
braic expression for the system behavior of (M,0) is calculated in two steps. First, the
black-box behavior of the two components Control and Processing is determined. Sec-
ond, the results of the first step are used to calculate the system behavior in a composi-
tional way. It is not difficult to verify that the black-box behavior of components Control
and Processing is expressed by the following terms. Using the expressions for the glass-
box behavior of the two components given in Example 3.6.3 on Page 85, the calculations
are similar to those in Example 3.4.18 on Page 75.

Cb[[Control]] = (([cmd],0) · (0, [prdy])) ∗δ, and
Cb[[Processing]] = (([imt3],0) · (0, [omt])) ∗δ.

A derivation similar to the one in Example 3.6.3 yields the following result for the system
behavior of (M,0).
Ms[[(M,0)]] =
(([cmd], [tcmd]) · ([imt3, tcmd],0) · (0, [tprdy,omt]) · ([tprdy], [prdy])) ∗δ.

3.6.3 Black-box semantics

The algebraic semantics for the black-box behavior of modular P/T nets is defined in the
process algebra PAτ∗

δλ+RN. The black-box semantics of a modular P/T net is defined by
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hiding the internal consumptions and productions of the modular net in its system seman-
tics.

Definition 3.6.7. (Algebraic black-box semantics) Let (M, s) with M = (S, P, I, f ) be
a modular P/T net inM. The algebraic semantics for the black-box behavior of (M, s),
denotedMb[[(M, s)]], is defined as follows:
Mb[[(M, s)]] = τI (M

s[[(M, s)]]).

Theorem 3.6.8. Assume that the semantics for modular P/T nets is the operational black-
box semantics Sb(M) of Definition 3.5.9 on Page 79. For any two modular nets (M, s)
with M = (S, P, I, f ) and (M ′, s′) inM, closed term p in C(PAτ∗

δλ+RN), and action
a ∈ A,

i) (M, s) [a〉 (M ′, s′)⇒Mb[[(M, s)]]
a−→Mb[[(M ′, s′)]],

ii) Mb[[(M, s)]]
a−→ p⇒

(∃ (M ′, s′) : (M ′, s′) ∈M : p ≡Mb[[(M ′, s′)]]∧ (M, s) [a〉 (M ′, s′)),
iii) Mb[[(M, s)]] 6 a−→ √.

Proof. As for Theorem 3.6.5 on the preceding page, the proof is almost identical to the
proof of Theorem 3.6.2 on Page 83. Again the main differences are the action functions
and the use of Theorem 3.4.17 on Page 73 instead of Theorem 3.4.8 on Page 68. 2

Example 3.6.9. Consider again the modular net (M,0) of Figure 3.5.2 on Page 76. Let
I be the set of internal places {tcmd, tprdy}. Using the result of Example 3.6.6 on the
previous page, it is not difficult to verify the following result:
Mb[[(M,0)]] = τI (M

s[[(M,0)]]) =
(([cmd],0) · ([imt3],0) · (0, [omt]) · (0, [prdy])) ∗δ.

3.7 Case Study: The Alternating-Bit Protocol

3.7.1 Introduction

The previous four sections have introduced P/T-net components and modular P/T nets,
as well as their algebraic semantics. The theory forms the basis for a formalism to de-
sign concurrent systems using both Petri nets and process algebra. Section 3.2 has briefly
introduced a design method which can be used as a framework to support the integrated
formalism. In this section, the method of Section 3.2 is applied to the design of a very
simple communication protocol, namely the Alternating-Bit Protocol, abbreviated ABP.
Since the ABP is a relatively simple and well-understood protocol, it is well suited to serve
as a first case study to validate the design method and the theory introduced in the previous
sections. The design and analysis of the ABP clearly shows the possibilities of the com-
bined theory. However, the ABP is not a truly concurrent system. Its behavior is strictly
sequential. In the next section, a case study concerning a real concurrent system is pre-
sented. The system designed in that case study is more complex than the ABP and its
verification reveals some of the limitations of the theory of this chapter.
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Informal system requirements. The goal is to design a protocol which guarantees the
correct transmission of messages over a network with unreliable channels. Channels are
point-to-point, unidirectional, and message delivery is FIFO. A channel may corrupt mes-
sages, but it cannot lose or duplicate them. The receiver is able to detect whether a message
is corrupted or not. It is assumed that any two sites in the network are connected by chan-
nels in both directions. It may also be assumed that a channel once in a while transmits a
message without corrupting it.

A language for behavioral specifications. As explained in Section 3.2, it is often useful
to give a specification of the communication behavior of the system under development
in terms of a process algebra or a simple language based on the principles of process al-
gebra. Since it must be possible to verify the algebraic characterization of the behavior of
a system’s net model against such a specification, any of the process algebras defined in
Sections 3.4 and 3.6 could be used as a specification language. However, these process
algebras have the disadvantage that they contain several operators that are generally not
suitable for specifications. Examples of such operators are the left merge and the causal
state operator. In addition, the format of the multi-actions in these process algebras is not
very suitable for the purpose of specifications. Often, actions of a system can be modeled
as the consumption or production of a single token. It is tedious if one has to write ([t],0)
simply to say that a single token t is consumed. Therefore, a simple language for behav-
ioral specifications is introduced, which is sufficient for the case studies in the remainder
of this chapter.

A specification can be one of the following: an inaction, an action, a choice, a sequen-
tial composition, a parallel composition, or an iteration.

specification ::= “δ”
| action
| specification “+ ” specification
| specification “ · ” specification
| specification “ ‖ ” specification
| specification “ ∗” specification

The binding precedence of the operators used to construct specifications is the same as the
binding precedence of the corresponding process-algebraic operators.

An action is a silent action, the consumption of a token, the production of a token, or
a multi-action consisting of the simultaneous consumption and/or production of multiple
tokens. The silent action is included because sometimes it can be convenient to specify
that a system may perform some internal actions. A consumption is denoted by postfixing
a token identifier with a question mark; a production is denoted by means of an exclama-
tion mark. Recall that U is the universe of identifiers from which also token identifiers are
taken.

action ::= “τ”
| U“?”
| U“!”
| action “ | ” action
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The unary operators ? and ! on actions bind stronger than the multi-action operator |. The
binding precedence of the multi-action operator is higher than the precedence of any of
the operators on specifications.

For the purpose of verifications, an interpretation of specifications as process-algebraic
terms is needed.

Definition 3.7.1. (Algebraic interpretation of specifications) The interpretation [[ ]] of
specifications as closed PA∗δ terms is defined as follows. Let t be a token identifier in U ;
let a0 and a1 be actions and s0 and s1 specifications.

[[τ ]] = (0,0),
[[t?]] = ([t],0),
[[t!]] = (0, [t]),
[[a0 | a1]] = (c[[a0]] ] c[[a1]],p[[a0]] ] p[[a1]]),
[[δ]] = δ, and
[[s0 ⊕ s1]] = [[s0]]⊕ [[s1]], where⊕ ∈ {+, ·,‖,∗}.

3.7.2 A modular P/T net of the ABP

Behavioral specification. Consider a situation where a user, which may be anything
ranging from a person to a piece of equipment or a software application, wants to transmit
some messages to another user. Communication protocols that must communicate over
unreliable networks are generally based on acknowledgments to guarantee that messages
are transmitted properly. A very simple solution satisfying the informal system require-
ments above is as follows. The user wanting to transmit messages has a sender component
available; the user at the receiving site has a receiver component. The protocol starts when
the sender gets an input message from the user. It transmits the message over one of the
channels in the network and then waits for an acknowledgment from the receiver, indi-
cating that the message has been received and forwarded to the user at the receiving site.
When such an acknowledgment is received by the sender, it is ready to receive another
message from the user.

In the design process, the users are considered to be part of the environment of the
protocol. From the point of view of the environment, the high-level, external behavior of
the simple protocol sketched above can be specified as follows. Let i and o be identifiers
in U .

ABPspec = (i? · o!) ∗ δ. (3.7.2)

This specification specifies the black-box behavior of the protocol, meaning that it omits
all the details of the actual transmission of messages. It states that the protocol starts with
reading a message i from the environment. The specification abstracts away from aspects
as message contents and the addresses of the sending and receiving sites. After reading
a message, the protocol produces a message o, modeling the output of the receiver to the
user at the receiving site. Clearly, the message contents of o should coincide with the con-
tents of message i and it should be received by the proper site. However, since such as-
pects are not relevant for the correct communication behavior of the protocol, they are
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omitted from the specification. The iteration in the specification implies that the protocol
repeats the aforementioned two steps indefinitely. This means that the specification uses
the assumption that network channels cannot always corrupt a message. Eventually, ev-
ery message that is sent arrives at the receiver after which the protocol is ready to send the
next message.

Petri-net model. The next design step is to construct a Petri-net model of the protocol.
Based on the informal system requirements, four components are distinguished, namely
a sender, a receiver, and two channels connecting the sender and the receiver. Since chan-
nels are unidirectional, two channels are needed to allow communication in two direc-
tions. Figure 3.7.3 on the following page shows a modular-P/T-net model for the proto-
col. The sender is modeled by P/T-net component SN and the receiver by component RC.
The channel which is used for sending messages from sender to receiver is modeled by
component MC; the channel for acknowledgments in the other direction is modeled by
component AC. The basic idea of the protocol is that a bit is used to mark messages. The
sender attaches bit 0 to the first message it sends. Then, it waits until it receives an ac-
knowledgment which also carries bit 0. If it receives a corrupted acknowledgment or an
acknowledgment with bit 1, it retransmits the message with bit 0. If it receives the correct
acknowledgment, it proceeds with the next message to which it attaches a 1 bit. Since the
modular-P/T-net formalism is uncolored, it is necessary to use separate places for each
message type. The meaning of the internal places in the model of Figure 3.7.3 on the next
page is as follows.

j ∈ {0,1}
jms : places to store messages with bit j that are ready to be sent.
jmr : messages with bit j , after transmission and ready for receipt.
⊥m : messages that are corrupted by the channel.
jas, jar,⊥a : places for acknowledgments.

As mentioned in Section 3.2, in many practical applications, the net model of a system is
defined using colored Petri nets. If colored nets are used, it is possible to collapse all the
places between any two components in the net model of Figure 3.7.3 into a single place.
Data types can be used to distinguish messages with different bits and corrupted messages.
In addition, it is possible to take into account message contents. If some timing mecha-
nism is available, it is also possible to model message delays and timeouts. It may also be
possible to quantify the possibility that a channel corrupts a message.

Behavioral specification of the P/T-net components. The net model of Figure 3.7.3
on the following page is not useful without defining the behavior of the four P/T-net com-
ponents in a precise way. The easiest components are the two channels. According to
their informal specification on Page 89, channels either simply forward a message or they
deliver a corrupt message. Since both channels behave the same, it suffices to design a
single, generic component. The two channels in Figure 3.7.3 are both instances of this
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Specification:

ABP :

i o

⊥m

⊥a

1ms

0ms 0mr

1mr

ABPspec = (i? · o!) ∗ δ

1as

0ar

1ar

0as

MC

SN RC

AC

Figure 3.7.3: A modular P/T net modeling the Alternating-Bit Protocol.

one component. Note that, formally, the definition of modular P/T nets (Definition 3.5.1
on Page 75) does not allow such a construction. It requires that all places and transitions
of components of a modular net are different. However, in the design of real-world ap-
plications, it is often useful – or even a goal – to reuse components. Using a renaming of
places and transitions, it is straightforward to satisfy the requirements of Definition 3.5.1.

The interface of the P/T-net component CH modeling a channel contains the following
pins. The two mappings fm and fa define the mapping of pins of components to places
of the modular P/T net ABP for message channel MC and acknowledgment channel AC,
respectively.

j ∈ {0,1} fm fa

ij : input messages with bit j jms jas
oj : output messages with bit j jmr jar
⊥ : corrupted messages ⊥m ⊥a

The behavior of a channel is now specified as follows.

CHspec = (i0? · (o0!+⊥!)+ i1? · (o1!+⊥!)) ∗δ. (3.7.4)

The other two components are more complicated. As explained earlier, the sender SN
attaches bit 0 to the first message it sends. Then, it waits until it receives an acknowledg-
ment which also carries bit 0. Upon receipt of such an acknowledgment, it proceeds with
the next message to which it attaches a 1 bit. However, before the correct acknowledg-
ment is received, it may happen that the sender receives a corrupted acknowledgment or
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an acknowledgment with a 1 bit. In the first case, the sender does not know whether its
last message has been received properly. In the second case, it knows that its message has
been corrupted. Therefore, upon receipt of an incorrect acknowledgment, the sender re-
transmits its message and starts waiting for another acknowledgment. The sending of a 1
message goes in a very similar way. The sender repeats the transmission of a 0 message
followed by a 1 message indefinitely. The interface of SN consists of the following pins.
The mapping fs maps the interface of SN to places of ABP.

j ∈ {0,1} fs

di : data input i
jmo : output messages with bit j jms
jai,⊥ai : input acknowledgments jar,⊥a

The behavior of the sender is now specified as follows.

SNspec = (di? | 0mo! · ((⊥ai? | 0mo!+ 1ai? | 0mo!) ∗0ai?) ·
di? | 1mo! · ((⊥ai? | 1mo!+ 0ai? | 1mo!) ∗1ai?)

) ∗ δ.

(3.7.5)

In this specification, the transmission or retransmission of a message is a single action.
Another possibility is to specify that the (re-)transmission of a message consists of two
separate actions, namely an input action and an output action, similar to the way a channel
behaves. In fact, one could argue that the latter solution is more natural than the one chosen
above. However, considering the fact that Petri nets are used to model the system under
development, this is not necessarily true. In theory, the step in which a behavioral specifi-
cation is given and the step in which a Petri-net model is constructed are nicely separated.
In practice, this separation is almost never very clear. A designer usually has a Petri-net
model in mind when writing the behavioral specification. Often, the specification and the
net model are even developed simultaneously. Simultaneous consumptions and produc-
tions in a specification are very natural when thinking in terms of Petri nets. They simply
represent the firing of a single transition in a Petri-net model. In general, specifications
with as many simultaneous consumptions and productions as possible yield the simplest
net models and calculations.

Similar to the sender, the receiver RC performs two small terminating iterations inside
its main non-terminating iteration. In the beginning, the receiver is expecting a message
with bit 0. As long as it receives a corrupted message or a message with bit 1, it sends
an acknowledgment with bit 1 attached, which is interpreted by the sender as a negative
acknowledgment. If it receives the message with bit 0, it sends an acknowledgment with
bit 0, which denotes a positive acknowledgment. After the receiver has received and ac-
knowledged a 0 message, it starts waiting for a 1 message. When it has received both a
0 and a 1 message, it starts the next cycle of its main iteration. The interface of the re-
ceiver RC consists of the following pins. The mapping fr maps pins of RC to places of
the modular net ABP.
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j ∈ {0,1} fr

do : data output o
jao : output acknowledgments jas
jmi,⊥mi : input messages jmr,⊥m

The behavior of RC is specified as follows.

RCspec = (((⊥mi? | 1ao!+ 1mi? | 1ao!) ∗0mi? | 0ao! | do!) ·
((⊥mi? | 0ao!+ 0mi? | 0ao!) ∗1mi? | 1ao! | do!)

) ∗ δ.

(3.7.6)

Simulation. Given the specifications of the four components of the modular P/T net
ABP of Figure 3.7.3 on Page 92, it is, in principle, possible to simulate ABP without detail-
ing the net models of the components. However, current tools as ExSpect and Design/CPN
do not allow simulation of such incomplete net models. For complex designs, simulation
at different levels of abstraction could be a useful way to correct some of the more obvious
mistakes in both the behavioral specifications and the modular-net model.

3.7.3 Verifying the modular P/T net

The next step in the design of a net model of the ABP is to verify the behavior of the mod-
ular net ABP against its specification ABPspec given in Definition 3.7.2 on Page 90. It may
be assumed that the four components of ABP are implemented according to their speci-
fications. Since specification ABPspec prescribes the black-box behavior of the modular
net ABP, the goal is to show that the algebraic black-box semantics of ABP is equal to the
algebraic interpretation of ABPspec.

Recall that A is the set of multi-actions of Definition 3.3.7 on Page 63. On Page 83,
it is explained how a place-fusion function is used to define a renaming function on ac-
tions in A. Note that the combination of the four mappings fs , fr , fm, and fa given in
the previous subsection forms the place-fusion function of the modular P/T net ABP of
Figure 3.7.3 on Page 92. Let s, r, m, and a be four renaming functions based on the four
mappings fs, fr , fm, and fa. Let I be the set of internal places {0ms,1ms,0mr,1mr,⊥m,
0as,1as,0ar,1ar,⊥a}. According to Definitions 3.6.4 (Algebraic system semantics) on
Page 87 and 3.6.7 (Algebraic black-box semantics) on Page 88, the algebraic black-box
semantics of ABP is defined as follows.

M
b[[ABP]] = τI (M

s[[ABP]]), (3.7.7)

where

M
s[[ABP]] = λI

0(ρs(C
b[[SN]]) ‖ ρm(C

b[[MC]]) ‖ ρr(C
b[[RC]]) ‖ ρa(C

b[[AC]])). (3.7.8)

The four P/T-net components SN,RC,MC, and AC have not yet been defined. Hence,
their algebraic semantics is not yet known. However, as mentioned, it may be assumed
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that the four components behave as specified. This means that, in the verification, the fol-
lowing equalities may be used.

Cb[[SN]] = [[SNspec]],
Cb[[RC]] = [[RCspec]], and
Cb[[MC]] = Cb[[AC]] = [[CHspec]],

(3.7.9)

where SNspec, RCspec, and CHspec are given in the previous subsection in Definitions 3.7.5,
3.7.6, and 3.7.4, respectively. To prove that the modular net ABP satisfies its specification,
it must now be shown that

Mb[[ABP]] = [[ABPspec]], (3.7.10)

where ABPspec is given in Definition 3.7.2 on Page 90. Note that it follows from Defini-
tion 3.7.1 (Interpretation [[ ]]) also on Page 90 that

[[ABPspec]] = (([i],0) · (0, [o])) ∗ δ. (3.7.11)

The verification consists of three parts. First, the behavior of the components in the con-
text of the modular net ABP is determined. Second, the results are used to calculate the
system semantics of ABP. Third, the internal consumptions and productions of ABP are
hidden, yielding an algebraic expression for the black-box behavior of ABP, which should
be equal to the algebraic expression [[ABPspec]] (Results 3.7.10 and 3.7.11).

Verification, Part 1. The first part of the verification starts with the channels. The fol-
lowing derivation gives an expression for the behavior of the message channel MC as it is
embedded in the modular net ABP of Figure 3.7.3 on Page 92.

ρm(C
b[[MC]])

= { Result 3.7.9 (MC satisfies its specification) }
ρm([[CHspec]])
= { Definition 3.7.4 (Specification CHspec) on Page 92 }
ρm([[(i0? · (o0!+⊥!)+ i1? · (o1!+⊥!)) ∗δ]])
= { Definition 3.7.1 (Interpretation [[ ]]) on Page 90 }
ρm((([i0],0) · ((0, [o0])+ (0, [⊥]))+ ([i1],0) · ((0, [o1])+ (0, [⊥]))) ∗δ)
= { BKS4, RN1,2,3 (repeatedly) }
( m([i0],0) · (m(0, [o0])+m(0, [⊥]))
+m([i1],0) · (m(0, [o1])+m(0, [⊥]))
) ∗m(δ)

= { Definition of m (see Page 94) }
(([0ms],0) · ((0, [0mr])+ (0, [⊥m]))+ ([1ms],0) · ((0, [1mr])+ (0, [⊥m]))) ∗δ

Summarizing,

ρm(C
b[[MC]]) =

(([0ms],0) · ((0, [0mr])+ (0, [⊥m]))+ ([1ms],0) · ((0, [1mr])+ (0, [⊥m]))) ∗δ.
(3.7.12)
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In a very similar way, it is possible to obtain an expression for the acknowledgment chan-
nel AC.

ρa(C
b[[AC]]) =
(([0as],0) · ((0, [0ar])+ (0, [⊥a]))+ ([1as],0) · ((0, [1ar])+ (0, [⊥a]))) ∗δ.

(3.7.13)

The calculations for the sender SN and receiver RC are slightly more complicated. How-
ever, they follow the same lines and are, therefore, omitted.

ρs(C
b[[SN]]) =
( ([i], [0ms]) · ( (([⊥a], [0ms])+ ([1ar], [0ms])) ∗ ([0ar],0) ) ·

([i], [1ms]) · ( (([⊥a], [1ms])+ ([0ar], [1ms])) ∗ ([1ar],0) )
) ∗ δ and

(3.7.14)

ρr(C
b[[RC]]) = (( (([⊥m], [1as])+ ([1mr], [1as])) ∗ ([0mr], [0as,o]) ) ·

( (([⊥m], [0as])+ ([0mr], [0as])) ∗ ([1mr], [1as,o]) )
) ∗ δ.

(3.7.15)

Verification, Part 2. The second part of the verification is the most complicated part.
Recall that the goal of the second part is to calculate an expression for the system behavior
of the modular net ABP. To improve the readability, actions are abbreviated as shown
in Table 3.7.16 on the next page. In addition, Table 3.7.17 shows some abbreviations of
behaviors. The complement function ¯ on bits is defined as expected: 0̄ equals 1 and 1̄
equals 0.

Recall Result 3.7.8 on Page 94 for the system behavior of ABP. Using the abbrevia-
tions of Tables 3.7.16 and 3.7.17 and Results 3.7.12 through 3.7.15 of the first part of the
verification, the following equation is obtained.

Ms[[ABP]] = λI
0(SMRA). (3.7.18)

In the derivation below, the superscript I of the state operator is omitted. The derivation
shows how to compute the first action that can be performed by ABP.

λI
0(SMRA)

= { Expand abbreviations }
λ0(S

∗ δ ‖ M ∗ δ ‖ R ∗ δ ‖ A ∗ δ)
= { Expansion (see Page 47) }
λ0(S

∗ δ bbMRA+ M ∗ δ bb SRA+ R ∗ δ bb SMA+ A ∗ δ bb SMR)
= { BKS1, A6 (repeatedly) }
λ0(S · (S ∗ δ) bbMRA+ M · (M ∗ δ) bb SRA+ R · (R ∗ δ) bb SMA+ A · (A ∗ δ) bb SMR)
= { Expand abbreviations }
λ0 ( 0t · ((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) bbMRA
+ (gm0 · (fm0+ cm)+ gm1 · (fm1+ cm)) · (M ∗ δ) bb SRA
+ ((1na1 + 1na2)

∗0pa) · R1 · (R ∗ δ) bb SMA
+ (ga0 · (fa0+ ca)+ ga1 · (fa1+ ca)) · (A ∗ δ) bb SMR
)
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j ∈ {0,1}
Message Channel
([ jms],0) gm j Get a j message from the sender.
(0, [ jmr]) fm j Forward a j message to the receiver.
(0, [⊥m]) cm Corrupt a message.

Acknowledgment Channel
([ jas],0) ga j Get a j acknowledgment from the receiver.
(0, [ jar]) fa j Forward a j acknowledgment to the sender.
(0, [⊥a]) ca Corrupt an acknowledgment.

Sender
([i], [ jms]) j t Read input and transmit a j message.
([⊥a], [ jms]) j rt1 Retransmit a j message.
([ j̄ar], [ jms]) j rt2 Retransmit a j message.
([ jar],0) ja Receive an acknowledgment for a j message.

Receiver
([⊥m], [ jas]) jna1 Send a negative j acknowledgment.
([ jmr], [ jas]) jna2 Send a negative j acknowledgment.
([ jmr], [ jas,o]) jpa Send a positive j acknowledgment and

output the received message.

Table 3.7.16: Abbreviations of actions of the modular net ABP.

j ∈ {0,1}
Channels

gm j · (fm j + cm) M j Forward a j message from sender to receiver.
M0 + M1 M Forward a message.
ga j · (fa j + ca) Aj Forward a j acknowledgment.
A0 + A1 A Forward an acknowledgment.

Sender/Receiver
j t · (( j rt1 + j rt2) ∗ ja) S j Send a j message.
S0 · S1 S One main sender cycle.
( j̄na1 + j̄na2)

∗ jpa Rj Receive a j message.
R0 · R1 R One main receiver cycle.

All components
W, X,Y, Z ∈ {M, A, S, R}

W ∗ δ ‖ X ∗ δ ‖ Y ∗ δ ‖ Z ∗ δ WXYZ
X ∗ δ ‖ Y ∗ δ ‖ Z ∗ δ XYZ
X ∗ δ ‖ Y ∗ δ XY

Table 3.7.17: Abbreviations of partial behaviors of the modular net ABP.
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= { BKS1 }
λ0 ( 0t · ((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) bbMRA
+ (gm0 · (fm0+ cm)+ gm1 · (fm1+ cm)) · (M ∗ δ) bb SRA
+ ((1na1 + 1na2) · ((1na1 + 1na2)

∗0pa)+ 0pa) · R1 · (R ∗ δ) bb SMA
+ (ga0 · (fa0+ ca)+ ga1 · (fa1+ ca)) · (A ∗ δ) bb SMR
)

= { A4,M4 (repeatedly) }
λ0 ( 0t · ((0rt1 + 0rt2)

∗0a) · S1 · (S ∗ δ) bbMRA
+ gm0 · (fm0+ cm) · (M ∗ δ) bb SRA
+ gm1 · (fm1+ cm) · (M ∗ δ) bb SRA
+ 1na1 · ((1na1 + 1na2)

∗0pa) · R1 · (R ∗ δ) bb SMA
+ 1na2 · ((1na1 + 1na2)

∗0pa) · R1 · (R ∗ δ) bb SMA
+ 0pa · R1 · (R ∗ δ) bb SMA
+ ga0 · (fa0+ ca) · (A ∗ δ) bb SMR
+ ga1 · (fa1+ ca) · (A ∗ δ) bb SMR
)

= { M3 (repeatedly) }
λ0 ( 0t · (((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA)
+ gm0 · ((fm0+ cm) · (M ∗ δ) ‖ SRA)
+ gm1 · ((fm1+ cm) · (M ∗ δ) ‖ SRA)
+ 1na1 · (((1na1 + 1na2)

∗0pa) · R1 · (R ∗ δ) ‖ SMA)
+ 1na2 · (((1na1 + 1na2)

∗0pa) · R1 · (R ∗ δ) ‖ SMA)
+ 0pa · (R1 · (R ∗ δ) ‖ SMA)
+ ga0 · ((fa0+ ca) · (A ∗ δ) ‖ SMR)
+ ga1 · ((fa1+ ca) · (A ∗ δ) ‖ SMR)
)

= { CSO5,4 (repeatedly) }
λ0(0t) · λ[0ms](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA)
+λ0(gm0) · λ0((fm0+ cm) · (M ∗ δ) ‖ SRA)
+λ0(gm1) · λ0((fm1+ cm) · (M ∗ δ) ‖ SRA)
+λ0(1na1) · λ[1as](((1na1 + 1na2)

∗0pa) · R1 · (R ∗ δ) ‖ SMA)
+λ0(1na2) · λ[1as](((1na1 + 1na2)

∗0pa) · R1 · (R ∗ δ) ‖ SMA)
+λ0(0pa) · λ[0as](R1 · (R ∗ δ) ‖ SMA)
+λ0(ga0) · λ0((fa0+ ca) · (A ∗ δ) ‖ SMR)
+λ0(ga1) · λ0((fa1+ ca) · (A ∗ δ) ‖ SMR)
= { CSO2,3, A7 (repeatedly) }

0t · λ[0ms](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA)+ δ + δ + δ + δ + δ + δ + δ
= { A6 (repeatedly) }

0t · λ[0ms](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA)

Hence, the first action of ABP is, not surprisingly, the transmission of a message with bit
0 attached (action 0t). The remaining behavior of ABP is given by the algebraic term
λ[0ms](((0rt1 + 0rt2) ∗ 0a) · S1 · (S ∗ δ) ‖ MRA). By means of very similar calculations,
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it is possible to compute all the following actions. Essentially, one just repeatedly applies
the expansion theorem and the axioms of the causal state operator to determine which ac-
tions can be executed and which actions cannot. Eventually, ABP returns to its initial state,
which means that the complete behavior is calculated. The calculations are tedious, but
not very complex. Hence, they are omitted. In the following, the results of the verification
are summarized.

One cycle in the main loop of ABP consists of the successful transmission of two mes-
sages, one with bit 0 attached and one with bit 1 attached. If no messages or acknowledg-
ments are corrupted, such a cycle consists of fourteen actions. Consequently, the protocol
passes through fourteen different states. Each state is characterized by an algebraic term.
The initial state is characterized by the termMs[[ABP]]. The thirteen other states are de-
noted by the abbreviations X1 through X13. The meaning of these abbreviations is given
in Definition 3.7.20. To clarify the results given below, the operational semantics for the
algebraic system behavior of ABP, Ms[[ABP]], is depicted in Figure 3.7.21 on Page 101.
The main cycle of ABP is summarized in Result 3.7.19. At four points, it is possible that
messages or acknowledgments are corrupted. The resulting states X21, X51, X91, and X121

are treated below.

Ms[[ABP]] = 0t · X1,

X1 = gm0 · X2,

X2 = fm0 · X3 + cm · X21,

X3 = 0pa · X4,

X4 = ga0 · X5,

X5 = fa0 · X6 + ca · X51,

X6 = 0a · X7,

X7 = 1t · X8,

X8 = gm1 · X9,

X9 = fm1 · X10 + cm · X91,

X10 = 1pa · X11,

X11 = ga1 · X12,

X12 = fa1 · X13 + ca · X121, and
X13 = 1a ·Ms[[ABP]].

(3.7.19)

The meaning of the abbreviations X1 through X13 in the above equations is as follows.

X1=λ[0ms](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA),
X2=λ0(((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖ (fm0+ cm) · (M ∗ δ) ‖ RA),
X3=λ[0mr](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA),
X4=λ[0as](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X5=λ0(((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖ (fa0+ ca) · (A ∗ δ) ‖ M ∗ δ),
X6=λ[0ar](((0rt1 + 0rt2)

∗0a) · S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X7=λ0(S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X8=λ[1ms](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X9=λ0(((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖ (fm1+ cm) · (M ∗ δ) ‖ R1 · (R ∗ δ) ‖ A ∗ δ),

(3.7.20)
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X10=λ[1mr](((1rt1 + 1rt2)
∗1a) · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),

X11=λ[1as](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖MRA),
X12=λ0(((1rt1 + 1rt2)

∗1a) · (S ∗ δ) ‖ (fa1+ ca) · (A ∗ δ) ‖MR), and
X13=λ[1ar](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖MRA).

(3.7.20) ctd.

Informally, the modular P/T net ABP first transmits a 0 message (action 0t), which is for-
warded by the message channel in two steps (actions gm0 and fm0). Upon receiving the
message, the receiver returns a positive acknowledgment to the sender (0pa), which is for-
warded by the acknowledgment channel (ga0, fa0). After the sender has received the ac-
knowledgment (0a), it sends the next message with a 1 bit (1t), provided of course that a
message is available from the environment. The message is forwarded through the channel
(gm1, fm1) and acknowledged by the receiver (1pa); the acknowledgment is forwarded by
the channel (ga1, fa1) and received by the sender (1a). At this point, ABP has returned to
its initial state characterized byMs[[ABP]].

As mentioned, at four points, it is possible that a message or acknowledgment is cor-
rupted by a channel. These points are states X2, X5, X9, and X12. Consider the equation
for X2 in Result 3.7.19 on the preceding page. It states that the corruption of a 0 message
leads to state X21. If this happens, the protocol enters a small iteration described by the
following equations. The equations for X1 and X2 are taken from Result 3.7.19.

X2 = fm0 · X3 + cm · X21,

X21 = 1na1 · X22,

X22 = ga1 · X23,

X23 = ca · X24 + fa1 · X25,

X24 = 0rt1 · X1,

X25 = 0rt2 · X1, and
X1 = gm0 · X2.

(3.7.22)

The abbreviations X21, X22, X23, X24, and X25 in the above equations denote the following
terms. (See Definition 3.7.20 on the previous page for the meaning of X1 and X2.)

X21 = λ[⊥m](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA),
X22 = λ[1as](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA),
X23 = λ0(((0rt1 + 0rt2)

∗0a) · S1 · (S ∗ δ) ‖ (fa1+ ca) · (A ∗ δ) ‖MR),
X24 = λ[⊥a](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA), and
X25 = λ[1ar](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖MRA).

(3.7.23)

Informally, one cycle of this iteration does the following. The initial situation is that a 0
message is inside the message channel MC (state X2). If the message is corrupted (action
cm), the receiver sends an acknowledgment with bit 1 attached (action 1na1), which is
meant to be a negative acknowledgment indicating that the transmission of the 0 message
has failed. The acknowledgment passes through the channel that may or may not corrupt
it (actions ga1, ca, and fa1). If the sender receives an uncorrupted 1 acknowledgment, it
knows that its attempt to transmit a 0 message has failed; if it receives a corrupted ac-
knowledgment, it does not know whether the transmission has succeeded or not. In either
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Figure 3.7.21: The system behavior of ABP.
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case, the sender decides to retransmit the 0 message (0rt1, 0rt2). When the message enters
the channel (gm0), the protocol returns to the initial state of the iteration (state X2).

It remains to be proven that the equations for X2, X21, X22, X23, X24, X25, and X1

given in Result 3.7.22 on Page 100 indeed describe an iteration. Substitution yields the
following equation for X2.

X2 = fm0 · X3 + cm · 1na1 · ga1 · (ca · 0rt1 + fa1 · 0rt2) · gm0 · X2. (3.7.24)

It follows from RSP∗ (and A1) that

X2 = (cm · 1na1 · ga1 · (ca · 0rt1 + fa1 · 0rt2) · gm0) ∗ (fm0 · X3). (3.7.25)

By means of BKS2, this last result can be rewritten into the following more convenient
format.

X2 = ((cm · 1na1 · ga1 · (ca · 0rt1 + fa1 · 0rt2) · gm0) ∗ fm0) · X3. (3.7.26)

The second point where the main loop of the protocol may be interrupted because a chan-
nel corrupts a message or an acknowledgment is state X5 (see Result 3.7.19 on Page 99).
In this case, the acknowledgment channel may corrupt the acknowledgment sent by the re-
ceiver to acknowledge the proper receipt of a 0 message (ca). If this happens, the sender
does not know that its message has been received properly. So, it decides to retransmit its
0 message (0rt1). This message is either forwarded properly by the channel (gm0, fm0)
or it may be corrupted (gm0, cm). In the first case, the receiver gets a duplicate of the 0
message. In reaction, it sends a 0 negative acknowledgment indicating that it has already
received the 0 message. In the second case, the receiver does not know whether its own 0
acknowledgment or the sender’s next 1 message got corrupted. In either case, it sends a
0 acknowledgment, indicating that it wants the sender to (re-)transmit a 1 message. The
following equations formally describe the behavior sketched above. The equations for X4

and X5 are taken from Result 3.7.19 on Page 99.

X5 = fa0 · X6 + ca · X51,

X51 = 0rt1 · X52,

X52 = gm0 · X53,

X53 = cm · X54 + fm0 · X55,

X54 = 0na1 · X4,

X55 = 0na2 · X4, and
X4 = ga0 · X5.

(3.7.27)

The meaning of X51, X52, X53, X54, and X55 is as follows. (See Definition 3.7.20 on
Page 99 for the meaning of X4 and X5.)

X51 = λ[⊥a](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X52 = λ[0ms](((0rt1 + 0rt2)

∗0a) · S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X53 = λ0 (((0rt1 + 0rt2)

∗0a) · S1 · (S ∗ δ) ‖
(fm0+ cm) · (M ∗ δ) ‖ R1 · (R ∗ δ) ‖ (A ∗ δ)

),

X54 = λ[⊥m](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA), and
X55 = λ[0mr](((0rt1 + 0rt2) ∗0a) · S1 · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA).

(3.7.28)
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By means of substitution and Axioms A1, RSP∗, and BKS2 it easily follows that

X5 = ((ca · 0rt1 · gm0 · (cm · 0na1 + fm0 · 0na2) · ga0) ∗ fa0) · X6. (3.7.29)

The other two times that the main iteration of the protocol may be interrupted because a
message or acknowledgment is corrupted are the states X9 and X12 (see Result 3.7.19 on
Page 99). The resulting behavior in these states is very similar to the behavior in states
X2 and X5, respectively. The only difference is that the roles of the 0 and 1 bit are inter-
changed. The results are summarized as follows. First,

X9 = fm1 · X10 + cm · X91,

X91 = 0na1 · X92,

X92 = ga0 · X93,

X93 = ca · X94 + fa0 · X95,

X94 = 1rt1 · X8,

X95 = 1rt2 · X8, and
X8 = gm1 · X9,

(3.7.30)

with

X91 = λ[⊥m](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X92 = λ[0as](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA),
X93 = λ0(((1rt1 + 1rt2)

∗1a) · (S ∗ δ) ‖ R1 · (R ∗ δ)
‖(fa0+ ca) · (A ∗ δ) ‖ M ∗ δ
),

X94 = λ[⊥a](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA), and
X95 = λ[0ar](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖ R1 · (R ∗ δ) ‖MA).

(3.7.31)

Consequently,

X9 = ((cm · 0na1 · ga0 · (ca · 1rt1 + fa0 · 1rt2) · gm1) ∗ fm1) · X10. (3.7.32)

Second,

X12 = fa1 · X13 + ca · X121,

X121 = 1rt1 · X122,

X122 = gm1 · X123,

X123 = cm · X124 + fm1 · X125,

X124 = 1na1 · X11,

X125 = 1na2 · X11, and
X11 = ga1 · X12,

(3.7.33)

with

X121 = λ[⊥a](((1rt1 + 1rt2)
∗1a) · (S ∗ δ) ‖MRA),

X122 = λ[1ms](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖MRA),
X123 = λ0(((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖ (fm1+ cm) · (M ∗ δ) ‖ RA),
X124 = λ[⊥m](((1rt1 + 1rt2)

∗1a) · (S ∗ δ) ‖MRA), and
X125 = λ[1mr](((1rt1 + 1rt2) ∗1a) · (S ∗ δ) ‖MRA).

(3.7.34)
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Consequently,

X12 = ((ca · 1rt1 · gm1 · (cm · 1na1 + fm1 · 1na2) · ga1) ∗ fa1) · X13. (3.7.35)

It remains to calculate an expression for the overall behavior of ABP. Summarizing the
results of the second part of the verification so far, yields the following equations.

Ms[[ABP]] = 0t · gm0 · X2,

X2 = ((cm · 1na1 · ga1 · (ca · 0rt1 + fa1 · 0rt2) · gm0) ∗ fm0) · X3,

X3 = 0pa · ga0 · X5,

X5 = ((ca · 0rt1 · gm0 · (cm · 0na1 + fm0 · 0na2) · ga0) ∗ fa0) · X6,

X6 = 0a · X7,

X7 = 1t · gm1 · X9,

X9 = ((cm · 0na1 · ga0 · (ca · 1rt1 + fa0 · 1rt2) · gm1) ∗ fm1) · X10,

X10 = 1pa · ga1 · X12,

X12 = ((ca · 1rt1 · gm1 · (cm · 1na1 + fm1 · 1na2) · ga1) ∗ fa1) · X13, and
X13 = 1a ·Ms[[ABP]].

(3.7.36)

Hence, RSP∗ yields

Ms[[ABP]]= (0t · gm0 ·
((cm · 1na1 · ga1 · (ca · 0rt1 + fa1 · 0rt2) · gm0) ∗ fm0) ·

0pa · ga0 ·
((ca · 0rt1 · gm0 · (cm · 0na1 + fm0 · 0na2) · ga0) ∗ fa0) ·

0a ·
1t · gm1 ·
((cm · 0na1 · ga0 · (ca · 1rt1 + fa0 · 1rt2) · gm1) ∗ fm1) ·

1pa · ga1 ·
((ca · 1rt1 · gm1 · (cm · 1na1 + fm1 · 1na2) · ga1) ∗ fa1) ·

1a
) ∗ δ.

(3.7.37)

Result 3.7.37 completes the computation of the system behavior of ABP and, therefore,
the second part of the verification.

Verification, Part 3. In the final part of the verification, the consumptions and produc-
tions that are internal to the modular net ABP are hidden. This means that an expression
for the black-box behavior of ABP is calculated, which should satisfy the specification for
ABP as explained on Page 95. Recall Result 3.7.7 on Page 94 that states the following.

Mb[[ABP]] = τI (M
s[[ABP]]).

Set I , containing the internal places of ABP, is equal to {0ms,1ms,0mr,1mr,⊥m, 0as,
1as,0ar,1ar,⊥a}. Using the abbreviations of the actions of ABP given in Table 3.7.16 on
Page 97 and Axiom TA2, it is easy to verify that for all actions a of ABP not in {0t,1t,0pa,
1pa}, the abstraction τI (a) yields the silent action (0,0). For a in {0t,1t}, τI (a) is equal
to ([i],0); for a in {0pa,1pa}, τI (a) is equal to (0, [o]). In the verification below, the Fair
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Iteration Rule (FIR) is used. This is allowed because the informal system requirements
on Page 89 say that a channel will not always corrupt the same message. For the sake of
readability, the silent action (0,0) is written τ .

τI (M
s[[ABP]])

= { Result 3.7.37 on the preceding page; Axioms TA1–5 }
( ([i],0) · τ ·

((τ · τ · τ · (τ · τ + τ · τ ) · τ ) ∗τ ) ·
(0, [o]) · τ ·
((τ · τ · τ · (τ · τ + τ · τ ) · τ ) ∗τ ) ·

τ ·
([i],0) · τ ·
((τ · τ · τ · (τ · τ + τ · τ ) · τ ) ∗τ ) ·

(0, [o]) · τ ·
((τ · τ · τ · (τ · τ + τ · τ ) · τ ) ∗τ ) ·

τ

) ∗ δ
= { A3, B1 (repeatedly) }
(([i],0) · (τ ∗ τ ) · (0, [o]) · (τ ∗ τ ) · ([i],0) · (τ ∗ τ ) · (0, [o]) · (τ ∗ τ )) ∗δ
= { FIR (repeatedly) }
(([i],0) · (τ · τ + τ ) · (0, [o]) · (τ · τ + τ ) ·

([i],0) · (τ · τ + τ ) · (0, [o]) · (τ · τ + τ )
) ∗ δ
= { B1, A3 (repeatedly) }
(([i],0) · (0, [o]) · ([i],0) · (0, [o])) ∗δ

Summarizing,

Mb[[ABP]] = (([i],0) · (0, [o]) · ([i],0) · (0, [o])) ∗δ. (3.7.38)

This last expression is almost the desired result. Recall Property 2.4.64 on Page 57 stating
that, for any guard p (see Definition 2.4.56 on Page 55), p ∗ δ = (p · p) ∗ δ. Applying
Property 2.4.64 to Result 3.7.38 yields that

M
b[[ABP]] = (([i],0) · (0, [o])) ∗δ. (3.7.39)

Result 3.7.11 on Page 95 implies that ABP indeed satisfies its specification.

M
b[[ABP]] = [[ABPspec]]. (3.7.40)

This last result is equal to the proof requirement of Property 3.7.10 on Page 95. It com-
pletes the verification of the modular P/T net ABP of Figure 3.7.3 on Page 92. Note, how-
ever, that it remains to complete the design of the four components of ABP.

3.7.4 The P/T-net components of the modular net

The behavioral specifications of the components of ABP have already been given in Sec-
tion 3.7.2. The next step in the design process is to construct P/T-net components accord-
ing to these specifications.
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Petri-net model. As already mentioned, one generic channel component is designed.
The message and acknowledgment channels are instances of this generic channel. Fig-
ure 3.7.41 recalls the specification of the channel given in Definition 3.7.4 on Page 92 and
it shows a corresponding P/T-net component. The interface of component CH has already
been explained in Section 3.7.2. The meaning of the internal places and the transitions
of the component is as follows. The P/T-net component of Figure 3.7.41 should be clear
without further explanation.

j ∈ {0,1}
tj : transfer for message j .

gj : get message j .
fj : forward message j .
cj : corrupt message j .

Specification:

⊥

f 1

c1

c0

g1

g0

i1

i0
o0

o1
t1

t0

f 0

CH :

CHspec = (i0? · (o0!+⊥!)+ i1? · (o1!+⊥!)) ∗δ

Figure 3.7.41: A P/T-net component modeling a channel.

Figure 3.7.42 on the next page shows the P/T-net components for the sender and receiver.
It also recalls their specifications which are given in Definitions 3.7.5 and 3.7.6 in Sec-
tion 3.7.2. The interfaces of SN and RC have also been explained in Section 3.7.2. The
meaning of the internal places and the transitions is as follows.

j ∈ {0,1}
Sender

js : ready to send a j message.
jw : waiting for a j acknowledgment.

jt : transmit a j message.
jrt1, jrt2 : retransmit a j message.
ja : acknowledge a j message.
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j ∈ {0,1}
Receiver

jr : ready to receive a j message.

jpa : acknowledge a j message.
jna1, jna2 : send a negative j acknowledgment.

(di? | 0mo! · ((⊥ai? | 0mo!+ 1ai? | 0mo!) ∗0ai?) ·
di? | 1mo! · ((⊥ai? | 1mo!+ 0ai? | 1mo!) ∗1ai?)

1ao

0mo

1mo

1s

0s

0w

1rt1

1t

0rt2

0t

0rt1

0a

1a

SN :

RC :

0na2

0r

1r

⊥ai

1ai

1mi

di ⊥mi

) ∗ δ

0pa
1pa

0ao

do

1na1

0na1

SNspec =

) ∗ δ

(((⊥mi? | 1ao!+ 1mi? | 1ao!) ∗0mi? | 0ao! | do!) ·
((⊥mi? | 0ao!+ 0mi? | 0ao!) ∗1mi? | 1ao! | do!)

RCspec =

Specifications:

1w

0ai

0mi

1na2

1rt2

Figure 3.7.42: P/T-net components modeling the sender and receiver.

Simulation. At this point, the Petri-net model of the ABP is complete, which means
that it can be simulated using tools as ExSpect and Design/CPN. However, it is beyond
the scope of this thesis to discuss simulation of Petri nets in detail. Since the net model of
the ABP is very simple, the simulation results are not very surprising.
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3.7.5 Verifying the P/T-net components

The final step of the design process of the modular-net model of the ABP is the verification
of the three components given in the previous subsection. This means that the following
three equations have to be proven.

Cb[[CH]] = [[CHspec]],
Cb[[SN]] = [[SNspec]], and
Cb[[RC]] = [[RCspec]].

(3.7.43)

Verification of the channel. Definitions 3.7.1 (Interpretation [[ ]]) on Page 90 and 3.7.4
(Specification CHspec) on Page 92 yield the following result.

[[CHspec]] =
(([i0],0) · ((0, [o0])+ (0, [⊥]))+ ([i1],0) · ((0, [o1])+ (0, [⊥]))) ∗δ.

(3.7.44)

Let I be the set {t0, t1} of internal places of CH. The identifiers of transitions of compo-
nent CH are used as abbreviations of the corresponding actions defined by the glass-box
action function αg (see Definition 3.3.9 on Page 64). Definition 3.4.15 (Algebraic black-
box semantics) on Page 72 states that

C
b[[CH]] = τI (C

g[[CH]]). (3.7.45)

According to Definition 3.4.6 (Algebraic glass-box semantics) on Page 67,

C
g[[CH]] = λI

0(g0 ∗ δ ‖ f 0 ∗ δ ‖ c0 ∗ δ ‖ g1 ∗ δ ‖ f 1 ∗ δ ‖ c1 ∗ δ). (3.7.46)

The following result is not difficult to verify. The calculations are much simpler than the
ones in Section 3.7.3 for the verification of the modular net ABP. The derivation for CH
is very similar to the one in Example 3.4.10 on Page 70 for the simple production-unit
example used in earlier sections of this chapter.

C
g[[CH]] = (g0 · ( f 0+ c0)+ g1 · ( f 1+ c1)) · Cg[[CH]]. (3.7.47)

Hence, RSP∗ yields that

Cg[[CH]] = (g0 · ( f 0+ c0)+ g1 · ( f 1+ c1)) ∗ δ. (3.7.48)

The final step is to hide internal consumptions and productions. It easily follows from the
axioms of the abstraction operator, Axioms TA1–5, that

τI (C
g[[CH]]) = [[CHspec]]. (3.7.49)

Hence, combining Results 3.7.45 and 3.7.49 means that the equation for channel CH in
Property 3.7.43 is proven.
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Verification of the sender. Definitions 3.7.1 (Interpretation [[ ]]) on Page 90 and 3.7.5
(Specification SNspec) on Page 93 yield that

[[SNspec]] =
( ([i], [0mo]) · ( (([⊥ai], [0mo])+ ([1ai], [0mo])) ∗ ([0ai],0) ) ·

([i], [1mo]) · ( (([⊥ai], [1mo])+ ([0ai], [1mo])) ∗ ([1ai],0) )
) ∗ δ.

(3.7.50)

Let I be the set {0s,0w,1s,1w} of internal places. As before, let identifiers of transitions
be abbreviations of the corresponding glass-box actions. Let S be an abbreviation of the
term 0t∗δ‖0a∗δ‖0rt1

∗δ‖0rt2
∗δ‖1t∗δ‖1a∗δ‖1rt1

∗δ‖1rt2
∗δ. Definitions 3.4.15 (Algebraic

black-box semantics) on Page 72 and 3.4.6 (Algebraic glass-box semantics) on Page 67
yield that

C
b[[SN]] = τI (C

g[[SN]]), (3.7.51)

with

C
g[[SN]] = λI

[0s](S). (3.7.52)

It is not difficult to verify the following results. The superscript of the state operator is
omitted.

λ[0s](S) = 0t · λ[0w](S),
λ[0w](S) = 0a · λ[1s](S)+ 0rt1 · λ[0w](S)+ 0rt2 · λ[0w](S),
λ[1s](S) = 1t · λ[1w](S), and
λ[1w](S) = 1a · λ[0s](S)+ 1rt1 · λ[1w](S)+ 1rt2 · λ[1w](S).

(3.7.53)

Applying RSP∗ and BKS2 yields the following results.

λ[0w](S) = ((0rt1 + 0rt2)
∗0a) · λ[1s](S) and

λ[1w](S) = ((1rt1 + 1rt2)
∗1a) · λ[0s](S)

(3.7.54)

Combining Results 3.7.52, 3.7.53, and 3.7.54, and applying RSP∗ one more time yields
the following expression for the glass box behavior of the sender component.

Cg[[SN]] = (0t · ((0rt1 + 0rt2)
∗0a) · 1t · ((1rt1 + 1rt2)

∗1a)) ∗ δ. (3.7.55)

Finally, hiding the internal consumptions and productions easily yields the second equa-
tion of Property 3.7.43 on the preceding page.

C
b[[SN]] = τI (C

g[[SN]]) = [[SNspec]]. (3.7.56)

Verification of the receiver. The verification of the receiver is very similar to the veri-
fication of the sender. Let I be the set {0r,1r} of internal places. Definitions 3.4.15 (Al-
gebraic black-box semantics) on Page 72 and 3.4.6 (Algebraic glass-box semantics) on
Page 67 yield that

Cb[[RC]] = τI (C
g[[RC]]), (3.7.57)
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with

Cg[[RC]] = λI
[0r](0pa∗ δ ‖ 0na1

∗ δ ‖ 0na2
∗ δ ‖ 1pa ∗ δ ‖ 1na1

∗ δ ‖ 1na2
∗ δ). (3.7.58)

The following result is straightforward.

Cg[[RC]] = (((1na1 + 1na2)
∗ 0pa) · ((0na1 + 0na2)

∗1pa)) ∗ δ. (3.7.59)

Hiding the internal consumptions and productions in this last result yields the third equa-
tion of Property 3.7.43 on Page 108.

Cb[[RC]] = [[RCspec]]. (3.7.60)

Concluding remarks. Result 3.7.60 completes the design and analysis of the ABP. The
case study shows that the design method presented in Section 3.2 is useful in structuring
the design process. The combination of behavioral specification, Petri-net modeling, sim-
ulation, and algebraic verification improves the understanding of the system under devel-
opment. Moreover, the method guarantees that the system satisfies its behavioral speci-
fication. This is particularly useful for concurrent systems of which the communication
behavior is critical. A drawback of the theory is that the algebraic verification of modu-
lar P/T nets is tedious. It remains unclear from the verification of the ABP whether the
method scales to real-world concurrent systems.

3.7.6 A remark on the equivalence of modular P/T nets

So far, the theory developed in this chapter has been used to verify P/T nets against their
specifications. However, it can also be used in a slightly different way. Given a modular
P/T net or a P/T-net component, its algebraic black-box semantics can be used to calcu-
late the behavior that is observable to the environment. This means that it is possible to
determine whether two nets have the same observable behavior. For many purposes, such
as simulation and some analysis techniques, nets with equivalent behavior may be inter-
changed.

i o
c fg

b

Figure 3.7.61: A P/T-net component modeling a one-place buffer.

Consider, for example, P/T-net component B depicted in Figure 3.7.61 which models
a one-place buffer. Its interface consists of an input place i and an output place o. It has
a capacity which is determined by the number of tokens in c. In the case of a one-place
buffer, the capacity is of course one. Items that are put into the buffer are stored in place
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b. It is not difficult to verify that net component B satisfies the specification of the ABP
given in Definition 3.7.2 on Page 90. That is,

C
b[[B]] = (([i],0) · (0, [o])) ∗δ = [[ABPspec]]. (3.7.62)

Assume a scenario where a designer is building a large Petri-net model of a distributed
system with components of the system communicating via the Alternating-Bit Protocol.
The designer wants to simulate and analyze the distributed system. He or she is not inter-
ested in properties of the ABP, because the net-model of the ABP, for example the modu-
lar net of Figure 3.7.3 on Page 92, has already been proven correct. In this case, it can be
convenient to replace all instances of ABP by the one-place buffer of Figure 3.7.61 on the
preceding page. Doing so will improve the efficiency of simulations. In addition, it may
be helpful to simplify analysis of the system by means of, for example, invariant analysis
and state-space analysis (see, among others, (PETERSON, 1981; REISIG, 1985; MURATA,
1989) and Section 2.3). If used as sketched in this example, the theory developed in this
chapter may be a further aid in the compositional design and analysis of concurrent sys-
tems.

3.8 Case Study: The Production Unit

3.8.1 Introduction

To validate the method developed in this chapter, it is necessary to show that it can be
applied to real-world design problems. Therefore, in this section, the method is applied to
the development of a production unit. This case study is a simplified version of a problem
that originated from Dutch industry. The design problem is more complex than the design
of the ABP done in the previous section. In particular, it includes concurrency, whereas
the ABP is a strictly sequential process. On the one hand, the production-unit case study
does indeed serve as a further validation of the method of this chapter. On the other hand,
it clearly shows the limitations of the underlying formalism, pointing out possibilities for
improvements and future work.

Informal system requirements. The informal description of the production unit and its
required behavior is as follows. The most simple version of the unit, called a basic unit,
can perform a single operation on a single piece of unprocessed material. First, it must
receive a command. Then, it requests and receives material, performs the operation spec-
ified in the command, and waits for an output request. Upon receiving an output request, it
delivers the processed material. Typically, the processing of material takes the most time
in the whole system. While the unit is processing material, it is ready to receive the next
command. In this way, the delay between two operations in a unit is minimized. As soon
as the unit is ready to receive a new command, it sends a request to its environment.

It must be possible to combine several basic units into so-called complex units by con-
necting them in series. For this purpose, a generic control component must be developed
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that controls two units. These two units are not necessarily basic ones. They can be com-
plex units built themselves from basic units and controllers. In this way, it must be possible
to construct arbitrarily long series of basic units, using only two components, namely the
basic unit and the generic controller. Therefore, it is essential that the interface behavior
of a series of basic units is similar to the behavior of a single basic unit.

Especially the last requirement is rather vague, but, as often in practice, that is more
or less the way the problem was phrased. The case study is a simplified version of the
real case, because it may be assumed that no errors can occur during the processing of the
material in a basic unit. In reality, this assumption is not true. Furthermore, in the real
case, it was also possible to combine two units in parallel, raising the need for a second
controller component.

3.8.2 The basic production unit

Behavioral specification. From the informal system requirements in the previous sec-
tion, the following actions of a basic unit can be derived. They are specified in the simple
specification language introduced in Section 3.7.1. This means that they should be inter-
preted as consumptions and productions of tokens in a Petri-net model.

cmd? : receive a command.
irq! : request input material.
imt? : receive input material.
ncrq! : send a new-command request.
orq? : receive an output request.
omt! : deliver output material.

The behavior of a basic unit can now be specified as follows.

BUnitspec = cmd? · ((irq! · imt? · (ncrq! · cmd? ‖ orq? | omt!)) ∗δ). (3.8.1)

This specification deserves a few words of explanation. It is not difficult to see that the ba-
sic unit first receives a command after which it enters a non-terminating repetition. Each
cycle of the repetition starts with an input request followed by the receipt of material.
Upon receiving material, the unit starts its processing task, which does not result in a visi-
ble action. It continues by sending a new-command request followed by the receipt of the
next command and in parallel it may deliver the output material, provided of course that
the processing is completed. After it has delivered the output and it has received a new
command, it starts with the next cycle of its iteration. In the above specification, the unit
refuses to receive an output request if the output material is not available. Only if both
the request and the material are available, the request is processed and the material deliv-
ered. A slightly different, but equally correct specification is to let the unit first receive
the output request and then deliver the material.
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Petri-net model. In the actual case study, a colored-Petri-net model of the basic unit
was developed, using the tool ExSpect. However, for the purpose of this section, details
about data types and timing are omitted. The focus is on the modular construction and the
communication structure instead.

cmd

OutputInput

ncrq

orqirq

Operator

Unitimt omt

cmd ncrq
BUnit

tncrqtcmd

irq orq

BControl

imt omt

Processing

Figure 3.8.2: A basic production unit and its environment.

Figure 3.8.2 shows a modular P/T net of the basic unit and its environment. The en-
vironment consists of an input system, an output system, and an operator. It is the same
for both basic and complex units. The environment is simply given for the sake of clarity.
No details of the input system, the output system, and the operator are given. The basic
unit is divided into two separate subsystems, a control system, BControl, and a processing
system, Processing. The control system transfers commands and new-command requests
between the environment and the processing system. The processing system, obviously,
takes care of the main processing task.

Behavioral specification of the P/T-net components. The next step is to give specifi-
cations for the components of BUnit. The pins of BControl are as follows. Mapping fc

maps pins of BControl to places of BUnit.

fc

cicmd : input command cmd
cocmd : output command tcmd
cincrq : input new-command request tncrq
concrq : output new-command request ncrq

Specification BUnitspec of the unit shows that the receipt of a command and the sending of
a new-command request alternate. Given the informal requirement that BControl trans-
fers commands and new-command requests between the environment and the processing
system, the following specification for BControl makes sense.

BControlspec = (cicmd? | cocmd! · cincrq? | concrq!) ∗ δ. (3.8.3)

The processing part is specified as follows. As before, actions are processed simultane-
ously as much as possible. Upon receiving a command, an input request is sent; upon
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receiving input material, a new command is requested and upon receiving an output re-
quest, the output material is delivered. Mapping f p maps pins of Processing to places of
BUnit.

f p

pcmd : input command tcmd
pncrq : output new-command request tncrq
pirq : input request irq
porq : output request orq
pimt : input material imt
pomt : output material omt

Processingspec = (pcmd? | pirq! · pimt? | pncrq! · porq? | pomt!) ∗ δ. (3.8.4)

It may be surprising that neither BControl nor Processing contain explicit parallelism.
However, if one has a close look at the specifications and the modular net BUnit of Fig-
ure 3.8.2 on the preceding page, one can see that Processing produces a token in place
tncrq at the same time it receives input material. Hence, the transfer of the new-command
request to the environment by component BControl can occur in parallel with the delivery
of output material by component Processing. This is exactly the desired result. The in-
formal argument of this paragraph is confirmed by the verification in the next step of the
design cycle.

Verification. Given the specifications for BControl and Processing, it is possible to ver-
ify the behavior of the basic unit. The following property must be proven.

M
b[[BUnit]] = [[BUnitspec]]. (3.8.5)

Let I be the set {tcmd, tncrq} of internal places of BUnit. Let c and p be the renaming
functions on multi-actions defined in terms of the partial place-fusion functions fc and
f p given above. Definitions 3.6.7 (Algebraic black-box semantics) on Page 88 and 3.6.4
(Algebraic system semantics) on Page 87 yield that

Mb[[BUnit]] = τI (M
s[[BUnit]]), (3.8.6)

with

M
s[[BUnit]] = λI

0(ρc(C
b[[BControl]]) ‖ ρp(C

b[[Processing]])). (3.8.7)

Since it may be assumed that BControl and Processing satisfy their specifications, the fol-
lowing equalities may be used.

Cb[[BControl]] = [[BControlspec]] and
Cb[[Processing]] = [[Processingspec]].

(3.8.8)

The following table shows some abbreviations that are used in the verification.
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Control
([cmd], [tcmd]) rcmd receive a command.
([tncrq], [ncrq]) sncrq send a new-command request.

Processing
([tcmd], [irq]) rqmat request material.
([imt], [tncrq]) imat input material.
([orq], [omt]) omat output material.

As in the previous section, where the Alternating-Bit Protocol has been verified, the ver-
ification of the modular net consists of three parts. In the first part, expressions are deter-
mined for the behavior of the components in the context of the modular net. In the second
part, the system behavior of the modular net is calculated. In the third part, internal con-
sumptions and productions are hidden. The results of the first part of the verification are
easily verified.

ρc(C
b[[BControl]]) = (rcmd · sncrq) ∗ δ and

ρp(C
b[[Processing]]) = (rqmat · imat · omat) ∗ δ.

(3.8.9)

In the second part of the verification, an expression is calculated for the system behavior
of BUnit. Let C and P be abbreviations of ρc(C

b[[BControl]]) and ρp(C
b[[Processing]]),

respectively. The following equations summarize some straightforward results. The su-
perscript I of the state operator, equal to {tcmd, tncrq}, is omitted.

λ0(C ‖ P) = rcmd · λ[tcmd](sncrq ·C ‖ P),

λ[tcmd](sncrq ·C ‖ P) = rqmat · imat · λ[tncrq](sncrq · C ‖ omat · P),
λ[tncrq](sncrq · C ‖ omat · P) =

sncrq · λ0(C ‖ omat · P) + omat · λ[tncrq](sncrq · C ‖ P),

λ0(C ‖ omat · P) = rcmd · omat · λ[tcmd](sncrq · C ‖ P) + omat · λ0(C ‖ P), and

λ[tncrq](sncrq · C ‖ P) = sncrq · λ0(C ‖ P).

(3.8.10)

The equations of Result 3.8.10 can be combined to derive a result for λ[tcmd](sncrq·C ‖P).
The reason for considering this expression instead of any of the others is that specification
BUnitspec given in Definition 3.8.1 on Page 112 shows that λ[tcmd](sncrq ·C ‖ P) should be
the beginning of an iteration.

λ[tcmd](sncrq · C ‖ P)
= { Result 3.8.10; repeated substitution }

rqmat · imat · ( sncrq · ( rcmd · omat · λ[tcmd](sncrq ·C ‖ P)
+ omat · rcmd · λ[tcmd](sncrq ·C ‖ P)
)

+ omat · sncrq · rcmd · λ[tcmd](sncrq · C ‖ P)
)

= { A4(2×) }
rqmat · imat · (sncrq · (rcmd · omat+ omat · rcmd)+ omat · sncrq · rcmd) ·

λ[tcmd](sncrq · C ‖ P)
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Applying RSP∗ yields the expected iteration.

λ[tcmd](sncrq · C ‖ P) =
(rqmat · imat ·(sncrq · (rcmd · omat+ omat · rcmd)+ omat · sncrq · rcmd)) ∗δ.

(3.8.11)

At this point, two approaches are possible. It follows from specification BUnitspec in Def-
inition 3.8.1 on Page 112 that several actions in the iteration occur in parallel. The above
result does not contain any concurrency. In one approach, this concurrent behavior is re-
constructed. In the other approach, this reconstruction is omitted. Both approaches have
advantages and disadvantages. Therefore, in the remainder, they are both explained.

The first approach is to reconstruct the parallelism. As mentioned, it can be derived
from specification BUnitspec in Definition 3.8.1 on Page 112 which actions should occur
in parallel. Consider the following derivation.

sncrq · (rcmd · omat+ omat · rcmd)+ omat · sncrq · rcmd
= { M2 (repeatedly) }

sncrq · (rcmd bb omat+ omat bb rcmd)+ omat bb sncrq · rcmd
= { M1 }

sncrq · (rcmd ‖ omat)+ omat bb sncrq · rcmd
= { M3 }

sncrq · rcmd bb omat+ omat bb sncrq · rcmd
= { M1 }

sncrq · rcmd ‖ omat

Combining this result with Result 3.8.11 yields that

λ[tcmd](sncrq · C ‖ P) = (rqmat · imat · (sncrq · rcmd ‖ omat)) ∗ δ. (3.8.12)

It follows from Result 3.8.7 and the first equation of Result 3.8.10 on the previous page
that

M
s[[BUnit]] = rcmd · λ[tcmd](sncrq · C ‖ P). (3.8.13)

Hence, Results 3.8.12 and 3.8.13 yield the following expression for the system behavior
of the basic unit.

Ms[[BUnit]] = rcmd · ((rqmat · imat · (sncrq · rcmd ‖ omat)) ∗ δ). (3.8.14)

The third part of the verification in the first approach consists of hiding the internal con-
sumptions and productions. Let I be equal to {tcmd, tncrq}.

τI (M
s[[BUnit]])

= { Substitution }
τI (rcmd · ((rqmat · imat · (sncrq · rcmd ‖ omat)) ∗δ))
= { TA1,4,5,TAM1 }
τI (rcmd) · ((τI(rqmat) · τI (imat) · (τI (sncrq) · τI (rcmd) ‖ τI (omat))) ∗ δ)
= { TA2 }
([cmd],0) · (((0, [irq]) · ([imt],0) · ((0, [ncrq]) · ([cmd],0) ‖ ([orq], [omt]))) ∗δ)
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Hence, it follows from Result 3.8.6 on Page 114 that

Mb[[BUnit]] = τI (M
s[[BUnit]]) =

([cmd],0) · (((0, [irq]) · ([imt],0) · ((0, [ncrq]) · ([cmd],0) ‖ ([orq], [omt]))) ∗δ).
(3.8.15)

Definitions 3.7.1 (Interpretation [[ ]]) on Page 90 and 3.8.1 (Specification BUnitspec) on
Page 112 give the following algebraic expression for BUnitspec.

[[BUnitspec]] =
([cmd],0) · (((0, [irq]) · ([imt],0) · ((0, [ncrq]) · ([cmd],0) ‖ ([orq], [omt]))) ∗δ).

(3.8.16)

Combining the last two results immediately yields the proof requirement of Property 3.8.5
on Page 114.

Mb[[BUnit]] = [[BUnitspec]]. (3.8.17)

The interesting aspect of the verifications in the first approach is that they contain concur-
rency. However, the approach has two disadvantages. First, it is up to the designer to rec-
ognize and reconstruct concurrent behavior. As the derivation above shows, the algebraic
axioms are applied from right to left, which is opposite to the usual direction. For com-
plex systems, the reconstruction of concurrency is often very tedious, even with the help
of the specification of the modular net. Second, it is also difficult to use tools to support
this approach. Tools for process-algebraic reasoning are often based on rewriting tech-
niques. Such tools have difficulties handling verifications in which axioms are applied in
both directions. An advantage of the approach is that the result for the system behavior
is a compact and intuitive expression. In addition, hiding the internal consumptions and
productions of the modular net is straightforward. In conclusion, the approach sketched
above is mainly suitable for proofs by hand and for relatively small systems with only little
concurrency.

In the second approach, the reconstruction of concurrent behavior in Result 3.8.11 on
the preceding page is omitted. It is not difficult to derive the following expression for the
system semantics of the basic unit (see Results 3.8.11 and 3.8.13).

Ms[[BUnit]] = rcmd ·
((rqmat · imat · (sncrq · (rcmd · omat+ omat · rcmd)+ omat · sncrq · rcmd)) ∗δ).

(3.8.18)

As before, the final step of the verification is to hide internal consumptions and produc-
tions. Recall that I is equal to {tcmd, tncrq}. The axioms for the abstraction operator yield
the following result.

τI (M
s[[BUnit]]) =

([cmd],0) · (( (0, [irq]) · ([imt],0) ·
((0, [ncrq]) ·
(([cmd],0) · ([orq], [omt])+ ([orq], [omt]) · ([cmd],0))

+ ([orq], [omt]) · (0, [ncrq]) · ([cmd],0)
)

) ∗ δ
).

(3.8.19)
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Instead of reconstructing the concurrent behavior in the above result, the parallelism in
the specification of the basic unit is eliminated. Recall Result 3.8.16 on the preceding
page. The parallel behavior can be eliminated from the expression for the specification of
BUnit by means of a few applications of the axioms for the merge operator. Essentially, the
derivation on Page 116 is repeated in reversed order. The result is an expression identical
to the one given in Result 3.8.19 on the previous page for the black-box behavior of BUnit.
Consequently, the same result is obtained as in the first approach (Result 3.8.17 on the
preceding page), satisfying the proof requirement of Property 3.8.5 on Page 114.

A disadvantage of the second approach is that the expression for the system behavior
is much larger and less intuitive than the expression derived in the first approach. Con-
sequently, the proof is less readable than in the first approach. A clear advantage of the
second approach is that it is more suitable for tool support and, hence, more suitable for
complex systems.

No matter what approach is taken, the verifications in this section show one of the
main weaknesses of the theory. The axiomatization of the causal state operator is such
that one is forced to compute every single action of the Petri net that is being verified. The
result is always an algebraic term containing only choices and sequential compositions.
Essentially, this term is nothing but the operational semantics of the P/T net. Since non-
trivial concurrent systems often contain thousands of states, in practice, it is impossible to
use the design method developed in this chapter without proper tool support.

Petri-net model of the components. It remains to complete the design of the compo-
nents of the basic unit. Figure 3.8.20 on the facing page shows two P/T-net components
modeling the control and processing parts of the unit. The meaning of the internal places
and the transitions is as follows.

BControl
rdy : ready to receive a command.
bsy : busy processing a command.

rcmd : receive a command.
sncrq : send a new-command request.

Processing
empty : no material present.
wfmt : waiting for material.
rmt : raw material.
pmt : processed material.

rqmat : request material.
imat : input material.
pmat : process material.
omat : output material.



3.8 Case Study: The Production Unit 119

cicmd
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rdy
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cincrq
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BControl
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pncrq
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pmatpimt
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wfmt omat

Processing
pcmd

rmt
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Figure 3.8.20: The control and processing components of the basic unit.

Verification of the P/T-net components. To prove the correctness of the components,
the following two equalities must be proven.

Cb[[BControl]] = [[BControlspec]] and
Cb[[Processing]] = [[Processingspec]].

(3.8.21)

The calculations are standard and, therefore, omitted. Note that component BControl is
identical – up to renaming of places and transitions – to the control component shown in
Figure 3.5.2 on Page 76.

Properties of a basic unit. At this point, it is time to return to the requirement that the
behavior of a series of basic units must be similar to the behavior of a single basic unit. It
must be determined what are the fundamental properties in the dynamic behavior of a ba-
sic unit. The most obvious one is related to the interface between the unit and the operator.
As mentioned earlier, the receipt of a command and the sending of a new-command re-
quest alternate. It is possible to prove this property formally. Hiding all consumptions and
productions of the basic unit except the consumption of a cmd token and the production
of a ncrq token shows that the unit satisfies behavior CN, which is defined as follows.

CN = (([cmd],0) · (0, [ncrq])) ∗δ. (3.8.22)

The calculations to prove that BUnit satisfies behavior CN are as follows. Let I be the set
{irq, imt,orq,omt}. The silent action (0,0) is written τ .

τI (M
b[[BUnit]])

= { Result 3.8.19 on Page 117; Axioms TA1–5 }
([cmd],0) · (( τ · τ · ( (0, [ncrq]) · (([cmd],0) · τ + τ · ([cmd],0))

+ τ · (0, [ncrq]) · ([cmd],0)
)

) ∗ δ
)

= { B1(2×) }
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([cmd],0) · (( τ · ( (0, [ncrq]) · (([cmd],0)+ τ · ([cmd],0))
+ τ · (0, [ncrq]) · ([cmd],0)
)

) ∗ δ
)

= { A6, B2, A6 }
([cmd],0) · ((τ · ((0, [ncrq]) · ([cmd],0)+ τ · (0, [ncrq]) · ([cmd],0))) ∗δ)
= { A6, B2, A6 }
([cmd],0) · ((τ · (0, [ncrq]) · ([cmd],0)) ∗ δ)

Summarizing,

τI (M
b[[BUnit]]) = ([cmd],0) · ((τ · (0, [ncrq]) · ([cmd],0)) ∗ δ). (3.8.23)

This is almost the desired result. For the final step in the proof, an auxiliary property is
needed. Let p and q be closed PAτ∗

δλ+RN terms such that p · q is a guard (see Defini-
tion 2.4.56 on Page 55).

p · ((τ · q · p) ∗ δ)
= { BKS1, A6 }

p · ((τ · q · p) · ((τ · q · p) ∗ δ))
= { A5 (repeatedly), B1 }
(p · q) · (p · ((τ · q · p) ∗ δ))

Hence, RSP∗ yields that

p · ((τ · q · p) ∗ δ) = (p · q) ∗ δ. (3.8.24)

Applying Property 3.8.24 to Result 3.8.23 yields the final result.

τI (M
b[[BUnit]]) = (([cmd],0) · (0, [ncrq])) ∗δ = CN. (3.8.25)

Another characteristic property of the basic unit is that, looking at the stream of material,
it behaves as a one-place buffer. Let I be the set {cmd,ncrq, irq,orq}. It is possible to
prove the following property.

τI (M
b[[BUnit]]) = τ · ((([imt],0) · (0, [omt])) ∗δ). (3.8.26)

Property 3.8.26 states that the basic unit after initialization, expressed by the silent action
τ , enters a cycle in which it alternates the input of material and the output of material.
The silent action represents the fact that the unit must receive a command before it can
receive input. As explained in Example 2.2.18 on Page 12, initial silent actions cannot be
removed in a semantics based on rooted branching bisimilarity. To prove Property 3.8.26,
an auxiliary result, Property 3.8.27 given below, is needed. Using this property, the proof
is not difficult. The details are left to the reader.

Let p and q be closed PAτ∗
δλ+RN terms such that p is a guard (see Definition 2.4.56

on Page 55).

q · ((τ · p) ∗ δ)
= { BKS1, A6 }
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q · ((τ · p) · ((τ · p) ∗ δ))
= { A5 (2×), B1 }

q · (p · ((τ · p) ∗ δ))
= { Property 3.8.28 (below) }

q · (p ∗ δ)

Hence,

q · ((τ · p) ∗ δ) = q · (p ∗ δ). (3.8.27)

The proof of Property 3.8.27 uses the following result.

p · ((τ · p) ∗ δ) = p ∗ δ, (3.8.28)

which is simply proven by applying RSP∗ to the result of the following derivation.

p · ((τ · p) ∗ δ)
= { BKS1, A6 }

p · ((τ · p) · ((τ · p) ∗ δ))
= { A5 (2×), B1 }

p · (p · ((τ · p) ∗ δ))

A final interesting property is that a basic unit can accept two commands before it must
produce output. That is, it behaves as a two-place buffer with respect to commands. Let
I be the set {ncrq, irq, imt,orq}. Using Property 3.8.27, it is straightforward to prove the
following result.

τI (M
b[[BUnit]]) = ([cmd],0) · ((([cmd],0) ‖ (0, [omt])) ∗δ). (3.8.29)

It is not difficult to see that the resulting behavior is indeed a two-place buffer. Prop-
erty 3.8.29 shows that the unit satisfies the requirement that it must be able to receive a
new command while it is still busy processing.

In conclusion, Properties 3.8.25, 3.8.26, and 3.8.29 characterize some essential aspects
of the interface behavior of a basic unit. They conform to the informal system require-
ments given on Page 111. In the next subsection, the three properties are used as a guid-
ance to specify some behavioral requirements for complex units.

3.8.3 Complex production units

Behavioral specification and Petri-net model. As explained in Section 3.8.1, it must
be possible to put basic units in series of arbitrary length. Such series of basic units are
called complex units. By means of complex units, it is possible to perform a series of
operations on one piece of input material. The basis of complex units is a generic control
component for two units in series. These two units may be basic units, but also complex
units which are themselves constructed by means of the control component.

As already mentioned, the above description is all that is known about the require-
ments for complex units. The problem is how to translate these requirements into a be-
havioral specification. Assume that the complex unit under development consists of two
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units called Unit1 and Unit2. The first unit consists of a series of K1 basic units, for some
natural number K1 at least one; the second unit consists of a series of K2 basic units, where
K2 is also a natural number at least one. This means that the complex unit being designed
consists of K basic units, where K = K1 + K2.

So far, always a complete specification of the behavior of the system under develop-
ment has been given. However, in this case, the system is more complex than before and
less is known about its desired behavior. On the other hand, based on the properties of
a basic unit given in the previous section, it is relatively straightforward to derive some
properties of complex units. In addition, it is not difficult to construct a modular P/T net
of a complex unit. Therefore, instead of giving a complete specification of the behavior
of complex units, a different approach is chosen. The starting point of the design process
is a modular P/T net and a set of behavioral properties that the net model must satisfy.

The requirement that it must be possible to use a complex unit in the construction of
other complex units means that the interface of complex units must be identical to the
interface of basic units. Figure 3.8.30 shows a modular P/T net called KUnit which models
a complex unit consisting of K basic units as described above. The idea is that a command
received by KUnit contains information for both Unit1 and Unit2. Component Control
forwards the command via places cmd1 and cmd2 to a unit as soon as it has received a new-
command request from the unit via one of the places ncrq1 or ncrq2. The input request of
Unit2 connected to place trq serves as the output request of Unit1. Material is transfered
between Unit1 and Unit2 via place tmt.

cmd ncrq

Control

tmt

Unit1 Unit2

imt

irq trq orq

omt

KUnit

cmd2cmd1

ncrq1 ncrq2

Figure 3.8.30: The modular net of a complex unit.

Note that the Petri net of Figure 3.8.30 is not a modular P/T net when Definition 3.5.1
on Page 75 is interpreted strictly. Even if Unit1 and Unit2 in Figure 3.8.30 are basic units
as depicted in Figure 3.8.2 on Page 113, the net models of Unit1 and Unit2 are modular
P/T nets themselves. Definition 3.5.1 does not allow modular P/T nets as components of
another modular P/T net. However, if Unit1 and Unit2 are replaced by their unfolding, the
result is a modular net in the strict sense of Definition 3.5.1. Recall that Theorem 3.5.14
on Page 80 shows that a modular P/T net and its unfolding have the same operational se-
mantics. This means that it is allowed to generalize modular P/T nets to P/T nets with
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multiple hierarchical levels, as is done in Figure 3.8.30.
The behavioral properties that the modular P/T net KUnit must satisfy are generaliza-

tions of Properties 3.8.25, 3.8.26, and 3.8.29 for basic units derived in the previous sub-
section. First, consider Property 3.8.25 on Page 120, stating that a basic unit alternates
commands and new-command requests. In order to be compatible with a basic unit, it is
clear that a complex unit must also satisfy this property. Second, consider Property 3.8.26
on Page 120. This property states that a basic unit behaves as a one-place buffer when
looking at the stream of material. Clearly, unit KUnit which consists of K basic units in
series should behave as a K -place buffer. Finally, Property 3.8.29 on Page 121 states that
a basic unit must be able to receive a second command before it produces an output. That
is, it behaves as a two-place buffer with respect to commands. This property shows that a
basic unit does not have to wait for commands unnecessarily. Since the second command
in each basic unit is only stored and not actually processed, it is sufficient to require that
KUnit behaves as a (K + 1)-place buffer with respect to commands. In this way, no basic
unit in the series has to wait unnecessarily.

In an ideal situation, the behavioral specification and verification of the modular net
KUnit would be performed for arbitrary K . However, the current theory is not yet de-
veloped far enough to allow parameterized verifications. To allow such verifications, it is
necessary to incorporate data in the theory of this chapter. An example of a process alge-
bra with data types is µCRL (GROOTE AND PONSE, 1994). The process algebra µCRL
contains induction principles that would allow us to verify the behavior of a complex unit
for arbitrary K . The reason that the theory in this chapter has not yet been extended with
data types and induction principles is that one important problem is still unsolved. It is not
yet clear how to axiomatize the interaction between the causal state operator and the sum
operator of µCRL. The sum operator of µCRL allows the specification of choices over
infinite data domains. This operator is crucial in the verification of properties concerning,
for example, natural numbers.

Since it is not clear how to include data types and induction principles in the theory,
the goal to verify the behavior of the complex unit for arbitrary K is abandoned. Instead,
the aim becomes to verify the behavior for a concrete value of K . The verification of the
modular net 2Unit, meaning that K equals two and the two units Unit1 and Unit2 are both
basic units, seems to be a reasonable starting point.

The first step in the verification of 2Unit is to precisely specify the three behavioral re-
quirements explained above. The expected behaviors are specified using the simple spec-
ification language introduced in Section 3.7.1. The alternation of commands and new-
command requests is specified as follows.

CNspec = (cmd? · ncrq!) ∗ δ. (3.8.31)

Modular net 2Unit must behave as a two-place buffer with respect to the stream of mate-
rial. Similar to the basic unit (see Property 3.8.26 on Page 120), 2Unit starts with perform-
ing some internal activity. The following specification defines the required input/output
buffer behavior.

IOspec = τ · imt? · ((imt? ‖ omt!) ∗ δ). (3.8.32)
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The final requirement, concerning the number of commands that 2Unit must be able to
receive before any output is produced, is specified as follows. The requirement is defined
as a set of specifications corresponding to a three-place buffer. It is not possible to define
a three-place buffer by a single specification.

CMspec= cmd? · CM1,

CM1 = cmd? · CM2 + omt! · CMspec,

CM2 = cmd? · CM3 + omt! · CM1, and
CM3 = omt! ·CM2.

(3.8.33)

Behavioral specification of component Control. Before it is possible to analyze the
behavior of the modular net 2Unit of Figure 3.8.30 on Page 122, the behavior of the control
component must be specified.

The interface of the P/T-net component Control contains the following pins. The map-
ping fc connects pins of Control to places of the modular net 2Unit.

j ∈ {1,2} fc

ccmd : input commands cmd
ccmd j : output commands to unit j cmd j

cncrq : new-command requests to the environment ncrq
cncrq j : new-command requests from unit j ncrq j

The behavior of the generic control component is now specified as follows.

Controlspec = ccmd? | ccmd1! ·
(((ccmd2! ‖ cncrq1? | cncrq!) · (ccmd? | ccmd1! ‖ cncrq2?)) ∗ δ).

(3.8.34)

This specification deserves a few words of explanation. Assume the production unit con-
taining the control component has been running for some time. Furthermore, assume that
the control component is in a state where it has forwarded the last command it received
to the first unit, but not yet to the second unit. It has not yet received a new-command re-
quest from the first unit. The second unit is ready to receive a new command. Note that the
command expected by the second unit is the one that the first unit is already processing.

In terms of the above specification, the control component is at the beginning of its
main iteration. The main iteration consists of two phases. In the first phase, it can do two
things in parallel. First, it can forward the command to the second unit. Second, it can
receive a new-command request from the first unit. The new-command request is imme-
diately forwarded to the environment to minimize delays. If both actions are completed,
it enters the second phase of its main iteration. At the beginning of this second phase, it
is ready to receive a new command. In addition, it may expect a new-command request
from the second unit. These two actions can occur in parallel. If a command is received, it
is forwarded immediately to the first unit, because this unit has already indicated that it is
ready to receive a command. In addition, it is stored internally so that it can be forwarded
to the second unit when it is ready. If a new-command request from the second unit is
received, this indicates that the unit has started processing and is ready to receive its next
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command. The control component does not have to forward the new-command request
to the environment, because it has already requested a new command in the first phase of
the iteration. If both a new command and a new-command request from the second unit
have been received, the control component is again in the initial state of the iteration as
described above.

It remains to explain how the component arrives in the initial state of its iteration. The
first time that it is in this state is when the first command has been received and forwarded
to the first unit. This explains the initial action in the above specification.

At this point, the next steps would normally be the simulation and verification of the
modular net 2Unit. However, as explained in Section 3.7.2, simulation of incomplete
modular nets as 2Unit is not possible with current tools. Nevertheless, the complexity
of the design problem is such that simulation would be a helpful tool in testing the speci-
fication of the control component. The verification of the complex unit is a tedious task.
It would be a waste of effort if any mistakes are overlooked.

In order to use simulation, it is necessary to complete the modular net 2Unit. Two
out of three components, namely the units, have already been designed and verified. This
means that, to complete 2Unit, it is only necessary to design a P/T-net component model-
ing the generic control component. Compared to the verification of the behavior of 2Unit,
this is a relatively straightforward task.

Therefore, the following approach is chosen. First, a net model of the control compo-
nent is defined. Second, the complete modular net is simulated to test both the behavior of
the control component and the behavior of the complete complex unit. Third, the control
component is verified against its specification. It is useful to perform this step before the
verification of the modular net 2Unit to guarantee that the simulation results are reliable.
Obviously, they are not reliable if the verification shows that the control component used
in the simulation does not satisfy its specification. Finally, the behavior of the complete
unit is verified.

Petri-net model of component Control. Figure 3.8.35 on the following page shows a
P/T-net component modeling the generic control component. The meaning of the internal
places and the transitions is as follows.

j ∈ {1,2}
cw : a command waiting for unit 2.
ncw : no command is waiting.
rdy j : unit j is ready to receive a command.
bsy j : unit j is busy.
rn j : the control component is expecting to receive a

new-command request from unit j .

rcmd : receive a command and forward it to unit 1.
fcmd : forward a command to unit 2.
pncrq j : process a new-command request from unit j .
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rcmd

Control
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Figure 3.8.35: The control component of a complex unit.

Given the informal explanation of the specification of the control component in the previ-
ous paragraph, the net of Figure 3.8.35 should not be too hard to understand. The internal
places of the component can be divided into four pairs. The pair cw and ncw guarantees
that the firing of transitions rcmd and fcmd alternates. The token in ncw means that rcmd
is the first transition to be fired. For j in {1,2}, the pairs rdy j and bsy j make sure that for-
warding a command to unit j and receiving a new-command request from unit j alternate.
Finally, the pair rn1 and rn2 plays a similar role for transitions pncrq1 and pncrq2. It is easy
to check that these properties conform to specification Controlspec (see Definition 3.8.34
on Page 124).

Simulation. It has already been explained that simulation of Petri nets is beyond the
scope of this thesis. However, it should be mentioned that simulation proved to be a useful
aid in the design process for complex production units. A colored version of the modular
net 2Unit has been implemented and simulated in the tool ExSpect. Figure 3.8.36 on the
next page shows a snapshot of a simulation session in ExSpect.

The two center windows show the ExSpect models of 2Unit and component Control.
The marking of the control component shows that both basic units are busy processing.
The control component has a command available for the second unit and it is waiting for
its new-command request. The clock in the upper-left corner shows that the simulation
time is 2.3 seconds. The other four windows each show a list of tokens for one particular
place. Such a list contains all tokens that have been or still are present in the place. The
list for imt shows that the unit has received three pieces of input material; the last piece
of material is still being processed in Unit1. The list for omt shows that it has only
produced one output. This means that the input/output behavior is at least a two-place
buffer, which is consistent with the specification in Definition 3.8.32 on Page 123. The list
for cmd1 shows that the unit has received four commands. The last one is still available in
place cmd1, waiting to be received by Unit1. Since the unit has only produced a single
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Figure 3.8.36: A snapshot of a simulation session.

output so far, this state is consistent with specification CMspec (see Definition 3.8.33 on
Page 124). When continuing the simulation, the first external action of the complex unit
is an output action, as may be expected from the specifications in Definitions 3.8.32 and
3.8.33.

The brief explanation of a simulation session given in this paragraph shows only a frac-
tion of the possibilities of the tool ExSpect to support the design, simulation, and analysis
of (colored) Petri nets. A good introduction to ExSpect showing its application to a non-
trivial application can be found in (BASTEN, BOL, AND VOORHOEVE, 1995). The reader
interested in more details is referred to (ASPT, 1994).

In conclusion, the simulation sessions for the production unit were helpful in optimiz-
ing the design and correcting small mistakes in the early design process. They did not
provide any results contradicting the behavioral requirements of the modular net 2Unit as
specified in Definitions 3.8.31, 3.8.32, and 3.8.33. In addition to simulations for 2Unit,
also some simulations of three units in series were done, testing 2Unit and the generic
component Control in the context of a larger complex unit. The results of these simula-
tion sessions also conformed to the specifications.

Verification of component Control. The next step is to verify the control component
against its specification Controlspec, given in Definition 3.8.34 on Page 124. The complex-
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ity of the verification of the control component is about the same as the complexity of the
verifications of other P/T-net components earlier in this chapter. Hence, the calculations
are omitted. It suffices to say that component Control satisfies its specification.

Cb[[Control]] = [[Controlspec]] = ([ccmd], [ccmd1]) ·
(( ((0, [ccmd2]) ‖ ([cncrq1], [cncrq])) · (([ccmd], [ccmd1]) ‖ ([cncrq2],0)) ) ∗δ).

(3.8.37)

Verification of modular net 2Unit. The final step of the design process is the verifica-
tion of the behavior of the modular net 2Unit. Modular net 2Unit is an instantiation of
the modular net KUnit shown in Figure 3.8.30 on Page 122 where both Unit1 and Unit2

are basic units. The goal is to show that 2Unit satisfies the behavioral requirements given
in Definitions 3.8.31 and 3.8.32 on Page 123 and 3.8.33 on Page 124. For this purpose,
first, the black-box behaviorMb[[2Unit]] is calculated. Second, by hiding the appropriate
consumptions and productions, the three properties are verified. The computation of the
black-box behavior is as usual separated into three parts.

The algebraic representation of the black-box behavior of 2Unit is as follows. Let I be
the set of internal places of 2Unit (see Figure 3.8.30 on Page 122). Let fc, fo , and ft be the
mappings that connect pins of Control, Unit1, and Unit2 to places of 2Unit, respectively.
They can be easily derived from Figures 3.8.35 on Page 126, 3.8.2 on Page 113, and 3.8.30
on Page 122. Let c, o, and t be renaming functions on multi-actions defined in terms of
mappings fc, fo , and ft .

Mb[[2Unit]] = τI (M
s[[2Unit]]) =

τI (λ
I
0(ρc(C

b[[Control]]) ‖ ρo(M
b[[Unit1]]) ‖ ρt(M

b[[Unit2]]))).
(3.8.38)

As explained on Page 122, Unit1 and Unit2 are modular nets. Hence, their black-box be-
havior in the above expression is given by the semantic function Mb[[ ]]. It should be
clear that this generalization of Definition 3.6.4 (Algebraic system semantics) on Page 87
is sound.

Verification, Part 1. In the first step of the verification, the behavior of the components
of 2Unit in the context of the modular net is determined. That is, consumptions and pro-
ductions of components are renamed according to the place-fusion function. The calcula-
tions are straightforward and, therefore, omitted. Recall that Result 3.8.37 contains an al-
gebraic expression for Cb[[Control]], the black-box behavior of component Control. Since
Unit1 and Unit2 are basic units, their black-box behavior,Mb[[Unit1]] andMb[[Unit2]], is
defined by the expression in Result 3.8.15 on Page 117. The results of the first part of the
verification are as follows. Table 3.8.40 on the next page explains the abbreviations of
actions used in the expressions.

ρc(C
b[[Control]]) = rcmd · (((fcmd ‖ pncrq1) · (rcmd ‖ pncrq2))

∗ δ),
ρo(M

b[[Unit1]]) = rcmd1 · ((rqmat1 · imat1 · (sncrq1 · rcmd1 ‖ omat1))
∗ δ), and

ρt(M
b[[Unit2]]) = rcmd2 · ((rqmat2 · imat2 · (sncrq2 · rcmd2 ‖ omat2))

∗ δ).

(3.8.39)
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Control
([cmd], [cmd1]) rcmd receive a command and forward it to unit 1.
(0, [cmd2]) fcmd forward a command to unit 2.
([ncrq1], [ncrq]) pncrq1 process a new-command request from unit 1.
([ncrq2],0) pncrq2 process a new-command request from unit 2.

Units
j ∈ {1,2}
([cmdj ],0) rcmd j unit j receives a command.
(0, [ncrq j ]) sncrq j unit j sends a new-command request.
(0, [irq]) rqmat1 unit 1 requests material.
(0, [trq]) rqmat2 unit 2 requests material.
([imt],0) imat1 unit 1 receives material.
([tmt],0) imat2 unit 2 receives material.
([trq], [tmt]) omat1 unit 1 outputs material.
([orq], [omt]) omat2 unit 2 outputs material.

Table 3.8.40: Abbreviations of actions of the modular net 2Unit.

Verification, Part 2. In the second part of the verification, the system behavior of 2Unit,
Ms[[2Unit]], is calculated. As the calculations for the ABP in Section 3.7.3 show, this part
of the verification is tedious and may take many pages of calculations. However, once
one is familiar with the theory, the basic steps are not very complicated. Therefore, the
calculations are not given in detail. Instead, Figure 3.8.41 on the following page shows
the operational semantics ofMs[[2Unit]].

The process has 89 states numbered 0 through 88. In the remainder, these states are
referred to as X0 through X88. Recall that process states in the operational semantics of
algebraic terms are terms themselves. The initial state X0 is equal toMs[[2Unit]].

For the sake of clarity, most labels of transitions have been omitted. The figure should
be interpreted in such a way that opposite transitions in a diamond or a cube all carry the
same label. For example, transitions (X1, X2), (X3, X5), (X6, X9), and (X10, X14) are all
labeled rcmd1. In the bottom part of the figure, all downward arrows are labeled omat2.

Process Ms[[2Unit]] is a recursive process. In Figure 3.8.41, process states with the
same number should be identified. The dashed part of the figure is a repetition of the initial
part of the process.

As already mentioned, the computation of the actions of 2Unit is not the most diffi-
cult part of the verification. A typical intermediate result of the verification is as follows.
Let C,U1, and U2 be abbreviations for the expressions characterizing the main loops of
the control component, unit one, and unit two, respectively (see also the expressions in
Result 3.8.39 on the preceding page).

C = ((fcmd ‖ pncrq1) · (rcmd ‖ pncrq2))
∗δ and

Uj = (rqmat j · imat j · (sncrq j · rcmd j ‖ omat j ))
∗δ, for j ∈ {1,2}.

(3.8.42)

Using these abbreviations, the following expression describing, for example, state X46 can
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be derived.

X46 = rqmat1 · X50 + pncrq2 · X51 + omat2 · X83, (3.8.43)

with

X46 = λ[ncrq2](pncrq2 · C ‖U1 ‖ (rcmd2 ‖ omat2) ·U2),

X50 = λ[ncrq2](pncrq2 · C
‖imat1 · (sncrq1 · rcmd1 ‖ omat1) ·U1

‖(rcmd2 ‖ omat2) ·U2

) ,

X51 = λ0(C ‖U1 ‖ (rcmd2 ‖ omat2) ·U2), and
X83 = λ[ncrq2](pncrq2 · C ‖U1 ‖ rcmd2 ·U2).

(3.8.44)

The superscript of the causal state operator is omitted.
Since the algebraic terms characterizing the states of process 2Unit all look similar, the

complicated part in the calculations is to keep track of all the different states. In addition,
one has to recognize states of which the outgoing actions are already calculated. Although
this appears to be relatively simple, it would be really helpful to have tool support for these
bookkeeping tasks.

As already mentioned, process Ms[[2Unit]] is recursive. However, it is not iterative.
That is, it cannot be expressed in terms of the binary Kleene star. Consequently, the result
of the second part of the verification is a set of 89 equations all similar to the one given
above for X46.

Verification, Part 3. The third part of the verification consists of hiding the internal con-
sumptions and productions in the system behavior of 2Unit. Also in this part of the ver-
ification, only a few typical steps in the calculations are given. Let I be the set of inter-
nal places of 2Unit, {cmd1, cmd2,ncrq1, ncrq2, trq, tmt}. Let Tj , where 0 ≤ j ≤ 88, be
an abbreviation of τI (X j). It follows from Result 3.8.38 on Page 128 that T0 defines the
black-box behavior of 2Unit.

T0 = τI (X0) = τI (M
s[[2Unit]]) =Mb[[2Unit]]. (3.8.45)

Consider the list of actions of 2Unit given in Table 3.8.40 on Page 129. It is not difficult
to see that τI (rcmd]) = ([cmd],0), τI (pncrq1) = (0, [ncrq]), τI (rqmat1) = (0, [irq]),
τI (imat1) = ([imt],0), and τI (omat2) = omat2 = ([orq], [omt]). For all other actions a
of 2Unit, τI (a) = (0,0), which, as usual, is written τ .

The equations for X0 through X88 only contain the choice and sequential-composition
operators. Hence, since the abstraction operator τI distributes over these two operators,
the actual abstraction of internal consumptions and productions, yielding a set of equa-
tions for T0 through T88, is simple and, therefore, omitted. The tedious part in this step
of the verification is the reduction of the set of equations for T0 through T88. Consider
the following subset of the equations that are obtained when hiding the internal consump-
tions and productions. Actions ([cmd],0) and (0, [irq]) are abbreviated rcmd and rqmat,
respectively.
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T0 = rcmd · T1,

T1 = τ · T2 + τ · T3,

T2 = rqmat · T4 + τ · T5,

T3 = τ · T5 + τ · T6,

T5 = rqmat · T8 + τ · T9,

T6 = τ · T9 + τ · T10,

T9 = rqmat · T13 + τ · T14, and
T10 = τ · T14.

(3.8.46)

The top part of Figure 3.8.47 on the facing page shows the corresponding fragment of the
operational semantics for T0 (see also Figure 3.8.41 on Page 130).

The calculations below show how to reduce the set of equations given in Result 3.8.46.
To clarify the reduction, each step is visualized in Figure 3.8.47 on the next page. The
idea is to start the reduction in a state in which only a single action can be performed. An
example of such a state is T10. State T10 corresponds to a “corner” in Figure 3.8.41 on
Page 130. Let a be an arbitrary action in A, where A is the set of multi-actions defined in
Definition 3.3.7 on Page 63.

a · T10
3.8.46= a · τ · T14

B1= a · T14. (3.8.48)

Informally, Result 3.8.48 says that states T10 and T14 are equivalent. The initial action a
is needed to guarantee that the root condition is satisfied (see Section 2.2.3).

The set of equations in Result 3.8.46 can now be reduced as follows. The equations
for T6 and T10 are removed from the set; the equation for T6, which contains an occurrence
of T10 in its right-hand side, is replaced by a new equation given below, which is a direct
consequence of Result 3.8.48. The equation for T10 is no longer needed because T10 does
not appear anymore on the right-hand side of any of the equations for T0 through T88.

T6 = τ · T9 + τ · T14. (3.8.49)

In Figure 3.8.47 on the next page, the consequence of Result 3.8.48 is that the transition
T6

τ−→ T10 changes into a transition T6
τ−→ T14. As a consequence, state T10 is no longer

reachable from the initial state T0.
The following derivation shows that state T6 is equivalent to state T9. It uses the new

equation derived for T6.

a · T6
3.8.49= a · (τ · T9 + τ · T14)

3.8.46= a · (τ · (rqmat · T13 + τ · T14)+ τ · T14)
B2= a · (rqmat · T13 + τ · T14)

3.8.46= a · T9.

(3.8.50)

The set of equations in Result 3.8.46 can now be further reduced. The equation for T3 is
replaced by a new equation given below. The equation for T6, which was added in the
previous reduction step (Result 3.8.49), may be removed from the set again. Note that,
when also considering equations not given in Result 3.8.46, the equation for T57 must be
replaced before the equation for T6 may be removed (see also Figure 3.8.47 on the facing
page).

T3 = τ · T5 + τ · T9. (3.8.51)
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The following step is similar to the previous one.

a · T3
3.8.51= a · (τ · T5 + τ · T9)
3.8.46= a · (τ · (rqmat · T8 + τ · T9)+ τ · T9)

B2,3.8.46= a · T5.

(3.8.52)

This result leads to the following new equation, replacing the one for T1 in Result 3.8.46
on Page 132. The equation for T3 given in Result 3.8.51 also on Page 132 can be removed.

T1 = τ · T2 + τ · T5. (3.8.53)

The final step is as follows.

a · T1
3.8.53= a · (τ · T2 + τ · T5)
3.8.46= a · (τ · (rqmat · T4 + τ · T5)+ τ · T5)

B2,3.8.46= a · T2.

(3.8.54)

This last result leads to a new equation for the initial state T0. The equation for T1 added in
the previous step is removed. Summarizing all reductions of the equations in Result 3.8.46
on Page 132 yields the following set of equations.

T0 = rcmd · T2,

T2 = rqmat · T4 + τ · T5,

T5 = rqmat · T8 + τ · T9, and
T9 = rqmat · T13 + τ · T14.

(3.8.55)

In terms of the operational semantics for T0 given in Figure 3.8.47 on the preceding page,
the reduction amounts to collapsing the entire rectangle between T1, T2, T10, and T14 into
the line from T2 to T14. Considering Figure 3.8.41 on Page 130 shows that all the silent
actions removed in the reduction were the result from one action in the system behavior
of 2Unit, namely rcmd1.

As the calculations above show, the reduction of the 89 equations for T0 through T88

is not very complicated. Only the bookkeeping is tedious. Essentially, one just collapses
rectangles of silent actions as done above until only visible actions remain. The final result
of the reduction process is the following set of equations. Together, they characterize the
black-box behavior of the modular P/T net 2Unit (see also Result 3.8.45 on Page 131).

M
b[[2Unit]] = T0 = ([cmd],0) · T14,

T14 = (0, [irq]) · T18,

T18 = ([imt],0) · T36,

T36 = (0, [ncrq]) · T43 + ([orq], [omt]) · (0, [ncrq]) · T0,

T43 = ([cmd],0) · T61 + ([orq], [omt]) · T0,

T61 = (0, [irq]) · T64 + ([orq], [omt]) · T14,

T64 = ([imt],0) · T69 + ([orq], [omt]) · T18,

T69 = (0, [ncrq]) · T71 + ([orq], [omt]) · T36, and
T71 = ([cmd],0) · ([orq], [omt]) · T61 + ([orq], [omt]) · T43.

(3.8.56)
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Properties of modular net 2Unit. The final part of the verification consists of verifying
that the black-box behavior of 2Unit given in Result 3.8.56 on the preceding page satisfies
the behavioral requirements specified in Definitions 3.8.31 and 3.8.32 on Page 123 and
3.8.33 on Page 124. That is, the following three properties have to be verified.

τI (M
b[[2Unit]]) = [[CNspec]], (3.8.57)

where I is the set {irq, imt,orq,omt}.
τI (M

b[[2Unit]]) = [[IOspec]], (3.8.58)

where I is the set {cmd,ncrq, irq,orq}.
τI (M

b[[2Unit]]) = [[CMspec]], (3.8.59)

where I is the set {ncrq, irq, imt,orq}.
The proofs of all three properties are very similar. As an example, the proof of Prop-

erty 3.8.59 is given in some detail. The proofs of Properties 3.8.57 and 3.8.58 are left to
the reader. Essentially, the steps in the proof of Property 3.8.59 are the same as the steps
in the computation of the black-box behavior of 2Unit from its system behavior in the
previous paragraph.

The first step is to hide the appropriate actions in the equations of Result 3.8.56 on
the facing page. Let Bj , for j ∈ {0,14,18,36,43,61, 64, 69,71}, be an abbreviation of
τI (Tj ). Consequently,

B0 = τI (T0) = τI (M
b[[2Unit]]). (3.8.60)

Using the axioms of the abstraction operator, the following set of equations for B0 is ob-
tained from the equations in Result 3.8.56. Let rcmd and omat be abbreviations of ([cmd],
0) and (0, [omt]), respectively.

B0 = rcmd · B14,

B14 = τ · B18,

B18 = τ · B36,

B36 = τ · B43 + omat · τ · B0,

B43 = rcmd · B61 + omat · B0,

B61 = τ · B64 + omat · B14,

B64 = τ · B69 + omat · B18,

B69 = τ · B71 + omat · B36, and
B71 = rcmd · omat · B61 + omat · B43.

(3.8.61)

The second step is to remove silent actions and reduce the set of equations. By means of
Axiom B1 and repeated substitution, the followingreduction can be obtained. For the sake
of convenience, equations that have changed in comparison to Result 3.8.61 are marked
by an asterisk.

∗ B0 = rcmd · B36,

∗ B36 = τ · B43 + omat · B0,

B43 = rcmd · B61 + omat · B0,

∗ B61 = τ · B64 + omat · B36,

∗ B64 = τ · B69 + omat · B36,

(3.8.62)
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B69 = τ · B71 + omat · B36, and
B71 = rcmd · omat · B61 + omat · B43.

(3.8.62) ctd.

In the third step, Axiom B2 is used to obtain a further reduction. Let a be an arbitrary
action in A. By means of derivations similar to the ones in the previous paragraph, the
following results can be proved.

a · B36 = a · B43 and
a · B61 = a · B64 = a · B69.

(3.8.63)

Repeated substitution yields the following reduction of the equations in Result 3.8.62.

∗ B0 = rcmd · B43,

∗ B43 = rcmd · B69 + omat · B0,

∗ B69 = τ · B71 + omat · B43, and
∗ B71 = rcmd · omat · B69 + omat · B43.

(3.8.64)

Applying Axiom B2 again yields the following equation.

a · B69 = a · B71, (3.8.65)

This last result leads to the final reduction.

B0 = rcmd · B43,

∗ B43 = rcmd · B71 + omat · B0, and
∗ B71 = rcmd · omat · B71 + omat · B43.

(3.8.66)

Definitions 3.7.1 (Interpretation [[ ]]) on Page 90 and 3.8.33 (Specification CMspec) on
Page 124 plus substitution yield the following algebraic interpretation of CMspec.

[[CMspec]] = rcmd · [[CM1]],
[[CM1]] = rcmd · [[CM2]]+ omat · [[CMspec]], and
[[CM2]] = rcmd · omat · [[CM2]]+ omat · [[CM1]].

(3.8.67)

The result of the verifications so far are two sets of identical recursive equations (Re-
sults 3.8.66 and 3.8.67). Assuming that this leads to equation

B0 = [[CMspec]], (3.8.68)

Property 3.8.59 on the previous page, which is the one to be proven, follows immediately
from Result 3.8.60 also on the previous page.

However, one has to be careful with conclusions such as the one in Property 3.8.68.
So far, recursive equations have always had a solution in terms of the binary Kleene star,
meaning that they describe some sort of iteration. The recursion principle RSP∗ is used
to get such solutions of recursive equations in terms of the Kleene star. However, the two
sets of equations in Results 3.8.66 and 3.8.67 do not describe simple iterations. They do
not have solutions in terms of the binary Kleene star. In the current framework, it is not
formalized what solutions the above two sets of equations have. They might, for exam-
ple, have two different solutions, in which case it is not allowed to draw the conclusion in
Property 3.8.68. In order to prove anything about the solutions of the recursive equations
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in Results 3.8.66 and 3.8.67, it is necessary to extend the theory developed so far with gen-
eral recursion as treated in (BAETEN AND VERHOEF, 1995; BAETEN AND WEIJLAND,
1990). However, it goes beyond the scope of this thesis to go into details. To prove Prop-
erty 3.8.68, the Recursive Specification Principle (RSP) is needed. Principle RSP has al-
ready been mentioned in Section 2.4.5. It is a generalization of RSP∗ stating that (guarded)
recursive equations have a unique solution. Assuming RSP, Property 3.8.68 on the pre-
ceding page follows immediately, completing the proof of Property 3.8.59 on Page 135.

The proofs of Properties 3.8.57 and 3.8.58 on Page 135 are very similar to the proof
of Property 3.8.59, except that RSP∗ is used instead of RSP.

Concluding remarks. In this subsection, a generic control component has been devel-
oped which can be used to concatenate basic units as developed in Section 3.8.2 into se-
ries of arbitrary length, called complex units. Instead of verifying the complete behavior
of such complex units against a specification, three behavioral requirements for complex
units have been derived from the behavior of basic units. It has been shown that the com-
plex unit consisting of two basic units in series, modeled by the modular P/T net 2Unit
of Figure 3.8.30 on Page 122, satisfies these behavioral requirements. Simulations for a
complex unit consisting of three basic units in series have not revealed any results con-
tradicting the behavioral requirements for such a complex unit. The verification of the
requirements for complex units of arbitrary length remains future work. Such a verifica-
tion is only possible with proper tool support and if the theory developed in this chapter
is extended with data.

As mentioned in the introduction, the production unit developed in this section is a
simplified version of the production unit in the real case. In this section, it has been as-
sumed that no processing errors can occur. In reality this is not the case. When processing
errors are taken into account, the number of states of the net model of the production unit
becomes so large that verification by hand is almost impossible. This confirms the con-
clusion that tools are needed to support verifications of real-world concurrent systems.

In the real case, it was also required that units could be placed in parallel. To satisfy
this requirement, a second control component is needed. Assuming that no processing er-
rors can occur, the complexity of the design process for this component is the same as the
complexity of the design process for the control component for units in series. Verifying
complex units combining both units in series and in parallel is not possible without tool
support. When processing errors are taken into account, the complexity of the verifica-
tions increases even further.

3.9 Conclusions

Concluding remarks. In this chapter, a method for the compositional design of con-
current systems and an accompanying formalism combining Petri nets and process alge-
bra have been developed. Section 3.2 has briefly introduced the design method. In Sec-
tions 3.3 through 3.6 the theoretical foundations have been given. To validate the method
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and the underlying theory, two case studies were performed. The results have been given
in Sections 3.7 and 3.8.

The design method of Section 3.2 focuses on the correct design of the communication
behavior of concurrent systems. For this purpose, it combines four activities: behavioral
specification, Petri-net modeling, simulation, and algebraic verification. The goal is to
structure the design process and improve the understanding of the concurrent system un-
der development. The method is not meant for data-oriented applications with only little
communication between components of the concurrent system.

The basis of the theory underlying the design method is the notion of modular P/T
nets introduced in Section 3.5. A modular P/T net is a simple form of hierarchical Petri
net with only two hierarchical levels. The building blocks of modular P/T nets are the
so-called P/T-net components, as defined in Section 3.3. In Section 3.4, two algebraic
semantics for P/T-net components have been given, describing their glass-box and black-
box behavior, respectively. It has been shown that these semantics are consistent with the
usual (interleaving) semantics for P/T nets. In Section 3.6, three algebraic semantics for
modular P/T nets have been given. These semantics describe the glass-box behavior, sys-
tem behavior, and black-box behavior of modular P/T nets, respectively. They are defined
in terms of the algebraic semantics for P/T-net components. Hence, they are truly compo-
sitional. As for P/T-net components, it is shown that the algebraic semantics for modular
P/T nets conform to the standard semantics for P/T nets.

As already mentioned, the method of this chapter has been applied to two case studies.
The first case study is the design and verification of the Alternating-Bit Protocol. Since the
ABP is a simple, well-understood protocol, it serves well to illustrate the new method and
the underlying formalism. The case study shows that the design method satisfies its goals.
It provides convenient ways to structure the design process. In addition, the combination
of a Petri-net model and process-algebraic verifications provides a deep insight in all de-
tails of the protocol. However, the verification of the ABP shows also that the algebraic
calculations are tedious. The question arises whether the formalism can be applied to the
development of systems more complex than the ABP. Note that the design method of Sec-
tion 3.2 is more or less independent of the specific formalism chosen for the verifications.
The formalism can be adapted without having to change the design method.

The second case study describes the design of a production unit. Contrary to the ABP,
the design problem is not trivial. The case study confirms that the design method is useful
in structuring the design process, particularly, if it is applied in a flexible way. The de-
sign method is a means to arrive at a correct system, not a goal in itself. Unfortunately,
the case study also confirms that the verifications are tedious. The axiomatization of the
causal state operator forces the designer to calculate each single action that the system
under development can perform. The verifications of the production unit show that, for
complex concurrent systems, this is not possible without proper tool support. In addition,
the case study shows that it would be useful to integrate data in the theory in the style of
the process algebra µCRL (GROOTE AND PONSE, 1994). Such an extension allows pa-
rameterized and inductive verifications, making it possible to verify properties of many
variations of a system in one verification.
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Future work. The experience so far with the method of this chapter shows that at least
two extensions are needed before it will become useful in the design of real-world con-
current systems. The first one is tool support. The second one is the integration of data
in the underlying theory. Only if both extensions are realized, the method may be able
to compete with other verification methods for concurrent systems, such as model check-
ing techniques. Particularly the possibility of parameterized and inductive verifications
would be an advantage over model checking. A preliminary study into the possibilities for
tool support for equational reasoning by means of the generic proof system PVS (OWRE

ET AL., 1995) can be found in (BASTEN AND HOOMAN, 1998). This study shows that, in
principle, it is feasible to develop automated proof support for large equational verifica-
tions. However, at the time of doing the research described in (BASTEN AND HOOMAN,
1998), a bug in the type system of PVS prevented extensive experiments with the theory
described in this chapter. The extension of the theory with data remains an open problem.
It is not yet clear how to axiomatize the interaction between the causal state operator and
the sum operator of µCRL. The sum operator is crucial in reasoning about infinite data
types, such as the natural numbers.

Other useful extensions of the theory are possible. However, they are not as crucial
as the ones mentioned above. A standard way to alleviate the state explosion in the ver-
ification of systems with concurrent behavior is the use of priorities. Such an extension
would not only simplify verifications, but it would also increase the modeling power of
the formalism.

Another extension could be the incorporation of the weak-sequential-composition op-
erator of (RENSINK AND WEHRHEIM, 1994) in the theory. Weak sequential composi-
tion is a process-algebraic operator lying in between the sequential-composition operator
and the merge operator. It is parameterized with a dependency relation on actions. If two
processes are composed by means of a weak sequential composition, independent actions
may occur concurrently, whereas dependent actions must happen sequentially. Modular
P/T nets that are composed via places often exhibit such partially concurrent and partially
sequential behavior. A good example is the modular P/T net 2Unit of Figure 3.8.30 on
Page 122. Its system behavior depicted in Figure 3.8.41 on Page 130 is typical for modu-
lar P/T nets. The experienced reader easily recognizes several “almost-concurrent” parts
in the behavior, as well as a few “almost-sequential” parts. However, note that the weak-
sequential-composition operator is useful only to concisely represent the behavior of mod-
ular P/T nets. It cannot simplify the actual verifications.

Bibliographical remarks. The research described in this chapter is motivated by the
development of the tool ExSpect (ASPT, 1994), which has already been mentioned sev-
eral times earlier. ExSpect supports the construction, simulation, and analysis of colored-
Petri-net models of complex concurrent systems. ExSpect was first described in (VAN

HEE, SOMERS, AND VOORHOEVE, 1989). Its theoretical foundation is described in de-
tail in (VAN HEE, 1994). A good example of the use of ExSpect in practical applications
can be found in (BASTEN, BOL, AND VOORHOEVE, 1995). During the development of
ExSpect, it became clear that a useful extension of the tool would be the possibility to
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verify the interface behavior of system components in a compositional way. The theoreti-
cal basis for such an extension was first investigated in (RAMBAGS, 1994). The approach
taken in (RAMBAGS, 1994) is to find algorithms for deciding in a fully automated way
whether a Petri net satisfies a certain prescribed behavior. However, this algorithmic ap-
proach proves to have its limitations, because the general problem whether a (colored)
Petri net satisfies a certain behavior is undecidable. For this reason, it was decided to pur-
sue a different approach in which the verification of a Petri-net model against its behavioral
specification is done in an interactive way. For reasons explained earlier, process algebra
was chosen to support such an approach.

The literature on concurrency theory contains many attempts to integrate Petri nets
and process algebra. One line of research is concerned with the translation of process-
algebraic terms into Petri nets. The aim of this approach is to provide the process alge-
bra with a true-concurrency semantics. Examples of this line of research are (BEST, DE-
VILLERS, AND HALL, 1992), (DEGANO, DE NICOLA, AND MONTANARI, 1988), (VAN

GLABBEEK AND VAANDRAGER, 1987), (GOLTZ, 1988), (MONTANARI AND YANKELE-
VICH, 1994), (OLDEROG, 1987), and (TAUBNER, 1989).

In this chapter, the converse approach is pursued. A translation from Petri nets into
algebraic terms is given. Other examples of this approach are (BAETEN AND BERGSTRA,
1993), (BOUDOL, ROUCAIROL, AND DE SIMONE, 1985), and (DIETZ AND SCHREIBER,
1994). The approach followed in each of these three papers is discussed briefly.

In (DIETZ AND SCHREIBER, 1994), an algebraic semantics for P/T nets is given which
reflects the parallelism in their dynamic behavior. The parallel components in the alge-
braic representation of a net do not necessarily correspond to its structural components,
as is the case in the semantics given in Section 3.4.

A structural relationship between a Petri net and its algebraic semantics also exists
in (BOUDOL, ROUCAIROL, AND DE SIMONE, 1985). In that paper, an algebraic term is
given for each place and each transition of a P/T net. The complete behavior of the net
is the parallel composition of all these terms. The communication between these terms
corresponds to the flow of tokens. The semantics of this chapter are also based on the flow
of tokens. However, to simulate the token flow, the causal state operator is used instead
of a communication mechanism. Another difference is that, in this chapter, equational
reasoning is emphasized, whereas in (BOUDOL, ROUCAIROL, AND DE SIMONE, 1985)
reasoning is mainly model-based.

The algebraic semantics of this chapter are most closely related to the semantics given
in (BAETEN AND BERGSTRA, 1993). In that paper, the algebraic semantics of P/T nets is
also defined in an ACP-like process algebra, emphasizing an equational style of reasoning.
As already mentioned in Section 3.4, (BAETEN AND BERGSTRA, 1993) is also the first
paper to introduce a variant of the causal state operator. In the semantics of (BAETEN

AND BERGSTRA, 1993), atomic actions in the algebra correspond to transitions in P/T
nets. So-called input and output causes are added to these actions, corresponding to input
and output places. Similar to the semantics in this chapter, the behavior of a net is the par-
allel composition of the algebraic expressions corresponding to its transitions, restricted
by means of the causal state operator.
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Contributions. The first contribution of this chapter is that a number of algebraic se-
mantics is given for modular P/T nets. A simple, but crucial aspect of these semantics
is that actions in the process algebra are structured (see Definition 3.3.7 (Multi-actions)
on Page 63). Each action is a pair of bags. Each element of these bags corresponds to
the consumption or the production of a single token. Since the interface of modular nets
consists of places, it is not clear how to generalize a semantics for P/T nets without hier-
archy to modular P/T nets when actions in the algebra correspond to transitions. When
actions are structured as in this chapter, the generalization is straightforward, as is shown
in Section 3.5.

The second contribution of this chapter is that a first attempt is made to develop a de-
sign method based on a formalism integrating Petri nets and process algebra. Most other
results on the integration of Petri nets and process algebra appearing in the literature are
mainly theoretical. An exception is the Petri Box Calculus of (BEST, DEVILLERS, AND

HALL, 1992) which has inspired a whole line of research, including the development of
tools and the basics of a design method (GRAHLMANN AND BEST, 1996). However, there
are many differences with the approach taken in this chapter. In (BEST, DEVILLERS, AND

HALL, 1992; GRAHLMANN AND BEST, 1996), the starting point is a programming lan-
guage based on process-algebraic principles. Petri nets are used to provide this language
with a semantics. The analysis techniques of Petri nets are used to verify properties of
the system under development. In this chapter, the converse approach is taken. Petri nets
serve as the modeling formalism. Process algebra is used for the purpose of verification.
Both approaches are interesting and deserve further study.





4
Inheritance of Dynamic Behavior

4.1 Introduction

To date, a popular approach to the modular design of complex systems is the so-called
object-oriented approach. The modularity construct in any object-oriented design method
is the class construct. A class describes a set of objects with a common structure and be-
havior. An object is an instance of a class. Classes may, for example, describe persons,
cars, or production units. Objects of such classes are typically person X , car Y , or produc-
tion unit Z . Each class and, hence, each object has a set of attributes. Attributes describe
properties of objects. The value of these attributes determines the state of an object. In
addition, each class has a set of methods. A method is an operation on an object. Meth-
ods may, for example, be used to read the value of an attribute, or to change the state of
an object. Finally, a class contains a definition of the dynamic behavior of objects. That
is, it specifies the order in which the methods of an object may be executed. Such a spec-
ification is called the life cycle of an object.

Three object-oriented methods that are in common use are OMT (RUMBAUGH ET AL.,
1991), OOD (BOOCH, 1994), and UML (FOWLER AND SCOTT, 1997). The given ref-
erences are a good starting point for the reader interested in an introduction to object-
oriented design including a detailed explanation of all the abovementioned concepts.

One of the main goals of object-oriented design is the reuse of system components. A
key concept to achieve this goal is the concept of inheritance. The inheritance mechanism
allows the designer to specify a class, the subclass, that inherits features of some other
class, its superclass. Thus, it is possible to specify that the subclass has the same features
as the superclass, but that in addition it may have some other features.

The concept of inheritance is usually well defined for the static structure of a class con-
sisting of the set of methods and the attributes. However, as mentioned, a class contains
also a definition of the dynamic behavior of an object, the object life cycle. Techniques
as OMT, OOD, and UML use state-transition diagrams for specifying object life cycles.
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Such a diagram shows the state space of an object and the method calls that cause a tran-
sition from one state to another. Looking at the definition of inheritance in, for example,
OOD and its informal explanation, a subclass that inherits features of some other class
extends the static structure as well as the dynamic behavior of its parent class. However,
in the further treatment of inheritance, OOD only defines inheritance of static features. It
does not specify the meaning of inheritance of dynamic behavior. It is implicitly assumed
that the behavior of the objects of a subclass is an extension of the behavior of the objects
of its superclass. OOD does not further elaborate on the precise meaning of “extension.”

Consider two classes Unit1 and Unit2 modeling production units. Both classes have
the same methods, namely pmat1 and pmat2, modeling two processing operations on input
material. Objects of class Unit1 first execute pmat1 and then pmat2. Objects of class Unit2

perform either pmat1 or pmat2 but not both. Should one of the classes Unit1 or Unit2 be a
subclass of the other one? Although the two classes have the same set of methods, their
behavior is clearly different. Hence, the answer to the above question should be negative.

Therefore, this chapter studies several formalizations of what it means for an object
life cycle to extend the behavior prescribed by another object life cycle. Combining the
usual definition of inheritance of methods and attributes with a definition of inheritance
of dynamic behavior yields a complete formal definition of inheritance, thus, stimulating
the reuse of life-cycle specifications during the design process. However, it is beyond the
scope of this thesis to develop a complete object-oriented method including a notion of
inheritance of life cycles. Instead, this chapter focuses on the fundamentals of inheritance
of dynamic behavior. The integration of the results in a full fledged object-oriented design
method is left for future work.

As mentioned, OMT, OOD, and UML use state-transition diagrams to specify object
life cycles. Although the graphical nature and the explicit representation of states are es-
sential to the success and usefulness of the abovementioned methods, particularly the lat-
ter impedes a clear understanding of life-cycle inheritance. For studying inheritance of dy-
namic behavior, the most important aspects of a life cycle are the state changes and not the
states themselves. Therefore, the problem of inheritance of dynamic behavior is first stud-
ied in a process-algebraic setting. In general, a process algebra does not have an explicit
representation of process states. In Section 4.2, it is argued that inheritance of life cycles
corresponds to hiding and blocking method calls. In process-algebraic terms, the former
corresponds to abstraction and the latter to encapsulation. Encapsulation and abstraction
have been introduced in Chapter 2 and are well understood in the context of process alge-
bra. Note that the terms “abstraction” and “encapsulation” in process algebra have a dif-
ferent meaning than the same terms in object-oriented design. In this chapter, they always
refer to the process-algebraic concepts. Section 4.3 translates the results of Section 4.2 to
Petri nets. Petri nets have a solid theoretical basis and, due to their explicit representation
of process states and their graphical nature, they are close to the state-transition diagrams
used in practical object-oriented methods as OMT, OOD, and UML. The translation is il-
lustrative for translations of the fundamentals developed in Section 4.2 to other graphical,
state-based formalisms. To validate the approach to inheritance of dynamic behavior cho-
sen in this chapter, Section 4.4 discusses a case study. It describes the use of inheritance
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in the design of a groupware editor. Finally, Section 4.5 discusses some conclusions and
open problems.

4.2 A Process-Algebraic Approach

The goal of this section is to characterize the essential properties of inheritance of dy-
namic behavior. For this purpose, only the object life cycle of a class is considered. All
other aspects of a class are omitted. As explained, it must be formalized when an object
life cycle of some class extends the object life cycle of another class. In the next subsec-
tion, four possible formalizations are given, yielding four different inheritance relations
on object life cycles. Each formalization characterizes a different type of extension. In
Section 4.2.2, equational laws preserving each of the inheritance relations are presented.
These so-called axioms of inheritance are useful for several purposes. First, they illustrate
the characteristic properties of each of the inheritance relations. Second, given two object
life cycles, they can be used to verify in an algebraic framework whether one life cycle is
a subclass of the other life cycle. Finally, they can be used as transformation rules to con-
struct subclasses of life cycles. Thus, they stimulate the reuse of life-cycle specifications
during the design process. In Section 4.3, the axioms of inheritance are used as a source
of inspiration for transformation rules on object life cycles in a framework of Petri nets.

4.2.1 Object life cycles and inheritance relations

The first step in formalizing the concept of inheritance of dynamic behavior is to define the
notion of an object life cycle. As explained, the life cycle of an object describes the order
in which the methods of the object may be executed. Since the implementation details of
methods are not relevant in this chapter, a method is simply represented by an identifier.
Usually, a method belonging to some object interacts with the environment of the object.
Such a method is called an external method. The order in which external methods may be
executed determines the external behavior of an object. Sometimes, a method can only
be executed by the object itself and has only internal effects. Such a method does not con-
tribute to the external behavior of an object. Internal methods are denoted by the special
identifier τ . The set of external methods is denoted E. The set of all methods is denoted
M. That is, M equals E ∪ {τ }.

It should not come as a surprise that, in this section, an object life cycle is specified
by a process-algebraic term. The question is what process algebra is best suited to spec-
ify object life cycles. The set of actions of the process algebra corresponds to the set of
methods M. Since M includes the internal method τ that behaves as a silent action, the
process algebra must include silent actions. Operators that are useful in the specification
of object life cycles are choice, sequential composition, and parallel composition. From a
modeling viewpoint, iteration in the form of the binary Kleene star would also be useful.
However, the main goal of this section is to study the essential properties of inheritance of
dynamic behavior. As explained in Chapter 2 on Page 52, iteration complicates reasoning
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in a process-algebraic framework. Therefore, in this section, iteration is not allowed in
specifications of object life cycles. Iterative behavior in life cycles is studied in the next
section, where object life cycles are defined in a Petri-net framework. In conclusion, a
process algebra well suited for specifying and analyzing object life cycles is the theory
PAτ , as introduced in Section 2.4.4, instantiated with the set of methods M.

Definition 4.2.1. (Object life cycle) An object life cycle is a closed PAτ term.

Example 4.2.2. The life cycle of a simple production unit U can be described by the al-
gebraic term rcmd · pmat · omat. The production unit first receives a command. After
processing some piece of raw material, it delivers processed output material.

Having defined the notion of an object life cycle, the next step is to formalize when one
class inherits the life cycle of another class. For this purpose, the question must be an-
swered when one life cycle extends the behavior of another life cycle. It is important to
answer this question from the viewpoint of the environment of an object. Only the external
behavior of an object is relevant in defining inheritance relations.

Recall that the set of closed terms of a process algebra X is denoted C(X). Assume
that p and q in C(PAτ ) are two object life cycles such that p contains all methods of q
and, possibly, several more. In other words, p inherits all methods of q. The following
appears to be a meaningful answer to the above question.

If it is not possible to distinguish the external behavior of p and q when only
methods of p that are also present in q are executed, then p is a subclass of
q.

Intuitively, this definition conforms to blocking or encapsulating methods new in p. Life
cycle p is said to inherit the protocol of q.

As explained in the introduction to this chapter, blocking and also hiding method calls
play an important role in reasoning about inheritance of dynamic behavior. Therefore,
the process algebra used to formalize inheritance of behavior is the theory PAτ

δ+RN as
defined in Section 2.4.4. Process algebra PAτ

δ+RN extends the theory PAτ , used to define
object life cycles, with encapsulation and abstraction. These two operators are exactly the
operators needed to reason about inheritance. Theory PAτ

δ+RN is instantiated with the
set of method identifiers M.

Example 4.2.3. Consider again Example 4.2.2. The operator who is responsible for is-
suing commands to the production unit sometimes makes a mistake and sends the wrong
command. Therefore, production unit U of Example 4.2.2 is extended with an error-hand-
ling facility. A new method error is added that is executed when the unit does not under-
stand the command it receives. The behavior of the new unit U1 is described as follows:
rcmd · (pmat · omat + error). Since the addition of an error-handling facility should not
influence the correct behavior of the unit, the new unit should be a subclass of U . It is
not difficult to see that the behavior of the two production units is identical when the new
method error is not executed. Hence, according to the above definition, production unit
U1 is indeed a subclass of unit U of Example 4.2.2.
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To show that the above definition conforms to encapsulation, let H ⊆ E be the sin-
gleton {error}. It follows easily from the axioms for encapsulation of the process algebra
PAτ

δ+RN and Axiom A6 that ∂H(rcmd ·(pmat ·omat+ error)) = rcmd ·pmat ·omat. That
is, ∂H(U1) = U .

The definition above and the accompanying example introduce one possible definition of
inheritance of dynamic behavior. However, other definitions are possible. A second one
that appears to be meaningful is the following. Let p and q in C(PAτ ) be two object life
cycles such that p contains all methods of q.

If it is not possible to distinguish the external behavior of p and q when ar-
bitrary methods of p are executed, but when only the effects of methods that
are also present in q are considered, then p is a subclass of q.

This second definition of inheritance of behavior conforms to hiding the effect of methods
new in p. Life cycle p inherits the projection of the life cycle of p onto the methods of q.

Example 4.2.4. Consider a production unit U2 that between the receipt of a command and
the main processing step performs a preprocessing step on the raw input material. Unit U2

is specified as follows: rcmd·ppmat·pmat·omat. Clearly, in some sense, the behavior of U2

extends the behavior of production unit U of Example 4.2.2 on the facing page. Therefore,
U2 should be a subclass of U . It is not difficult to see that the behaviors of units U and
U2 are identical when the new method ppmat of U2 is executed, but its effect is ignored.
Hence, according to the second definition of inheritance, U2 is indeed a subclass of U . It
is also not difficult to see that the second form of inheritance conforms to hiding method
calls. Let I be the singleton {ppmat}. It follows from the abstraction axioms and Axiom
B1 that τI (U2) = U .

The subtle difference between the two forms of inheritance introduced above is that in the
second definition methods new in life cycle p are executed without taking into account
their effect, whereas in the first definition they are not executed at all. The examples in
the remainder of this section further illustrate this difference.

There are several more meaningful definitions of inheritance relations for dynamic be-
havior than the two definitions given so far. It is, for example, possible to combine the
two definitions given above. One might argue that for methods new in the subclass the
requirements of both definitions must hold at the same time, or one might argue that for
some methods the first requirement must hold, whereas for some other methods the other
requirement holds. The two basic definitions of inheritance given above and the two com-
binations yield four possible inheritance relations. Although probably other meaningful
relations can be found, this chapter focuses on these four relations. An attempt is made to
show that they capture the essentials of inheritance of dynamic behavior.

The formal definitions of the four inheritance relations given below are slightly more
general than the informal definitions: A life cycle is a subclass of another life cycle if and
only if there exists some set of methods such that encapsulating or hiding these methods
in the first life cycle yields the other life cycle. Not requiring that the methods being en-
capsulated or hidden must be exactly the methods appearing in the first life cycle and not
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in the second one can sometimes be convenient, as some of the examples in the remainder
show.

Before going to the formal definition of the four inheritance relations, a note on nota-
tion is in order. Recall from Sections 2.4.3 and 2.4.4, that the encapsulation operator and
the abstraction operator both belong to the class of algebraic renaming operators. Many
formulas in this section contain multiple occurrences of these two renaming operators.
To avoid large numbers of brackets in formulas, the notation for function composition is
overloaded to renaming operators. Let x be a PAτ

δ+RN term and let f ,g ∈ F be renaming
functions as introduced in Section 2.4.3. The notation ρf ◦ρg(x) is an abbreviation for the
algebraic term ρf (ρg(x)).

Definition 4.2.5. (Inheritance relations)

i) Protocol inheritance:
For any object life cycles p,q ∈ C(PAτ ), life cycle p is said to be a subclass of q
under protocol inheritance, denoted p ≤pt q, if and only if there exists an H ⊆ E
such that PAτ

δ+RN ` ∂H(p) = q.

ii) Projection inheritance:
For any object life cycles p,q ∈ C(PAτ ), life cycle p is a subclass of q under pro-
jection inheritance, denoted p ≤pj q, if and only if there exists an I ⊆ E such that
PAτ

δ+RN ` τI (p) = q.

iii) Protocol/projection inheritance:
For any object life cycles p,q ∈ C(PAτ ), life cycle p is a subclass of q under pro-
tocol/projection inheritance, denoted p ≤pp q, if and only if there exists an H ⊆ E
such that PAτ

δ+RN ` ∂H(p) = q and there exists an I ⊆ E such that PAτ
δ+RN `

τI (p) = q.

iv) Life-cycle inheritance:
For any object life cycles p,q ∈ C(PAτ ), life cycle p is a subclass of q under life-
cycle inheritance, denoted p≤lcq, if and only if there exist disjoint subsets H, I ⊆ E
such that PAτ

δ+RN ` τI ◦ ∂H(p) = q.

The above definitions are formulated in terms of equality of closed PAτ
δ+RN terms. The

completeness of PAτ
δ+RN for rooted branching bisimilarity (Theorem 2.4.45 on Page 51)

implies that this formulation is equivalent to a formulation in terms of rooted branch-
ing bisimilarity. Without completeness, the above definitions had been too restrictive. It
would have been possible that an object life cycle p after encapsulation and/or abstrac-
tion of the appropriate methods and life cycle q would be rooted branching bisimilar, but
that this equality would not be derivable from the axioms of PAτ

δ +RN. This would be
undesirable, because, according to the above definitions, p would not be a subclass of q.

The requirement that H and I must be disjoint in the definition of life-cycle inheritance
means that methods are either consistently encapsulated or consistently hidden. It implies
that the order of encapsulation and abstraction can be changed without actually changing
the definition (see also Lemma 4.2.14 on Page 152). It is not clear whether it is meaningful
to treat different calls of one method in a different way. In the current definition, it is not
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possible to hide some calls of a method in some part of an object life cycle, whereas some
other calls of the same method in another part of the life cycle are encapsulated or left
untouched. In the case study of Section 4.4, it proves not to be necessary to treat different
calls of the same method differently when determining inheritance relationships between
life cycles. However, the case study is still only one, relatively small, example. Therefore,
in the conclusions to this chapter, it is briefly explained how the framework of this chapter
can be generalized in such a way that it is possible to treat different calls of one method
in a different way in the construction of subclasses.

A final note about Definition 4.2.5 on the preceding page is that life-cycle inheritance
is defined in terms of a composition of operators and not simply as the disjunction of the
two definitions of protocol and projection inheritance. The latter would not be a true com-
bination of protocol and projection inheritance. It would also lack desirable properties
such as transitivity.

In reasoning about object life cycles and inheritance relationships between them, it is
often convenient to know the set of methods being invoked in a life cycle. For this purpose,
the alphabet operator is introduced. The alphabet operator yields for each closed PAτ

δ+
RN term the set of observable actions that the corresponding process in the operational
semantics may perform. The alphabet operator is defined inductively using the structure of
basic BPAδ terms, under the assumption that derivability is a congruence for the alphabet
operator. In combination with the elimination result for PAτ

δ+RN of Property 2.4.39 on
Page 48, this assumption means that it is possible to calculate the alphabet of arbitrary
closed PAτ

δ+RN terms.

Definition 4.2.6. (Alphabet) The alphabet operator α : C(PAτ
δ+RN)→ P(E) is a func-

tion such that, for any closed terms p,q ∈ C(PAτ
δ+RN), (PAτ

δ+RN ` p = q)⇒ α(p) =
α(q). For any a ∈ E and p,q ∈ C(PAτ

δ +RN), α(δ) = ø, α(τ ) = ø, α(a) = {a},
α(τ · p) = α(p), α(a · p) = {a} ∪ α(p), and α(p + q) = α(p) ∪ α(q).
Note that it should be verified that the definition of the alphabet operator is consistent with
the axioms of set theory. Inconsistencies arise when the combination of the congruence
requirement and the inductive definition allows the derivation of an equality between sets
that is not derivable from set theory. It is beyond the scope of this thesis to prove that
Definition 4.2.6 is consistent with set theory. A detailed study on the alphabet operator in
process algebra can be found in (BAETEN, BERGSTRA, AND KLOP, 1987). The alpha-
bet operator is particularly interesting in combination with encapsulation and abstraction.
Most of the auxiliary lemmas on encapsulation, abstraction, and the alphabet operator pre-
sented in the remainder of this section also appear in (BAETEN, BERGSTRA, AND KLOP,
1987).

Figure 4.2.7 on the following page gives an overview of the four inheritance relations
defined above. The arrows depict strict inclusion relations. The correctness of the inclu-
sion relations between protocol/projection inheritance, on the one hand, and protocol and
projection inheritance, on the other hand, follows easily from their definitions. The other
two inclusion relations follow from the definitions and the following lemma, which im-
plies that encapsulating or hiding the empty set of methods yields the original life cycle.
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≤pj

≤lc

≤pp

≤pt

Figure 4.2.7: An overview of the four inheritance relations for dynamic behavior.

Lemma 4.2.8. For any closed term p ∈ C(PAτ
δ+RN) and sets H, I ⊆ E,

i) α(p) ∩ H = ø⇒ PAτ
δ+RN ` ∂H(p) = p,

ii) α(p) ∩ I = ø⇒ PAτ
δ+RN ` τI (p) = p.

Proof. Structural induction on basic BPAδ terms. 2

By means of a few examples, it is straightforward to show that the inclusion relations in
Figure 4.2.7 are indeed strict and that there are no inclusion relations between protocol
inheritance and projection inheritance.

Example 4.2.9. Consider the three production units U , U1, and U2 introduced in Exam-
ples 4.2.2 and 4.2.3 on Page 146 and 4.2.4 on Page 147, respectively. The arguments in
the last two of these three examples show that U1 ≤pt U and U2≤pj U . It is not difficult to
see that there exist no I ⊆ E such that τI (U1) = U and no H ⊆ E such that ∂H(U2) = U .
Hence, there are no inclusion relations between protocol and projection inheritance. In ad-
dition, it follows that the inclusions between protocol/projection inheritance, on the one
hand, and protocol and projection inheritance, on the other hand, are strict.

In order to show that protocol/projection inheritance is not an empty relation, consider
the following example. Unit U3 is a production unit that, as all the units in the other ex-
amples, first receives a command. Depending on the command, it continues immediately
with its main processing step or it performs a preprocessing step followed by the main pro-
cessing step. After processing is completed, the processed material is delivered to the en-
vironment. The life cycle of U3 is specified as follows: rcmd·(ppmat·pmat+pmat)·omat.
Unit U3 is a subclass under protocol/projection inheritance of unit U of Example 4.2.2 on
Page 146. It follows simply from the axioms of PAτ

δ+RN that, for H = I = {ppmat},
∂H(U3) = τI (U3) = U .

Finally, to show that the inclusions between protocol, projection, and life-cycle inher-
itance are strict, consider a production unit U4 with life cycle rcmd ·(ppmat·pmat·omat+
error). For H = {error} and I = {ppmat}, it easily follows that τI ◦∂H(U4) = U . Hence,
U4 ≤lc U . It is not difficult to see that there is no relation between U4 and U under any of
the other inheritance relations.

Figure 4.2.7 shows that life-cycle inheritance is more general than any of the other three in-
heritance relations. The reason for studying all four relations instead of only life-cycle in-
heritance is one of separation of concerns. Protocol and projection inheritance each char-
acterize a different type of extension of the behavior of life cycles. In a design process, it
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can be useful to know in what way a life cycle is extended. In the definition of life-cycle
inheritance, the type of extension is lost in generality.

The remainder of this subsection is devoted to studying some basic properties of the
four inheritance relations. For protocol, projection, and protocol/projection inheritance,
there exists a canonical set of methods that can be encapsulated and/or hidden, namely the
set of methods new in the subclass. This conforms to the intuitive definitions of inheritance
given earlier. To prove this property, the following two lemmas are needed. They state
simple results about encapsulation and abstraction.

Lemma 4.2.10. For any closed term p ∈ C(PAτ
δ+RN) and sets H, I ⊆ E,

i) α(∂H(p)) ∩ H = ø,

ii) α(τI (p)) ∩ I = ø.

Proof. Structural induction on basic BPAδ terms. 2

Lemma 4.2.11. For any closed term p ∈ C(PAτ
δ+RN) and sets H, H ′, I, I ′ ⊆ E,

i) PAτ
δ+RN ` ∂H ′∪H (p) = ∂H ′ ◦ ∂H(p),

ii) PAτ
δ+RN ` τI ′∪I (p) = τI ′ ◦ τI (p).

Proof. Structural induction on basic BPAδ terms. 2

Lemma 4.2.11 gives versions of Property 2.4.29 on Page 44 for the encapsulation and ab-
straction operators; Property 2.4.29 gives a general result for arbitrary renaming operators.

Property 4.2.12. For any object life cycles p,q ∈ C(PAτ ),

i) p ≤pt q ⇔ PAτ
δ+RN ` ∂α(p)\α(q)(p) = q,

ii) p ≤pj q ⇔ PAτ
δ+RN ` τα(p)\α(q)(p) = q,

iii) p ≤pp q ⇔ PAτ
δ+RN ` ∂α(p)\α(q)(p) = q ∧ PAτ

δ+RN ` τα(p)\α(q)(p) = q.

Proof. Only the proof of Property i) is given. The proof of ii) is similar; Property iii)
follows from i) and ii).

It follows from Definition 4.2.5 i) (Protocol inheritance) on Page 148 that PAτ
δ+RN `

∂α(p)\α(q)(p) = q implies p ≤pt q. To prove the other implication, assume p ≤pt q. It
follows from Lemma 4.2.11 i) and Lemma 4.2.8 i) that there exists a subset H of α(p)
such that PAτ

δ+RN ` ∂H(p) = q. The congruence requirement in Definition 4.2.6 on
Page 149 for the alphabet operator and Lemma 4.2.10 i) show that H cannot contain any
methods in α(q). Again, Lemmas 4.2.11 i) and 4.2.8 i) yield that H can be extended to
all elements of α(p) which are not elements of α(q). 2

Property 4.2.12 does not have a counterpart for life-cycle inheritance. That is, for object
life cycles p and q in C(PAτ ) such that p≤lcq, there does not exist a canonical partitioning
of α(p)\α(q) into H and I such that PAτ

δ+RN ` τI ◦ ∂H(p) = q. Assume, for example,
that p ≤pp q. It follows from Property 4.2.12 iii) that for H = α(p)\α(q) and I = ø, as
well as for H = ø and I = α(p)\α(q), PAτ

δ+RN ` τI ◦ ∂H(p) = q.
Two basic properties that any inheritance relation should satisfy are reflexivity and

transitivity. It is easy to see that all four inheritance relations are reflexive. Except for
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life-cycle inheritance, it is also straightforward to show that they are transitive. Showing
that life-cycle inheritance is transitive is slightly more involved. The crucial point is the
observation that, given two life cycles p and q such that p≤lc q and q≤lc r, it is not possi-
ble that methods in p are encapsulated (hidden) whereas the same methods in q are hidden
(encapsulated). The reason is simple: Methods of p that are encapsulated or hidden, sim-
ply do not occur in q anymore. The following lemmas are needed to formally prove that
life-cycle inheritance is transitive.

Lemma 4.2.13. For any closed term p ∈ C(PAτ
δ+RN) and sets H, I ⊆ E,

i) α(∂H(p)) ⊆ α(p),

ii) α(τI (p)) ⊆ α(p).

Proof. Structural induction on basic BPAδ terms. 2

Lemma 4.2.14. For any closed term p ∈ C(PAτ
δ+RN) and sets H, I ⊆ E,

H ∩ I = ø⇒ PAτ
δ+RN ` τI ◦ ∂H(p) = ∂H ◦ τI (p).

Proof. Structural induction on basic BPAδ terms. 2

Property 4.2.15. Protocol, projection, protocol/projection, and life-cycle inheritance are
preorders.

Proof. It follows from Lemma 4.2.8 on Page 150 that, for any p ∈ C(PAτ ), ∂ø(p) = p
and τø(p) = p. Hence, ≤pt,≤pj,≤pp, and ≤lc are reflexive.

To show that ≤pt is transitive, let p,q, and r be object life cycles in C(PAτ ) such that
p ≤pt q and q ≤pt r. Assume that H, H ′ ⊆ E are such that PAτ

δ +RN ` ∂H(p) = q
and PAτ

δ+RN ` ∂H ′(q) = r. Using Lemma 4.2.11 i) on the previous page, PAτ
δ+RN `

∂H ′∪H(p) = ∂H ′ ◦ ∂H(p) = ∂H ′(q) = r. Hence, p ≤pt r, which proves transitivity of
protocol inheritance. The proofs for ≤pj and ≤pp are very similar.

To show that≤lc is transitive, assume p,q, and r are object life cycles in C(PAτ ) such
that p ≤lc q and q ≤lc r. Hence, there are subsets H, H ′, I, and I ′ of E such that PAτ

δ+
RN ` τI ◦ ∂H(p) = q and PAτ

δ +RN ` τI ′ ◦ ∂H ′(q) = r. It follows from the results
given so far that these sets can be chosen such that H and I are subsets of α(p)\α(q)
and such that H ′ and I ′ are subsets of α(q)\α(r) (see also the proof of Property 4.2.12
on the preceding page). The congruence requirement in Definition 4.2.6 on Page 149 for
the alphabet operator and Lemma 4.2.13 yield that α(r) ⊆ α(q) ⊆ α(p), and hence that
(H ∪ I ) ∩ (H ′ ∪ I ′) = ø. Using Lemmas 4.2.11 and 4.2.14, it follows that PAτ

δ+RN `
τI ′∪I ◦ ∂H ′∪H(p) = τI ′ ◦ τI ◦ ∂H ′ ◦ ∂H(p) = τI ′ ◦ ∂H ′ ◦ τI ◦ ∂H(p) = τI ′ ◦ ∂H ′(q) = r.
Hence, p ≤lc r. 2

Any preorder induces an equivalence relation. The meaning of the equivalence relations
induced by the inheritance preorders is “subclass equivalence” under the corresponding
form of inheritance. Intuitively, two life cycles should be subclass equivalent under any
form of inheritance if and only if their equality is derivable from the axioms of PAτ .
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Definition 4.2.16. (Subclass equivalence) Let≈∗, where∗ ∈ {pp,pt,pj, lc}, be the equiv-
alence relation induced by ≤∗. That is, for any object life cycles p and q in C(PAτ ), p≈∗
q ⇔ p ≤∗ q ∧ q ≤∗ p. Processes p and q are said to be subclass equivalent under ∗
inheritance.

The four subclass-equivalence relations indeed all coincide with derivability from the ax-
ioms of PAτ . The proof of this claim uses the following conservativity result.

Property 4.2.17. (Conservative extension) For any closed terms p,q ∈ C(PAτ ),
PAτ

δ+RN ` p = q ⇔ PAτ ` p = q.

Proof. Straightforward with the techniques of (BAETEN AND VERHOEF, 1995). 2

Property 4.2.18. For any object life cycles p,q ∈ C(PAτ ) and ∗ ∈ {pp,pt,pj, lc},
p ≈∗ q ⇔ PAτ ` p = q.

Proof. The result is only proven for protocol inheritance. The other proofs are similar.
First, assume that PAτ ` p = q. It follows from Lemma 4.2.8 i) on Page 150 and the
above conservativity result that PAτ

δ+RN ` ∂ø(p) = p = q and PAτ
δ+RN ` ∂ø(q) =

q = p. Hence, p ≤pt q and q ≤pt p, which in turn implies that p ≈pt q.
Second, assume p≈pt q, which implies that p≤pt q and q≤pt p. Property 4.2.12 i) on

Page 151 yields that PAτ
δ+RN ` ∂α(p)\α(q)(p) = q and PAτ

δ+RN ` ∂α(q)\α(p)(q) = p. It
follows from the congruence requirement in Definition 4.2.6 on Page 149 for the alphabet
operator and Lemma 4.2.13 i) on the preceding page that α(q) ⊆ α(p) and α(p) ⊆ α(q).
Hence, α(p) = α(q), which means that α(p)\α(q) = α(q)\α(p) = ø. Lemma 4.2.8 i)
yields that PAτ

δ +RN ` ∂α(p)\α(q)(p) = p and hence that PAτ
δ +RN ` p = q. Prop-

erty 4.2.17 implies that PAτ ` p = q.
Note that since Property 4.2.12 does not have a counterpart for life-cycle inheritance,

one has to use the more basic results of the various lemmas given so far to prove the prop-
erty for life-cycle inheritance. 2

Using the above conservativity result and the techniques of (BAETEN AND VERHOEF,
1995), it is possible to prove that the theory PAτ is complete for rooted branching bisim-
ilarity. As a result, two life cycles are subclass equivalent under any form of inheritance
if and only if they are rooted branching bisimilar.

It is important to note that the inheritance preorders are not precongruences for the
operators of PAτ . That is, it is not possible to apply them in arbitrary contexts.

Example 4.2.19. It is easy to see that, for any distinct a,b ∈ E, a + b ≤pt a, because
∂{b}(a + b) = a. However, in a context where an occurrence of b is followed by an a, it
is not allowed to replace a by its subclass a + b. Doing so, yields b · (a+ b). Obviously,
since ∂{b}(b · (a + b)) = δ, b · (a + b) 6≤pt b · a. A similar example can be constructed for
projection inheritance.

Another instructive example is the following, where first a subclass of a single method
call a under protocol inheritance is constructed and, subsequently, this subclass is further
refined to a more specialized subclass. For any distinct a,b, c,d ∈ E, a + b ≤pt a and
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a · c + b ≤pt b. Replacing the occurrence of b in the former with its subclass a · c + b,
yields a + (a · c+ b). It is not difficult to see that a + (a · c+ b) 6≤pt a. Another subclass
of b is d · c+ b. Replacing b with this subclass, yields a + (d · c+ b). It is easy to prove
that a + (d · c + b) ≤pt a.

These examples show that a problem may arise when a method that is encapsulated or
hidden also appears in the context. The fact that the inheritance relations cannot be applied
in arbitrary contexts is not really unexpected. The reason is that it is not allowed to treat
different calls of the same method in a different way. In the remainder of this subsection, it
is formalized under which conditions it is allowed to refine a subclass to a more specialized
subclass. Before going into more details, the notion of a context is defined. A context is
a closed PAτ term that contains a “hole.”

Definition 4.2.20. (Context) The most simple context is simply a hole, denoted by an
underscore “ ”. Furthermore, for any closed term p ∈ C(PAτ ) and context C[ ], p⊕C[ ]
and C[ ]⊕ p are contexts, where⊕ ∈ {·,+,‖, bb}.
Example 4.2.21. Let a,b, and c be three identifiers in M. The following are simple ex-
amples of contexts: a+ , ·a, and a ‖ b · . Substituting c in any of these contexts yields
the closed PAτ terms a + c, c · a, and a ‖ b · c.

Property 4.2.22 given below defines the conditions that must be satisfied when refining
a subclass. Let p,q, r,C[ ], H, H ′, I, and I ′ be as in Property 4.2.22. Informally, the
condition in Property 4.2.22 i) thatα(r)∩H = ø means that it is not allowed to encapsulate
methods in p that are not encapsulated in C[q]; methods being encapsulated in p are those
in H and methods not encapsulated in C[q] are those in α(r). The conditions in the other
properties have similar meanings. The additional requirement in Property iv) that (H ′ ∪
H ) ∩ (I ′ ∪ I ) = ø means that the methods being encapsulated must be disjoint from the
methods being hidden.

Property 4.2.22. Let p,q, and r be object life cycles in C(PAτ ) and let C[ ] be a context.
Let H, H ′, I, and I ′ be subsets of E.

i) If p ≤pt q, with H such that PAτ
δ+RN ` ∂H(p) = q, and C[q] ≤pt r, then

α(r) ∩ H = ø⇒ C[ p] ≤pt r.

ii) If p ≤pj q, with I such that PAτ
δ+RN ` τI (p) = q, and C[q] ≤pj r, then

α(r) ∩ I = ø⇒ C[ p] ≤pj r.

iii) If p≤ppq, with H and I such that PAτ
δ+RN ` ∂H(p) = q and PAτ

δ+RN ` τI (p) = q,
and if C[q] ≤pp r, then
α(r) ∩ (H ∪ I ) = ø⇒ C[ p] ≤pp r.

iv) If p ≤lc q with H and I such that PAτ
δ+RN ` τI ◦ ∂H(p) = q, and if C[q] ≤lc r

with H ′ and I ′ such that PAτ
δ+RN ` τI ′ ◦ ∂H ′(C[q]) = r, then

(H ′ ∪ H ) ∩ (I ′ ∪ I ) = ø ∧ α(r) ∩ (H ∪ I ) = ø⇒ C[ p] ≤lc r.

Proof. First, Property i) is proven. Let H ′ ⊆ E such that PAτ
δ+RN ` ∂H ′(C[q]) = r. A

consequence of the axioms of the encapsulation operator is that encapsulation distributes
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over all operators of PAτ . This result is used in the second step of the following derivation.
In the final step, the requirement that α(r) ∩ H = ø is used.

∂H ′∪H(C[ p])
4.2.11= ∂H ′ ◦ ∂H(C[ p]) = ∂H ′ ◦ ∂H(C[∂H(p)]) = ∂H ′ ◦ ∂H(C[q])

4.2.11=
∂H ′∪H(C[q]) = ∂H∪H ′(C[q])

4.2.11= ∂H ◦ ∂H ′(C[q]) = ∂H(r)
4.2.8= r.

This derivation shows that C[ p] ≤pt r. Properties ii) and iii) are proven similarly. Prop-
erty iv) is shown as follows. The distributivity of encapsulation and abstraction over all
operators of PAτ is used in the third step of the following derivation. The condition that
(H ′∪H )∩ (I ′∪ I ) = ø is used in the second and fifth step. As before, the other condition
is used in the final step.

τI ′∪I ◦ ∂H ′∪H(C[ p])
4.2.11= τI ′ ◦ τI ◦ ∂H ′ ◦ ∂H(C[ p])

4.2.14= τI ′ ◦ ∂H ′ ◦ τI ◦ ∂H(C[ p]) =
τI ′ ◦ ∂H ′ ◦ τI ◦ ∂H(C[τI ◦ ∂H(p)] = τI ′ ◦ ∂H ′ ◦ τI ◦ ∂H(C[q])

4.2.11,4.2.14=
τI ◦ ∂H ◦ τI ′ ◦ ∂H ′(C[q]) = τI ◦ ∂H(r)

4.2.8= r. 2

Note that the proof of Property 4.2.22 uses the fact that encapsulation and abstraction dis-
tribute over all operators of PAτ , which includes the left merge and the merge operator.
Thus, Property 4.2.22 does not carry over to a process-algebraic setting which allows com-
munication between processes (see also Section 2.4.3, Page 42).

Example 4.2.23. It is easy to check that the examples of Example 4.2.19 on Page 153
are consistent with Property 4.2.22 i) on the facing page. The following example shows
an application of Property 4.2.22 iv). Let a,b, c ∈ E be distinct methods. Consider the
context C[ ] defined as +b. By encapsulating method b, it is easy to show that C[a]≤lca.
In addition, a · c ≤lc a, which follows from hiding method c. Replacing the occurrence
of a in C[a] with its subclass a · c, yields C[a · c]. In order to apply Property 4.2.22 iv),
let H ′ = {b}, I = {c}, and H = I ′ = ø. Obviously, this satisfies the requirement that
(H ′ ∪ H ) ∩ (I ′ ∪ I ) = ø. Since, in addition, α(a) and H ∪ I are disjoint, it follows that
C[a · c] ≤lc a. That is, a · c + b ≤lc a. However, a · b is also a subclass of a, which can
be easily shown by hiding the singleton I = {b}. Substituting a · b for a in C[a] yields
C[a · b]. Since in this case (H ′ ∪ H ) ∩ (I ′ ∪ I ), where H, H ′, and I ′ are as before, is
not empty, Property 4.2.22 iv) cannot be applied. It is not difficult to verify that C[a · b]
is not a subclass of a: C[a · b] 6≤lc a. The reason is that in C[a] method b is encapsulated
whereas in a · b method b is hidden.

The results presented in this subsection show that the definitions of the four inheritance
relations are sound. The conditions under which it is allowed to apply the inheritance pre-
orders in arbitrary contexts or to refine a subclass to a more specialized subclass seem rea-
sonable, although more experience with practical examples has to show whether they are
not too restrictive.

4.2.2 Axioms of inheritance

To get a better understanding of the four inheritance relations, it is useful to know what
general subclass relations are valid under each form of inheritance. The axioms of inheri-
tance given in this subsection show that extending a life cycle with an alternative behavior
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yields a subclass under protocol inheritance. They also show that extending a life cycle by
inserting some behavior in between sequential parts of the original life cycle, as well as
putting some behavior in parallel with (part of) the original life cycle yields a subclass un-
der projection inheritance. Life-cycle inheritance allows arbitrary combinations of these
three extensions.

Note that no attempt is made to find a complete set of axioms characterizing the inher-
itance relations. The theory developed in this section is not intended for use in practical
applications. The main goal is to learn to understand inheritance of dynamic behavior. The
axioms presented in this section are helpful in achieving this goal. In addition, in the next
section, they form a source of inspiration for transformation rules in a framework based
on Petri nets, which is a framework much closer to the object-oriented methods used in
practice than process algebra.

Property 4.2.24. For any closed terms p,q ∈ C(PAτ ) and method b ∈ E\α(q),
q + b · p ≤pt q PT

Proof. Let H = {b}.
∂H(q + b · p)

D3,D4= ∂H(q)+ ∂H(b) · ∂H(p)
D2,4.2.8= q + δ · ∂H(p)

A7,A6= q.
Hence, q + b · p ≤pt q. 2

Method b functions as some sort of a “guard.” Blocking the guard means that the envi-
ronment cannot choose the behavior b · p. For this reason, b may not appear in q, since
blocking b would otherwise change the behavior of q. Axiom PT shows that encapsula-
tion is sufficient to capture inheritance by means of the choice operator. It also shows that
it is sufficient to encapsulate a single method, whereas the canonical set of Property 4.2.12
on Page 151, α(q + b · p)\α(q), might be much larger. Finally, note that Axiom PT has
a variant in which the term p is absent. This variant states that it is allowed to extend a
life cycle with the alternative of a single method call. This extension is not captured by
PT , because the theory PAτ does not have a means to express the empty process. The
subclass relationship between production units U and U1 discussed in Example 4.2.3 on
Page 146 can be proven by means of this variant of PT in combination with the context
rule of Property 4.2.22 i) on Page 154.

Axiom PT is the most characteristic example of protocol inheritance. Property 4.2.27
given below lists several axioms that are characteristic for projection inheritance. The fol-
lowing two lemmas are needed to prove the correctness of these axioms for projection
inheritance.

Lemma 4.2.25. For any closed term p ∈ C(PAτ ), and I ⊆ E,
α(p) ⊆ I ⇒ PAτ

δ+RN ` τI (p) = τ .

Proof. Structural induction on basic BPA terms. 2

Note that this lemma cannot be proven for arbitrary closed PAτ
δ+RN terms, because it is

not possible to hide constant δ.
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Lemma 4.2.26. For any closed term p ∈ C(PAτ
δ+RN),

i) PAτ
δ+RN ` p bb τ = p,

ii) PAτ
δ+RN ` p ‖ τ = τ · p + p.

Proof. Property i) is proven by induction on the structure of basic BPAδ terms. Property ii)
follows immediately from i) and Axioms M1 and M2. 2

Property 4.2.27. For any q,q0,q1, and r in C(PAτ ) such that α(r) ⊆ E\(α(q) ∪ α(q0) ∪
α(q1)),

q · r ≤pj q PJ1
q · (r · (q0 + q1)+ q0)≤pj q · (q0 + q1) PJ2
q0 · (q1 ‖ r) ≤pj q0 · q1 PJ3

Proof. Let I be equal to α(r).

τI (q · r) TI4= τI (q) · τI (r)
4.2.8= q · τI (r)

4.2.25= q · τ B1= q,
which proves PJ1. The proof for PJ2 is similar, only Axiom B2 is used instead of B1.

τI (q · (r · (q0 + q1)+ q0))
TI3,TI4= τI (q) · (τI (r) · (τI (q0)+ τI (q1))+ τI (q0))

4.2.8,4.2.25=
q · (τ · (q0 + q1)+ q0)

B2= q · (q0 + q1).
Axiom PJ3 is proved as follows.

τI (q0 · (q1 ‖ r))
TI4,TIM1= τI (q0) · (τI (q1) ‖ τI (r))

4.2.8,4.2.25= q0 · (q1 ‖ τ ) 4.2.26=
q0 · (τ · q1 + q1)

A6,B2= q0 · q1. 2

Axioms PJ1 and PJ2 are inspired by the two Axioms B1 and B2. Together they state
that inserting new behavior in an object life cycle that does not disable any behavior of
the original life cycle yields a subclass under projection inheritance. Axiom PJ3 shows
that putting alternative behavior in parallel with part of the original life cycle also yields
a subclass under projection inheritance. The inheritance relationship between production
units U and U2 discussed in Example 4.2.4 on Page 147 follows from Axiom PJ1 and the
context rule of Property 4.2.22 ii) on Page 154.

Example 4.2.28. Consider production unit U of Example 4.2.2 on Page 146. Production
unit U5 sends a processing-ready signal when the main processing step is completed. The
signal is sent in parallel with the delivery of output material. The life cycle of U5 is de-
scribed as follows: rcmd ·pmat ·(omat‖ sprdy). It follows from Axiom PJ3 that U5≤pj U .

Property 4.2.29. For any q0,q1, and r in C(PAτ ) such that α(r) ⊆ E\(α(q0)∪α(q1)), and
b ∈ E\(α(q0) ∪ α(q1)),

q0 · (b · r · q1 + q1) ≤pp q0 · q1 PP

Proof. Let H be equal to {b} and I be equal to α(r) ∪ {b}. Note that b is not equal to τ .

∂H(q0 · (b · r · q1 + q1))
D4,D3= ∂H(q0) · (∂H(b) · ∂H(r · q1)+ ∂H(q1))

D2,4.2.8=
q0 · (δ · ∂H(r · q1)+ q1)

A7,A6= q0 · q1.

Furthermore,
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τI (q0 · (b · r · q1 + q1))
TI4,TI3= τI (q0) · (τI (b · r) · τI (q1)+ τI (q1))

4.2.8,4.2.25=
q0 · (τ · q1 + q1)

A6,B2= q0 · q1.

It follows from the above two derivations that q0 · ((b · r) · q1 + q1) ≤pp q0 · q1. 2

Axiom PP shows that under protocol/projection inheritance it is allowed to postpone be-
havior. In case it is possible to specify recursive behavior, a nice variant of PP is an axiom
in which the behavior b·r is iterated arbitrarily many times before continuing with q1. The
inheritance relationship between production units U and U3 shown in Example 4.2.9 on
Page 150 can also be proven by means of a variant of Axiom PP without term r in com-
bination with the context rule of Property 4.2.22 iii) on Page 154.

The final property of this section gives a few axioms of life-cycle inheritance.

Property 4.2.30. For any p,q0,q1, and r in C(PAτ ) such that α(r) ⊆ E\(α(q0)∪ α(q1)),
and b ∈ E\(α(r) ∪ α(q0) ∪ α(q1)),

q0 · (r · (q1 + b · p))≤lc q0 · q1 LC1
q0 · ((q1+ b · p) ‖ r) ≤lc q0 · q1 LC2
q0 · (q1 ‖ (r + b · p)) ≤lc q0 · q1 LC3

Proof. Let H be equal to {b} and I be equal to α(r).

τI ◦ ∂H(q0 · (r · (q1 + b · p)))
D4,D3,TI4,TI3=

τI ◦ ∂H(q0) · (τI ◦ ∂H(r) · (τI ◦ ∂H(q1)+ τI ◦ ∂H(b) · τI ◦ ∂H(p)))
D2,4.2.8,4.2.25=

q0 · (τ · (q1 + δ · τI ◦ ∂H(p)))
A7,A6,B1= q0 · q1,

which proves LC1. Axiom LC2 is proven as follows:

τI ◦ ∂H(q0 · ((q1+ b · p) ‖ r))
D4,DM1,D3= τI (∂H(q0) · (∂H(q1)+ ∂H(b) ·∂H(p))‖ ∂H(r)))

D2,4.2.8= τI (q0 · ((q1+ δ · ∂H(p)) ‖ r))
A7,A6= τI (q0 · (q1 ‖ r)),

after which the proof proceeds as for Axiom PJ3. Axiom LC3 is proven similarly. 2

Axioms LC1 through 3 are combinations of the axioms for protocol and projection inheri-
tance. They are illustrative for life-cycle inheritance. It is not difficult to find several more
of such combinations. It is possible to prove the above axioms by means of the context rule
of Property 4.2.22 on Page 154. The proof above uses basic lemmas and axioms, because
they yield a more readable proof.

Example 4.2.31. Consider a production unit U6 with life cycle rcmd · ((pmat + ppmat ·
pmat) ‖ ssps) ·omat. Upon receipt of a command, unit U6 sends a start-processing signal.
In parallel, it starts its main processing step, possibly preceded by a preprocessing step. It
follows from Axiom LC2 and the context rule of Property 4.2.22 iv) on Page 154 that U6

is a subclass under life-cycle inheritance of unit U of Example 4.2.2 on Page 146.

In conclusion, this section presents a characterization of inheritance of dynamic behavior
in a simple process-algebraic setting. Four inheritance relations are defined, all in terms
of the algebraic concepts of encapsulation and abstraction. Several basic properties of the
relations show that they are theoretically sound. The axioms of inheritance given in the
last subsection show that life-cycle inheritance captures three basic operators to construct
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a subclass from a superclass, namely choice, sequential composition, and parallel com-
position. Since these three operators are fundamental to any (concurrent) object-oriented
language, it appears that encapsulation and abstraction capture the essence of inheritance
of dynamic behavior. The axioms of inheritance show how to create subclasses of some
given class in a constructive way at design time. Thus, the axioms stimulate the reuse of
object life cycles during the design process.

4.3 A Petri-Net-Based Approach

The main goal of this section is to translate the results of the previous section to a frame-
work that is close to practical object-oriented methods as OMT, OOD, and UML. Petri nets
are well suited for this purpose for several reasons. First, they provide a graphical descrip-
tion technique that is easy to understand and close to state-transition diagrams. Second,
Petri nets have an explicit representation of states. Third, it is natural to model concur-
rency in Petri nets, which is an advantage when modeling distributed systems. Finally,
they have a sound theoretical basis and many techniques and tools are available for the
analysis of Petri nets.

The results presented in this section are based on (VAN DER AALST AND BASTEN,
1997). In the next subsection, the notion of an object life cycle is formalized in the frame-
work of Petri nets. In Section 4.3.2, the four inheritance relations defined in the previous
section are translated to this framework. In Section 4.3.3, several transformation rules on
object life cycles are presented. These transformation rules are based on the axioms of
inheritance of the previous section. They can be used to transform a class into a subclass,
thus, reusing life-cycle designs.

The Petri-net framework of this section is more expressive and more powerful than
the process-algebraic framework of the previous section. The price to be paid is that the
definitions, the theorems, and the proofs are more complex. The translation from process
algebra to Petri nets shows how the development of a concept in one formalism can inspire
the development in another formalism. The formalization of inheritance of behavior in
process algebra has led to a clear conceptual understanding; the study in Petri nets yields
a framework close to practical object-oriented methods.

4.3.1 Object life cycles

An object life cycle specifies the order in which the methods of an object may be executed.
When modeling a life cycle with a Petri net, a transition firing corresponds to the execu-
tion of a method. Since the emphasis is on the execution order of methods and not on
their implementation details, the uncolored formalism of labeled P/T nets as introduced
in Chapter 2 is well suited as the basic framework for modeling life cycles and studying
inheritance of dynamic behavior. Transition labels correspond to method identifiers.

As in the previous section, the set of methods is denoted M. Recall that M includes
the identifier τ to model internal methods. The set of external methods M\{τ } is denoted



160 Inheritance of Dynamic Behavior

E. For the sake of simplicity, it is assumed that all arc weights are one. This means that
the class of P/T nets used to define object life cycles is the class of M-labeled, ordinary
P/T nets, as introduced in Section 2.3.4. However, not every M-labeled, ordinary P/T net
is an object life cycle.

A life cycle refers to a single object. It suffices to consider just one object, because
multiple objects of the same class interact via the execution of methods and not directly
via the life cycle. A P/T net defining a life cycle has exactly one initial or input place
i. Place i has no input transitions and it is the only place marked in the initial marking.
A token in place i models the fact that the corresponding object has not yet been created.
Because of the single-object requirement, place i contains only a single token in the initial
marking.

To model object termination, an object life cycle has a unique final or output place o.
An object terminates when, and only when, it reaches the marking of a single token in o.
In addition, if a marking has a token in o, it must be the only token in the marking. This
means that, upon termination of an object, all information about the object is removed.
Furthermore, it is assumed that it is always possible to terminate. However, this does not
mean that an object is forced to terminate. In other words, marking [o] must be a home
marking of the P/T net modeling an object life cycle, as defined in Definition 2.3.31 on
Page 25.

In addition to the above requirements, a P/T net modeling a life cycle is assumed to be
connected, as defined in Definition 2.3.15 on Page 21. Furthermore, a life cycle may not
have any dead transitions, as defined in Definition 2.3.26 on Page 24. These requirements
are technically convenient. They are also meaningful from a design point of view. Places
in a part of the P/T net that is not connected to the initial place will remain unmarked no
matter what transitions are fired. Dead transitions correspond to methods that cannot be
executed. Hence, it is not meaningful to model a life cycle with an unconnected P/T net
or a P/T net with dead transitions.

The above considerations are partly related to the static structure of an object life cy-
cle and partly to its dynamic behavior. Therefore, first, the operational semantics for M-
labeled, ordinary P/T nets is defined. This semantics takes into account the presence of
silent actions. It also formalizes the termination behavior of marked nets modeling life
cycles sketched above. Second, it is defined when an M-labeled, ordinary P/T net is an
object life cycle. Assume that the universe of identifiers U contains the special identifiers
i and o.

Definition 4.3.1. (Operational semantics) The operational semantics SO for M-labeled,
ordinary P/T nets is the process space (O,M, [ 〉 , #) with branching bisimilarity, ∼b ,
as the equivalence relation. The set of processes O is the set of all marked, M-labeled,
ordinary P/T nets. The transition relation [ 〉 is the firing rule of Definition 2.3.7 on Page 18
instantiated with the labeling action function of Definition 2.3.8 on Page 19. Predicate # is
the set of all marked nets (N, [o]) inO, where o is the special output place in U introduced
above.

The semantics of Definition 4.3.1 uses branching bisimilarity as the equivalence relation,
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whereas in the previous section rooted branching bisimilarity was used. As explained in
Chapter 2, the root condition is crucial in a process-algebraic context. However, it is not
needed in a framework of P/T nets. On the contrary, it is often tedious to have to take
into account the root condition. Therefore, in this section, branching bisimilarity is cho-
sen as the basic equivalence. However, all the results in this section carry over to rooted
branching bisimilarity.

The definition of an object life cycle uses Definition 2.3.17 on Page 21 that defines the
set of reachable markings of a P/T net.

Definition 4.3.2. (Object life cycle) Let (N, s) be a marked, M-labeled, ordinary P/T net
in O, where N equals (P, T , F, `). Net (N, s) is an object life cycle if and only if the
following conditions are satisfied:

i) Connectedness: N is weakly connected;

ii) Object creation: P contains an input place i ∈ U such that •i = ø;

iii) Object termination: P contains an output place o ∈ U such that o• = ø;

iv) Single-object requirement: s = [i];

v) Proper termination: for any reachable marking s′ ∈ [N, s〉, if o ∈ s′, then s′ = [o];

vi) Termination option: marking [o] is a home marking of (N, s);

vii) Dead transitions: (N, s) contains no dead transitions.

The set of all object life cycles is denoted L.
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Figure 4.3.3: An example of an object life cycle.

Example 4.3.4. Figure 4.3.3 shows an example of a labeled, ordinary P/T net modeling
the object life cycle of a production unit and its operational semantics. The firing rule is
depicted by arrows. The states in the semantics are represented by the markings of the net.

The life cycle shows concurrent as well as iterative behavior. After receiving a com-
mand, the unit starts its processing phase. In parallel, it sends a start-processing signal to
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the operator. The processing phase consists of zero or more preprocessing steps, followed
by the main processing action. The unit finishes with delivering the output material.

It is clear that the object life cycle of Figure 4.3.3 satisfies the requirements of Defi-
nition 4.3.2 on the previous page. In particular, it has always the option to terminate and
termination is always proper.

Definition 4.3.2 of an object life cycle in the framework of P/T nets is more involved than
the corresponding definition in the process algebra PAτ , Definition 4.2.1 on Page 146. The
main reason for this difference is that the process algebra PAτ does not contain the inac-
tion constant nor does it allow the specification of iterative behavior. A consequence of
these limitations is that the termination of an object life cycle specified in PAτ is always
guaranteed. Labeled, ordinary P/T nets, on the other hand, inherently allow iterations, as
the above example shows. It is also not difficult to give P/T nets which will never termi-
nate due to a deadlock. In other words, labeled, ordinary P/T nets are more expressive
than the process algebra PAτ . One of the consequences is that it is necessary to explicitly
define the termination requirements in the definition of an object life cycle in the P/T-net
framework of this section.

An interesting question is what properties object life cycles exhibit. An example of a
useful property is the following.

Property 4.3.5. An object life cycle (N, [i]) ∈ L is bounded.

Proof. Assume (N, [i]) is unbounded. According to Property 2.3.23 (Characterization
of boundedness) on Page 23, there exist markings s′ ∈ [N, [i]〉 and s′′ ∈ [N, s′〉 such
that s′′ > s′. It follows from Requirement vi) (Termination option) of Definition 4.3.2
(Object life cycle) on the previous page that [o] ∈ [N, s′〉. Property 2.3.21 (Monotonicity
of reachable markings) on Page 22 yields that [o] ] (s′′ − s′) ∈ [N, s′′ 〉. Since s′′ − s′ is
not empty, the latter contradicts Requirement v) (Proper termination) of Definition 4.3.2
(Object life cycle). Hence, (N, [i]) is bounded. 2

This property is one step towards a very interesting result, namely that object life cycles
can be characterized in terms of liveness and boundedness. The characterization is taken
from (VAN DER AALST, 1997), where it is given for so-called sound workflow nets. Sound
workflow nets are almost identical to object life cycles. The following auxiliary definition
is needed to formulate the desired theorem. Given a net with an input place and an output
place as in Definition 4.3.2 (Object life cycle) on the preceding page, it defines the exten-
sion of the net with an extra transition connecting the output place to the input place.

Definition 4.3.6. Let N = (P, T , F, `) be a labeled, ordinary P/T net satisfying the first
three requirements of an object life cycle given in Definition 4.3.2 on the previous page.
Assume that t̄ is an identifier in U that does not appear in P or T . The labeled, ordinary
P/T net N̄ = (P̄, T̄ , F̄ , ¯̀) is defined as follows: P̄ = P, T̄ = T ∪ {t̄}, F̄ = F ∪
{(o, t̄ ), (t̄, i)}, and ¯̀ = ` ∪ {(t̄, τ )}.
The label of the new transition in the extended net does not play a role in the characteri-
zation of object life cycles. For the sake of convenience, the label is set to τ .
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Theorem 4.3.7. (Characterization of object life cycles) Let (N, s) be a labeled, ordi-
nary P/T net inO satisfying Requirements i) through iv) of an object life cycle given in
Definition 4.3.2 on Page 161. Net (N, s) is an object life cycle if and only if (N̄ , s) is live
and bounded.

Proof. The proof is identical to the proof of Theorem 11 in (VAN DER AALST, 1997),
which characterizes soundness of workflow nets in terms of liveness and boundedness.
There are two small differences between the two theorems. First, object life cycles are la-
beled nets whereas workflow nets are unlabeled. However, labeling does not play a role in
the proof. Second, the definition of workflow nets requires that the extension with an extra
transition connecting the output place to the input place is strongly connected. However,
this extra requirement is not needed in the proof. 2

Another interesting question is whether it is possible to decide efficiently whether a la-
beled, ordinary P/T net is an object life cycle.

Theorem 4.3.8. (Decidability of object-life-cycle properties) Let (N, s) be a labeled,
ordinary P/T net inO. It is decidable whether (N, s) is an object life cycle.

Proof. Requirements i) through iv) of Definition 4.3.2 on Page 161 are simple structural
properties that can be checked for any ordinary P/T net in a straightforward way. Require-
ments v), vi), and vii) can be derived from the coverability tree of (N, s) (see PETERSON,
1981, where it is called the reachability tree). Since the coverability tree of an ordinary
P/T net is always finite, it is decidable whether (N, s) is an object life cycle. 2

The exact complexity of deciding the object-life-cycle properties is still an open ques-
tion. However, some known complexity results for P/T nets (see, for example, ESPARZA

AND NIELSEN, 1994) suggest that they cannot be decided efficiently. First, deciding the
life-cycle properties by means of the coverability tree, as suggested in the proof of The-
orem 4.3.8, requires in the worst case non-primitive recursive space. Second, Require-
ments v), vi), and vii) of Definition 4.3.2 on Page 161 are all closely related to the ques-
tion whether a marking is reachable from some other marking. This question is decidable,
but the exact complexity is unknown. It is only known that the space requirements of an
algorithm to decide reachability are at least exponential in the number of nodes of the net,
which is not particularly efficient. The question whether some given marking is a home
marking is decidable, but the complexity is unknown. Third, Theorem 4.3.7 shows that
object life cycles can be characterized in terms of liveness and boundedness. Deciding
boundedness for labeled, ordinary P/T nets is known to be EXPSPACE-hard. The com-
plexity of deciding liveness is unknown. It is unlikely that deciding the combination of
liveness and boundedness requires less than exponential space.

Although the complexity of deciding the life-cycle properties is discouraging, it is still
possible to verify the properties by means of the coverability tree in a relatively straight-
forward way for object life cycles that are not too large. In addition, (KOVALYOV, 1996)
gives conditions for a marked, ordinary P/T net which guarantee that the net is live and
bounded. It also presents an algorithm which is linear in the number of nodes of the net
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to verify these conditions. Based on Theorem 4.3.7, the algorithm of (KOVALYOV, 1996)
provides an efficient procedure to prove that a P/T net is an object life cycle, although fail-
ure of the algorithm does not mean that the net is not a life cycle. Experience with case
studies is needed to find out the practical limitations. In case the P/T nets in an object-
oriented design become too complex for the automatic verification of life-cycle properties
or if the algorithm of (KOVALYOV, 1996) fails, there are two solutions. First, it is possible
to build life cycles in a constructive way by means of transformation rules preserving the
life-cycle properties. Second, it is possible to restrict the class of P/T nets used in the de-
sign in such a way that the verification of the life-cycle properties becomes more efficient.
Both solutions are discussed briefly in the remainder of this subsection.

The characterization of object life cycles in terms of liveness and boundedness of The-
orem 4.3.7 already provides the basis for a useful set of transformation rules preserving
life-cycle properties. The theorem implies that transformation rules preserving liveness
and boundedness of ordinary P/T nets also preserve life-cycle properties. Starting with
an object life cycle, the application of any such transformation rule yields another object
life cycle. Using this approach, time-consuming verification of life-cycle properties is not
necessary. The literature contains several studies on transformation rules preserving live-
ness and boundedness of ordinary P/T nets. In (VAN DER AALST, 1997), a set of transfor-
mation rules is given that is designed for the purpose of constructing sound workflow nets.
They cover design constructs such as the addition of sequential, alternative, parallel, and
iterative behavior to a workflow net. Since these rules preserve liveness and boundedness,
they can also be used to construct object life cycles. In (VALETTE, 1979), a very similar
set of transformations preserving liveness and boundedness of P/T nets is presented, al-
though the context differs from the context of (VAN DER AALST, 1997). Other liveness-
and-boundedness-preserving transformation rules can be found in (BERTHELOT, 1987;
DESEL, 1990; DESEL AND ESPARZA, 1995; ESPARZA, 1990; KOVALYOV, 1990; MU-
RATA, 1989). However, these rules are developed for the analysis of net models instead
of their construction. Consequently, from the design point of view, they do not always
have an intuitive meaning. Of course, this does not mean that they cannot be used during
the construction of an object-oriented system design. Since the literature already contains
so many studies on transformation rules preserving liveness and boundedness of ordinary
P/T nets, they are not further discussed in this thesis.

Another source of transformation rules preserving object-life-cycle properties are the
transformation rules introduced in Section 4.3.3, which are developed for the purpose of
constructing subclasses of object life cycles. For more details, the reader is referred to
Section 4.3.3.

As mentioned, another solution to make the automatic verification of life-cycle prop-
erties feasible is to restrict the class of P/T nets allowed in the design. In Section 2.3.4,
the set of free-choice P/T nets has been introduced as a class of nets that combines ex-
pressiveness with strong analysis techniques. It is known that deciding the combination
of liveness and boundedness for marked, free-choice P/T nets can be done in linear time
(KOVALYOV, 1996). In combination with Theorem 4.3.7 on Page 163, this leads imme-
diately to the following result.
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Theorem 4.3.9. (Complexity of deciding life-cycle properties for free-choice P/T nets)
For any labeled, free-choice P/T net (N, s) in O, it is possible to decide the object-life-
cycle properties of Definition 4.3.2 on Page 161 in linear time.

Proof. Theorem 4.3.7 on Page 163 and the results of (KOVALYOV, 1996). 2

This last theorem is a small improvement of a result in (VAN DER AALST, 1997) for free-
choice workflow nets. It is possible to relax the free-choice requirement in Theorem 4.3.9
slightly while maintaining the same efficiency in deciding the life-cycle properties (see
VAN DER AALST, 1997).

Another class of P/T nets that might be an interesting candidate for defining object life
cycles is the class of well-handled P/T nets, as defined in (VAN DER AALST, 1996, 1998).
For well-handled P/T nets, it is also possible to verify the object-life-cycle properties effi-
ciently. As for free-choice P/T nets, this result is based on Theorem 4.3.7 (Characteriza-
tion of object life cycles) on Page 163. For more details, the interested reader is referred
to (VAN DER AALST, 1996, 1998).

4.3.2 Inheritance relations

Definition 4.3.2 on Page 161 formalizes the notion of an object life cycle in terms of P/T
nets. The next step in the translation of the process-algebraic framework of Section 4.2
to P/T nets is the formalization of the four inheritance relations of Definition 4.2.5 on
Page 148. Recall that these relations are all defined in terms of two operators, namely
encapsulation and abstraction. Encapsulation is used to block method calls; abstraction is
used to hide method calls. These two operators can be defined on labeled, ordinary P/T
nets as follows. Note that they only affect the structure of a P/T net. For the sake of read-
ability, they are defined on marked nets.

Definition 4.3.10. (Encapsulation) Let (N, s) be a marked, M-labeled, ordinary P/T net
in O, where N = (P, T0, F0, `0). For any H ⊆ E, the encapsulation operator ∂H :
O → O is a function that removes from a given P/T net all transitions with a label in
H . Formally, ∂H(N, s) = ((P, T1, F1, `1), s) such that T1 = {t ∈ T0 | `0(t) 6∈ H },
F1 = F0 ∩ ((P × T1) ∪ (T1 × P)), and `1 = `0 ∩ (T1 ×M).

Definition 4.3.11. (Abstraction) Let (N, s) be a marked, M-labeled, ordinary P/T net in
O, with N = (P, T , F, `0). For any I ⊆ E, the abstraction operator τI : O → O is a
function that renames all transition labels in I to the silent action τ . Formally, τI (N, s) =
((P, T , F, `1), s) such that, for any t ∈ T , `0(t) ∈ I implies `1(t) = τ and `0(t) 6∈ I
implies `1(t) = `0(t).

The following property shows that the definition of encapsulation and abstraction is sound.
It states that two nets with the same behavior also exhibit the same behavior after encap-
sulating or abstracting one or more actions.

Property 4.3.12. Branching bisimilarity, ∼b, is a congruence for the encapsulation and
abstraction operators.
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Proof. Theorem 2.2.25 on Page 15 proves that branching bisimilarity is an equivalence
relation. It remains to be shown that, for any two marked, ordinary P/T nets (N0, s0) and
(N1, s1) in O and any sets H, I ⊆ E, (N0, s0) ∼b (N1, s1) implies that ∂H(N0, s0) ∼b

∂H(N1, s1) and τI (N0, s0) ∼b τI (N1, s1). Let R ⊆ O ×O be a branching bisimulation
between (N0, s0) and (N1, s1). Based on R, a relation Q ⊆ O × O is defined as the
set {(∂H(N0,u), ∂H (N1, v)) | (N0,u)R(N1, v)}. It is not difficult to verify that Q is a
branching bisimulation between (N0, s0) and (N1, s1). Hence, ∼b is a congruence for the
encapsulation operator ∂H . In a similar way, it can be shown that ∼b is a congruence for
the abstraction operator τI . 2

The introduction of encapsulation and abstraction on P/T nets is sufficient to translate the
inheritance relations of Definition 4.2.5 on Page 148 to the framework of this section.

Definition 4.3.13. (Inheritance relations)

i) Protocol inheritance:
For any object life cycles (N0, [i]) and (N1, [i]) inL, life cycle (N1, [i]) is a subclass
of (N0, [i]) under protocol inheritance, denoted (N1, [i]) ≤pt (N0, [i]), if and only
if there is an H ⊆ E such that ∂H(N1, [i]) ∼b (N0, [i]).

ii) Projection inheritance:
For any object life cycles (N0, [i]) and (N1, [i]) inL, life cycle (N1, [i]) is a subclass
of (N0, [i]) under projection inheritance, denoted (N1, [i])≤pj (N0, [i]), if and only
if there is an I ⊆ E such that τI (N1, [i]) ∼b (N0, [i]).

iii) Protocol/projection inheritance:
For any object life cycles (N0, [i]) and (N1, [i]) inL, life cycle (N1, [i]) is a subclass
of (N0, [i]) under protocol/projection inheritance, denoted (N1, [i])≤pp (N0, [i]), if
and only if there is an H ⊆ E such that ∂H(N1, [i])∼b (N0, [i]) and an I ⊆ E such
that τI (N1, [i]) ∼b (N0, [i]).

iv) Life-cycle inheritance:
For any object life cycles (N0, [i]) and (N1, [i]) inL, life cycle (N1, [i]) is a subclass
of (N0, [i]) under life-cycle inheritance, denoted (N1, [i]) ≤lc (N0, [i]), if and only
if there are an I ⊆ E and an H ⊆ E such that I ∩ H = ø and τI ◦ ∂H(N1, [i])∼b

(N0, [i]).

Example 4.3.15. Figure 4.3.14 on the next page shows five object life cycles, each of them
modeling a variant of a production unit. Unit (N0, [i]) is the basic production unit that
receives a command, processes material, and delivers output material. Unit (N1, [i]) ex-
tends (N0, [i]) with error control. If upon completion of the processing phase an error is
detected, method repp is executed to repeat the processing step. By encapsulating method
repp, it is easily shown that unit (N1, [i]) is a subclass of unit (N0, [i]) under protocol in-
heritance. Unit (N2, [i]) introduces a new method cerr that an operator may use to correct
an error. As unit (N1, [i]), unit (N2, [i]) is a subclass under protocol inheritance of unit
(N0, [i]). Again, encapsulating method repp is sufficient to prove this relationship. Unit
(N2, [i]) is a subclass under projection inheritance of unit (N1, [i]). This can be shown
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Figure 4.3.14: Some examples of subclasses.

by hiding method cerr. Unit (N3, [i]) sends a start-processing signal to the operator in
parallel with its processing phase. Hiding method ssps shows that it is a subclass under
projection inheritance of unit (N2, [i]). Finally, unit (N4, [i]) is a subclass under proto-
col/projection inheritance of unit (N3, [i]). Encapsulating the preprocessing action ppmat
yields a life cycle identical to unit (N3, [i]). Hiding method ppmat yields a life cycle which
is branching bisimilar to (N3, [i]). Finally, all units (Nj , [i]), where 0 < j ≤ 4, are sub-
classes of unit (N0, [i]) under life-cycle inheritance.

In the process-algebraic framework of the previous section, several properties of the four
inheritance relations have been proven. Most of these properties carry over to the setting
of this section. To facilitate reasoning about life cycles, the alphabet operator is defined
on P/T nets.
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Definition 4.3.16. (Alphabet) The alphabet operator is a function α : O → P(E). Let
(N, s) be a marked, M-labeled, ordinary P/T net in O, with N = (P, T , F, `). The al-
phabet of (N, s) is defined as the set of visible labels of all transitions of the net that are
not dead: α(N, s) = {`(t) | t ∈ T ∧ `(t) 6= τ ∧ t is not dead}.
An important property of the alphabet operator is that two equivalent P/T nets have the
same alphabet. To prove this property, the following lemma is needed. For every two
processes related by some branching bisimulation in a given process space, it says that
the branching bisimulation relates any process reachable from one of these two processes
to a process reachable from the other process.

Lemma 4.3.17. Assume that (P,A, �! , # ) is a process space as defined in Definition
2.2.1 on Page 6. Furthermore, assume that

∗H⇒ ⊆ P ×P is the reachability relation
of Definition 2.2.2 also on Page 6. Let p and q be two processes in P; finally, let R be a
branching bisimulation between p and q, as defined in Definition 2.2.15 on Page 11. For
any p′,q ′ ∈ P ,

i) p
∗H⇒ p′ ⇒ (∃ q ′ : q ′ ∈ P : q

∗H⇒ q ′ ∧ p′Rq ′) and

ii) q
∗H⇒ q ′ ⇒ (∃ p′ : p′ ∈ P : p

∗H⇒ p′ ∧ p′Rq ′).

Proof. It is straightforward to prove the two properties by induction on the number of ac-
tions needed to reach p′ from p and q ′ from q, respectively. The proof is very similar to
the proof of Lemma 2.2.21 on Page 13. 2

Given Lemma 4.3.17 and two branching bisimilar P/T nets, it is not difficult to prove that
any non-dead transition in one net corresponds to a non-dead transition with the same label
in the other net. This leads easily to the desired congruence property.

Property 4.3.18. For any two P/T nets (N0, s0) and (N1, s1) inO,
(N0, s0)∼b (N1, s1)⇒ α(N0, s0) = α(N1, s1).

Proof. Let N0 = (P0, T0, F0, `0) and N1 = (P1, T1, F1, `1). Assume that (N0, s0) ∼b

(N1, s1). Let R be a branching bisimulation between (N0, s0) and (N1, s1), as defined in
Definition 2.2.15 on Page 11. Recall that H⇒ ⊆ P ×P , defined in Definition 2.2.13
also on Page 11, is the relation expressing reachability via silent actions.

Assume that a ∈ α(N0, s0). It follows from Definitions 4.3.16 (Alphabet) and 2.3.26
(Dead transition) on Page 24 that there must exist a reachable marking u ∈ [N0, s0〉 and a
transition t0 ∈ T0 such that (N0,u)[t0〉, a 6= τ , and `(t0) = a. Hence, Lemma 4.3.17 i) and
Definition 2.3.17 (Reachable markings) on Page 21 yield that there must exist a reachable
marking v ∈ [N1, s1〉 such that (N0,u)R(N1, v). Since R is a branching bisimulation
and a 6= τ , there exist a marking w of N1 such that (N1, v) H⇒ (N1,w) and a transition
t1 ∈ T1 such that `(t1) = a and (N1,w)[t1〉. It follows that w ∈ [N1, s1〉. Hence, Defini-
tion 2.3.26 (Dead transition) implies that t1 is not dead. Consequently, Definition 4.3.16
(Alphabet) yields that a ∈ α(N1, s1).

A symmetrical argument proves that any a ∈ α(N1, s1) is also an element of α(N0, s0),
which completes the proof. 2
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Since an object life cycle does not have any dead transitions, it is straightforward to cal-
culate its alphabet, as the following property shows.

Property 4.3.19. For any object life cycle (N, [i]) in L with N = (P, T , F, `),
α(N, [i]) = {`(t) | t ∈ T ∧ `(t) 6= τ }.

Proof. Definitions 4.3.2 (Object life cycle) on Page 161 and 4.3.16 (Alphabet) on the pre-
ceding page. 2

The properties of the alphabet, encapsulation, and abstraction operators given in the pre-
vious section, namely Lemmas 4.2.8, 4.2.10, 4.2.11, 4.2.13, and 4.2.14, are easily trans-
lated to labeled P/T nets. They can be proven straightforwardly from Definitions 4.3.10
(Encapsulation) and 4.3.11 (Abstraction) on Page 165 and 4.3.16 (Alphabet) on the facing
page.

Properties 4.2.12, 4.2.15, and 4.2.18 of Section 4.2.1 can now be proven within the
framework of this section. The proofs use the basic lemmas for the alphabet, encapsu-
lation, and abstraction operators mentioned above, as well as the congruence results of
Properties 4.3.12 on Page 165 and 4.3.18 on the preceding page. They go along the same
lines as the proofs in the previous section and are, hence, omitted.

The first property shows the existence of canonical sets of methods for proving rela-
tionships under protocol, projection, and protocol/projection inheritance.

Property 4.3.20. For any object life cycles (N0, [i]), (N1 , [i]) ∈ L,

i) (N1, [i]) ≤pt (N0, [i])⇔ ∂α(N1 ,[i])\α(N0 ,[i])(N1, [i]) ∼b (N0, [i]),

ii) (N1, [i]) ≤pj (N0, [i])⇔ τα(N1 ,[i])\α(N0 ,[i])(N1, [i]) ∼b (N0, [i]), and

iii) (N1, [i]) ≤pp (N0, [i])⇔
∂α(N1 ,[i])\α(N0 ,[i])(N1, [i]) ∼b (N0, [i]) ∧ τα(N1 ,[i])\α(N0 ,[i])(N1, [i]) ∼b (N0, [i]).

As Property 4.2.12 on Page 151, Property 4.3.20 does not have a counterpart for life-cycle
inheritance. However, to prove a life-cycle-inheritance relationship between two life cy-
cles, it is always possible to choose a partitioning of exactly all the methods new in the
subclass into two sets, one containing the methods that are encapsulated and the other one
containing methods that are hidden.

The second property states that the inheritance relations are reflexive and transitive.

Property 4.3.21. Protocol, projection, protocol/projection, and life-cycle inheritance, as
defined in Definition 4.3.13 on Page 166, are preorders.

The third property taken from the previous section shows that subclass equivalence under
any form of inheritance corresponds to branching bisimilarity.

Definition 4.3.22. (Subclass equivalence) Let≈∗, where∗ ∈ {pp,pt,pj, lc}, be the equiv-
alence relation induced by ≤∗. For any object life cycles (N0, [i]) and (N1, [i]) in L,
(N0, [i])≈∗ (N1, [i])⇔ (N0, [i])≤∗ (N1, [i])∧ (N1, [i])≤∗ (N0, [i]). The two life cycles
are said to be subclass equivalent under ∗ inheritance.
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Property 4.3.23. For any object life cycles (N0, [i]), (N1, [i]) ∈ L and ∗ ∈ {pp,pt,pj, lc},
(N0, [i]) ≈∗ (N1, [i])⇔ (N0, [i]) ∼b (N1, [i]).

Another result of the previous section, namely Property 4.2.22 on Page 154, describes
when a subclass can be refined to a more specialized subclass. It does not have a straight-
forward translation to the framework of this section. However, the transformation rules
introduced in the next subsection can be used for this purpose.

A final aspect that needs to be studied is the decidability of the four inheritance rela-
tions.

Theorem 4.3.24. (Decidability of inheritance) For any two object life cycles (N0, [i])
and (N1, [i]) in L, it is decidable whether (N1, [i]) is a subclass of (N0, [i]) under any of
the four inheritance relations of Definition 4.3.13 on Page 166.

Proof. The first step in proving any inheritance relationship between two object life cycles
is to choose appropriate sets of methods that must be encapsulated or hidden. For pro-
tocol, projection, and protocol/projection inheritance, Property 4.3.20 on the preceding
page shows that canonical sets defined in terms of the alphabets of (N0, [i]) and (N1, [i])
can be chosen. Property 4.3.19 on the previous page implies that it is straightforward to
calculate these two alphabets. For life-cycle inheritance, it is always possible to choose a
partitioning of the methods in the alphabet of (N1, [i]) and not in the alphabet of (N0, [i]).
Since the number of transitions of a P/T net is finite, there only exists a finite number of
possibilities.

The second step involves checking branching bisimilarity. Observe that, according to
Property 4.3.5 on Page 162, (N0, [i]) and (N1, [i]) are bounded. It follows from Defini-
tion 2.3.22 (Boundedness) on Page 23 and Definitions 4.3.10 (Encapsulation) and 4.3.11
(Abstraction) on Page 165 that any of the modified object life cycles used in the defini-
tion of the four inheritance relations, namely ∂H(N1, [i]), τI (N1, [i]), and τI ◦ ∂H(N1, [i])
with H, I ⊆ E, are also bounded. Obviously, the process corresponding to a bounded or-
dinary P/T net, defined by the operational semantics of Definition 4.3.1 on Page 160 and
Definition 2.2.3 (Process) on Page 6, has a finite number of states and transitions. Hence,
the processes corresponding to any of the life cycles or modified life cycles mentioned
above are all finite. Consequently, checking any of the branching-bisimilarity relations
occurring in Definition 4.3.13 on Page 166 is decidable. As a result, it is also decidable
whether (N1, [i]) is a subclass of (N0, [i]) under any of the four inheritance relations. 2

The key in the above decidability result is that all the P/T nets in the problem are bounded
and, hence, all processes finite. As a result, branching bisimilarity and thus all the inher-
itance relations are decidable. The exact complexity of deciding branching bisimilarity
on bounded ordinary P/T nets is unknown. It is known that deciding whether two finite
processes are branching bisimilar can be done in polynomial time, where the size of the
problem is defined as the number of states and transitions of the two processes (GROOTE

AND VAANDRAGER, 1990). However, constructing the process corresponding to an or-
dinary P/T net requires in the worst case at least exponential space, where the size of the
problem is the number of nodes of the P/T net. This space requirement is an immediate
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consequence of the known lowerbound on the complexity of the reachability problem (see
ESPARZA AND NIELSEN, 1994). Hence, deciding any of the inheritance relations on two
object life cycles cannot be done efficiently. This is one of the reasons to study in the next
subsection transformation rules to construct subclasses from a given life cycle.

4.3.3 Transformation rules

An important goal of object-oriented design is to stimulate the reuse of software compo-
nents. One of the aims of this chapter is to develop support for the reuse of object life
cycles. Therefore, this subsection proposes a number of transformation rules that can be
used to construct subclasses from a given object life cycle under specific forms of inher-
itance. Such transformation rules are useful for several other reasons as well. As long
as object life cycles are not too complex, it is straightforward to verify whether there ex-
ists a specific inheritance relationship between them, both from a computational point of
view and from a design point of view. However, the discussion at the end of the previ-
ous subsection shows that computation time might become unacceptable when the object
life cycles become too large. In addition, even if there exists an inheritance relationship
between two object life cycles, it might not always be meaningful from a design point
of view. Therefore, a transformation rule for the construction of subclasses of object life
cycles should preferably satisfy two criteria. First, it should be efficient in computation
time. Second, it should represent a meaningful design construct. Unfortunately, these two
criteria are often in conflict. Usually, the more general a transformation rule is, the more
useful it is in practical design. The price to be paid is almost always the computation time
needed to verify whether a specific transformation satisfies the requirements of the rule.
A transformation rule that satisfies both the above mentioned criteria can be a useful aid
in object-oriented design by stimulating the reuse of object life cycles.

This subsection presents four different transformation rules. Each one of them cor-
responds to a design construct which is often used in practice, namely choice, parallel
composition, sequential composition, and iteration. The rules are inspired by the axioms
of inheritance presented in Section 4.2.2. Each rule is a compromise between the two cri-
teria mentioned above.

The following auxiliary definition is useful in the definition of the transformation rules.

Definition 4.3.25. (Union of labeled, ordinary P/T nets) Let N0 = (P0, T0, F0, `0) and
N1 = (P1, T1, F1, `1) be two M-labeled, ordinary P/T nets such that (P0∪P1)∩(T0∪T1) =
ø and such that, for all t ∈ T0 ∩ T1, `0(t) = `1(t). The union N0 ∪ N1 of N0 and N1 is the
labeled, ordinary P/T net (P0 ∪ P1, T0 ∪ T1, F0 ∪ F1, `0 ∪ `1). If two P/T nets satisfy the
abovementioned two conditions, their union is said to be well defined.

The first transformation rule of this subsection preserves protocol inheritance. It is illus-
trated in Figure 4.3.26 on Page 173. The transformation rule is inspired by Axiom PT
which is the algebraic axiom of inheritance defined in Property 4.2.24 on Page 156. Let
N0 and N be two labeled, ordinary P/T nets such that the union N1 = N0 ∪ N is well
defined and such that (N0, [i]) and (N1, [i]) are object life cycles. Life cycle (N1, [i]) is a
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subclass of (N0, [i]) under protocol inheritance if the following two conditions are satis-
fied: i) N0 and N do not share any transitions and ii) all transitions of N with input places
in N0 have a visible label which does not appear in the alphabet of (N0, [i]). Transforma-
tion rule PT corresponds to the choice construct. Life cycle (N0, [i]) is extended with one
or more alternative branches of behavior defined by extension N . The second condition
means that transitions of N with input places in N0 act as guards, as explained in Section
4.2.2. It is not difficult to see that encapsulating the guards leads to a net whose behavior
is identical to the behavior of the original life cycle.

Transformation rule PT is very general. Only two real restrictions are imposed on the
extension N . The first one concerns the methods appearing in N . It is formulated in terms
of the alphabet of (N0, [i]). It follows from Property 4.3.19 on Page 169 that this restric-
tion can be verified efficiently. The second restriction says that the resulting P/T net should
again be a life cycle. Unfortunately, as explained in Section 4.3.1, this restriction can be
hard to verify. However, Section 4.3.1 also contains some suggestions to overcome this
problem. Therefore, the choice is made not to compromise the generality of the rule. Prac-
tical experience is needed to test the applicability of the rule.

Before formalizing rule PT , two remarks concerning notation are needed. First, for
any ordinary P/T net, the bag of input nodes of a given node x , as introduced in Section
2.3.2, is simply the bag corresponding to the preset of x : ix = [y | y ∈ •x]. Similarly, the
bag of output nodes of x is the bag corresponding to the postset of x . This means that the
bags of input and output nodes of x can be interpreted as sets. Therefore, in the remain-
der of this subsection, the preset and postset notation is also used to denote the bags of
input and output nodes of a node, respectively. Second, in the definitions and the proofs
of the transformation rules of this subsection, it is often convenient to be able to distin-
guish the preset and postset functions of the original object life cycle, the extension, and
the resulting subclass. The standard notation does not allow such a distinction. In all the
transformation rules, the net structures of the original life cycle, the extension, and the re-
sulting subclass are denoted N0, N , and N1, respectively. Therefore, let ◦ , ◦ denote the
preset and postset functions of N0; let · , · be the preset and postset functions of N . The
standard notation • , • is used for the preset and postset functions of N1. This notational
convention carries over to the bags of input and output nodes of a given node.

Theorem 4.3.27. (Protocol-inheritance-preserving transformation rule PT) Let N0 =
(P0, T0, F0, `0) and N = (P, T , F, `) be two labeled, ordinary P/T nets such that the
union N1 = N0 ∪ N is well defined and such that (N0, [i]) and (N1, [i]) are object life
cycles in L. If two additional requirements are satisfied, namely

i) T0 ∩ T = ø and

ii) (∀ t : t ∈ T ∧ •t ∩ P0 6= ø : `(t) ∈ E\α(N0, [i])),

then (N1, [i]) ≤pt (N0, [i]).

Proof. According to Definition 4.3.13 i) (Protocol inheritance) on Page 166, it must be
shown that there exists an H ⊆ E such that ∂H(N1, [i]) ∼b (N0, [i]). Property 4.3.20 on
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Figure 4.3.26: A protocol-inheritance-preserving transformation rule.

Page 169 suggests that H can be chosen equal to α(N1, [i])\α(N0, [i]). LetR be the rela-
tion {(∂H(N1,u), (N0,u)) | u ∈ B(P0)}. It is straightforward to prove that this relation is a
branching bisimulation between ∂H(N1, [i]) and (N0, [i]), as defined in Definition 2.2.15
on Page 11. Clearly, ∂H(N1, [i])R(N0, [i]). Assume that u is a marking in B(P0), which
implies that ∂H(N1,u)R(N0,u). Three requirements have to be verified.

i) First, assume that t ∈ T0 ∪ T is a transition of N1 such that (∂H(N1,u)[t〉 and
such that ∂H(N1,u) [α〉 ∂H(N1,u ′) where α is equal to the method identifier (`0 ∪
`)(t) and where marking u ′ ∈ B(P0 ∪ P) is equal to u − •t ] t•. Requirement
i) of Definition 2.2.15 implies that it must be shown that there exist two markings
v′, v′′ ∈ B(P0) such that (N0,u) H⇒ (N0, v

′′) [(α)〉 (N0, v
′), ∂H(N1,u)R(N0, v

′′),
and ∂H(N1,u ′)R(N0, v

′). It follows from the fact that u is a marking in B(P0), Re-
quirement ii) in the assumption of Theorem 4.3.27, and Definition 4.3.10 (Encap-
sulation) on Page 165, that t is a transition in T0 and that u ′ is a marking in B(P0).
Consequently, (N0,u)[`0(t)〉(N0,u ′)with `0(t) = α. Hence, assuming that v′′ = u
and v′ = u ′, the proof requirement is satisfied.

ii) Second, assume that t ∈ T0 is a transition of N0 such that (N0,u)[t〉 and such that
(N0,u) [`0(t)〉 (N0,u ′) where u ′ ∈ B(P0) is equal to u−◦t ] t◦. Clearly, this means
that ∂H(N1,u) [`0(t)〉 ∂H(N1,u ′). Thus, also Requirement ii) of Definition 2.2.15
is satisfied.

iii) Third, Requirement iii) of Definition 2.2.15 states that the following two implica-
tions must be shown: # ∂H(N1,u) ⇒ ⇓ (N0,u) and # (N0,u) ⇒ ⇓ ∂H(N1,u).
Assume # ∂H(N1,u). It follows from Definition 4.3.1 (Operational semantics) on
Page 160 that u = [o]. Hence, also # (N0,u). Definition 2.2.14 (⇓ ) on Page 11
yields immediately that ⇓ (N0,u). The second implication is proven in the same
way, which completes the proof.

2

Example 4.3.28. Consider Example 4.3.15 on Page 166. The protocol-inheritance rela-
tionships between life cycles (N1, [i]) and (N0, [i]) and between (N2, [i]) and (N0, [i])
can be easily proven by means of transformation rule PT . In both cases, method repp acts
as the guard.
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The remaining three transformation rules of this subsection are all based on the same prin-
ciples. The rule that is the easiest one to understand is presented first. It preserves both
protocol and projection inheritance. The rule is inspired by Axiom PP, as defined in Prop-
erty 4.2.29 on Page 157. It is illustrated in Figure 4.3.29 on the next page. Let (N0, [i])
be an object life cycle. Let N be a connected, free-choice P/T net such that the union
N1 = N0 ∪ N is well defined. The marked P/T net (N1, [i]) is a subclass of life cycle
(N0, [i]) under protocol/projection inheritance if the following four conditions are satis-
fied: i) N0 and N only share a single place p; ii) all transitions of N have a label which
does not appear in the alphabet of (N0, [i]); iii) each transition of N with p as one of
its input places has a visible label and iv) (N, [ p]) is live and bounded. Transformation
rule PP shows that under protocol/projection inheritance, it is allowed to postpone behav-
ior. When (N1, [i]) reaches a state in which place p is marked, it is possible to iterate the
behavior defined by N an arbitrary number of times before continuing with the original
behavior. The requirement that (N, [ p]) is free-choice, live, and bounded guarantees that
every token consumed from place p by a transition of N can always be returned to p. This
property of N is crucial for the correctness of rule PP.

Transformation rule PP is fairly general. The only requirement that might seem out of
place is the requirement that N is free-choice. However, as already explained in Section
2.3.5, free-choice P/T nets exhibit many interesting properties that do not carry over to
general ordinary P/T nets. Two examples of such properties are monotonicity of liveness
and monotonicity of home markings. These and other properties form the basis of trans-
formation rule PP. At the end of this subsection, the role of the free-choice requirement
in rule PP is discussed in more detail.

A positive consequence of the free-choice requirement is that it can be verified very
efficiently whether a specific transformation satisfies the conditions of the transformation
rule. Note that, in contrast to the previous transformation rule, rule PP does not require
that (N1, [i]) is an object life cycle. The fact that (N1, [i]) is a life cycle follows from the
other requirements. As already explained, the alphabet of an object life cycle is simply the
set of its visible transition labels. It has also been mentioned that liveness and boundedness
of free-choice P/T nets can be verified in linear time (KOVALYOV, 1996). This means that
all requirements of rule PP can be verified efficiently.

The correctness of transformation rule PP is proven by showing that it is both a spe-
cial case of transformation rule PT and of transformation rule PJ given further on in this
subsection. The advantage of such a proof is that it is relatively short. The disadvantage
is that it does not provide much insight in the exact working of the rule. To understand the
details of rule PP, it is best to study the lemmas which form the basis of the proof of the
two remaining transformation rules. These lemmas are given after the proof of transfor-
mation rule PP.

Finally, observe that, when Requirement iii) of rule PP is dropped, it does no longer
preserve protocol inheritance, but that it still preserves projection inheritance.

Theorem 4.3.30. (Protocol/projection-inheritance-preserving transformation rule
PP) Let (N0, [i])with N0 = (P0, T0, F0, `0) be an object life cycle inL. If N = (P, T , F,
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Figure 4.3.29: A protocol/projection-inheritance-preserving transformation rule.

`) is a connected, labeled, free-choice P/T net with place p ∈ P such that

i) p 6∈ {i,o}, P0 ∩ P = {p}, T0 ∩ T = ø,
ii) (∀ t : t ∈ T : `(t) 6∈ α(N0, [i])),

iii) (∀ t : t ∈ T ∧ p ∈ •t : `(t) 6= τ ),
iv) (N, [ p]) is live and bounded, and
v) N1 = N0 ∪ N is well defined,

then (N1, [i]) is an object life cycle in L such that (N1, [i]) ≤pp (N0, [i]).

Proof. To prove Theorem 4.3.30, it is shown that it is a special case of both Theorem 4.3.27
on Page 172 and Theorem 4.3.40 on Page 182. Thus, it is shown that the transforma-
tion rule preserves both protocol and projection inheritance, which according to Definition
4.3.13 (Inheritance relations) on Page 166 means that it also preserves protocol/projection
inheritance. Let N0, N , and N1 be the three P/T nets satisfying the requirements of The-
orem 4.3.30.

It is straightforward to verify that N0, N , and N1 satisfy the requirements of Theorem
4.3.27.

The second part of the proof starts by showing that N0 contains a transition with place
p in its postset. Since (N0, [i]) is a life cycle, it follows from Definition 4.3.2 (Object life
cycle) on Page 161 that N0 is connected. It follows from Definition 2.3.15 (Connected-
ness) on Page 21 and the fact that places i and o are distinct that T0 is not empty. Since
a life cycle does not contain any dead transitions, Lemma 4.3.32 on the next page yields
that there exists a reachable marking s ∈ [N0, [i]〉 such that s ≥ [ p]. Definitions 2.3.17
(Reachable markings) on Page 21 and 2.3.7 (Firing rule) on Page 18 imply that there exists
a transition tp ∈ T0 such that p ∈ tp

◦.
Transition tp is used to construct a P/T net N2 = (P2, T2, F2, `2) as follows: P2 = P0,

T2 = T ∪ {tp}, F2 = F0 ∪ {(p, tp), (tp, p)}, and `2 = `0 ∪ {(tp, `0(tp))}. It remains to
be shown that N0, N1, and N2 satisfy the requirements of Theorem 4.3.40 on Page 182,
where N2 place the role of N .

First, it must be shown that N2 is connected and free-choice. It follows immediately
from Definition 2.3.15 (Connectedness) on Page 21, the construction of N2, and the fact
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that N is connected that also N2 is connected. To prove that N2 is free-choice, assume that
N2 is not free-choice. It follows from Definition 2.3.43 (Free-choice P/T net) on Page 27,
the construction of N2, and the fact that N is free-choice that there must be a transition
t ∈ T such that {p} ⊂ ·t . Since (N, [ p]) is live, there must be a reachable marking
s ∈ [N, [ p]〉 such that (N, s)[t〉. That is, s > [ p]. However, by Property 2.3.23 (Char-
acterization of boundedness) on Page 23, this contradicts the boundedness of (N, [ p]). It
follows that N2 is free-choice.

Second, it is straightforward to see that N0 and N2 satisfy Requirements i) and ii) of
Theorem 4.3.40.

Third, it must be shown that (N2, [ p]) is live and bounded. It follows from Definitions
2.3.33 (Trap) on Page 25 and 2.3.36 (Siphon) on Page 26 that the traps and siphons of N2

are identical to the traps and siphons of N . It may be assumed that T 6= ø. Otherwise, N0

and N1 are identical, which means that Theorem 4.3.30 is trivially true. It follows from
the facts that both N and N2 are connected and that (N, [ p]) is live and Theorem 2.3.51
(Commoner’s theorem) on Page 28 that also (N2, [ p]) is live. To prove that (N2, [ p]) is
bounded, observe that the sets of reachable markings of (N, [ p]) and (N2, [ p]) are iden-
tical. Thus, since (N, [ p]) is bounded, also (N2, [ p]) is bounded.

Finally, it is straightforward to verify that N1 = (P0, T0, F0\{(tp, p)}, `0) ∪ (P2, T2,

F2\{(p, tp)}, `2). Thus, also Requirement iv) of Theorem 4.3.40 is satisfied, completing
the proof. 2

Example 4.3.31. Consider again the object life cycles in Example 4.3.15 on Page 166. It
is not difficult to verify that the inheritance relationship between (N4, [i]) and (N3, [i])
can be proven by means of transformation rule PP.

Before continuing with the remaining two transformation rules of this subsection, a num-
ber of lemmas is introduced. These lemmas are needed in the correctness proofs of the
rules. Most of the lemmas formulate properties that are useful to increase the understand-
ing of the rules. If applicable, the lemmas are explained by means of transformation rule
PP as defined in Theorem 4.3.30 on Page 174.

The first lemma is a simple auxiliary result. It shows that, in a connected, ordinary P/T
net without dead transitions, it is possible to put a token in an arbitrary place.

Lemma 4.3.32. Let N = (P, T , F, `) be a connected, labeled, ordinary P/T net such that
T is not empty. Assume that s ∈ B(P) is a marking such that (N, s) contains no dead
transitions. For any place p ∈ P, there exists a reachable marking s′ ∈ [N, s〉 such that
s′ ≥ [ p].

Proof. If N contains no places, then the lemma is trivial. Therefore, assume that P 6= ø.
Let p be a place in P. It follows from the assumption that T is not empty and Definition
2.3.15 (Connectedness) on Page 21 that there exists a transition t ∈ •p∪ p•. Since (N, s)
has no dead transitions, Definition 2.3.26 (Dead transition) on Page 24 implies that there
exists a marking s′ ∈ [N, s〉 such that s′[t〉. If t ∈ p•, then s′ ≥ [ p]. If t ∈ •p, Definition
2.3.7 (Firing rule) on Page 18 implies that s′′ = s′ − •t ] t• is a marking in [N, s〉 such
that s′′ ≥ [ p]. 2
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As explained in Section 2.3.3, in the analysis of iterative behavior, home markings play
an important role. Several results about home markings of live and bounded free-choice
P/T nets are essential to the correctness of the transformation rules in this subsection. The
following lemma is a technical result which characterizes the role of the empty marking
in the analysis of home markings of live and bounded free-choice P/T nets.

Lemma 4.3.33. Let N = (P, T , F, `) be a connected, labeled, free-choice P/T net. As-
sume that s ∈ B(P) is a marking such that (N, s) is live and bounded. Let s′, s′′ ∈ B(P)
be two markings of N .

i) 0 is a home marking of (N,0);

ii) if s′ is a home marking of (N, s′′), then s′ = 0 if and only if s′′ = 0.

Proof. The first part of the lemma is proven as follows. Since (N, s) is bounded, it fol-
lows from Property 2.3.63 on Page 32 that also (N,0) is bounded. Hence, Property 2.3.23
(Characterization of boundedness) implies that the empty marking is the only reachable
marking of (N,0). Thus, it follows trivially from Definition 2.3.31 (Home marking) on
Page 25 that 0 is a home marking of (N,0).

The second part of the lemma follows directly from the following two observations.
First, since s′ is a home marking of (N, s′′), it follows from Property 2.3.56 on Page 30
and Definition 2.3.31 (Home marking) on Page 25 that s′ and s′′ mark every S-component
of N with the same number of tokens. Second, it follows from the fact that (N, s) is free-
choice, live, and bounded and Theorem 2.3.61 (S-coverability) on Page 31 that every place
of N is contained in the set of places of at least one S-component. 2

The remaining lemmas all give results about a very specific kind of live and bounded free-
choice P/T net, namely a free-choice P/T net N with a place p such that (N, [ p]) is live
and bounded. The extension N in transformation rule PP is such a P/T net. As mentioned
earlier, the crucial property of N is that any token consumed from place p can always be
returned. This property must remain valid under all circumstances. The following lemma
states that a single token in place p can always be returned. That is, if life cycle (N0, [i])
in rule PP puts a single token in place p, it is always possible to return this token when it
is consumed by a transition of N .

Lemma 4.3.34. Let N = (P, T , F, `) be a connected, labeled, free-choice P/T net. If
p ∈ P is a place such that (N, [ p]) is live and bounded, then [ p] is a home marking of
(N, [ p]).

Proof. If N contains no transitions, the property is satisfied trivially. Therefore, assume
that T is not empty. Definitions 2.3.26 (Dead transition) on Page 24 and 2.3.27 (Liveness)
on Page 24 imply that, for any reachable marking s ∈ [N, [ p]〉 and any transition t ∈ T ,
t is not dead in (N, s). Lemma 4.3.32 on the preceding page yields that, for any reach-
able marking s ∈ [N, [ p]〉, there exists a marking s′ ∈ [N, s〉 such that s′ ≥ [ p]. Since
(N, [ p]) is bounded, it follows from Property 2.3.23 (Characterization of boundedness)
on Page 23 that s′ = [ p]. Hence, Definition 2.3.31 (Home marking) on Page 25 yields
that [ p] is a home marking of (N, [ p]). 2
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The following corollary generalizes Lemma 4.3.34 to an arbitrary number of tokens in
place p. Considering transformation rule PP, this result is needed because the original
life cycle (N0, [i]) may put multiple tokens in place p.

Corollary 4.3.35. Let N = (P, T , F, `) be a connected, labeled, free-choice P/T net. If
p ∈ P is a place such that (N, [ p]) is live and bounded, then, for all positive natural
numbers n ∈ IP, [ pn] is a home marking of (N, [ pn ]).

Proof. Property 2.3.66 (Monotonicity of home markings) on Page 32 and Lemma 4.3.34
on the preceding page. 2

Lemma 4.3.34 on the previous page and Corollary 4.3.35 show that any number of tokens
put into place p by life cycle (N0, [i]) in transformation rule PP can be returned when
consumed by N , provided that no external effects disturb the process of returning tokens to
p. Property 2.3.66 (Monotonicity of home markings) on Page 32 shows that this process is
not disturbed when firing a transition of N0 adds a token to p. This raises the question what
happens if a transition of N0 removes a token from p. Lemma 4.3.37 given below shows
that the removal of token from p does not influence the process either. The following
lemma is an auxiliary result needed in the proof of Lemma 4.3.37.

Lemma 4.3.36. Let N = (P, T , F, `) be a connected, labeled, free-choice P/T net. As-
sume that p ∈ P is a place such that (N, [ p]) is live and bounded. Let s ∈ B(P) be an
arbitrary marking of N and n ∈ IP a positive natural number. If (N, s) is live and, for
every S-component (P0, T0, F0) of N , s(P0) = n, then [ pn] ∈ [N, s 〉. That is, if (N, s) is
live and s marks every S-component of N with n tokens, then marking [ pn] is reachable
from s.

Proof. If N contains no transitions, it easily follows from the connectedness requirement
that P contains only place p. As a result, the lemma is trivially satisfied. Therefore, as-
sume that T is not empty. The proof is by induction on n.

Base case: Assume that n = 1. That is, it must be shown that [ p] ∈ [N, s 〉 from the
assumption that s is a marking such that (N, s) is live and every S-component of N
is marked with exactly one token.
It follows from Property 2.3.28 on Page 24 and Lemma 4.3.32 on Page 176 that there
exists a marking s′ ∈ [N, s〉 such that s′ ≥ [ p]. It follows from the assumption that s
marks every S-component of N with one token and Property 2.3.56 on Page 30 that
also s′ marks every S-component of N with one token. It follows from the fact that
(N, [ p]) is live and Property 2.3.58 on Page 30 that [ p] marks every S-component of
N with one token. Consequently, for every S-component (P0, T0, F0) of N , place p
is an element of P0. Recall that Theorem 2.3.61 (S-coverability) on Page 31 implies
that every place of N is contained in the set of places of at least one S-component.
Since s′ marks every S-component of N with exactly one token and since s′ ≥ [ p],
it follows that s′ = [ p], which completes the proof.

Inductive step: The induction hypothesis states that, for some natural number n ≥ 1 and
any marking s ∈ B(P) such that (N, s) is live and s marks every S-component of N
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with n tokens, [ pn] ∈ [N, s 〉. Assume that s ∈ B(P) is a marking such that (N, s)
is live and such that s marks every S-component of N with n+ 1 tokens. It must be
shown that [ pn+1] ∈ [N, s 〉.
Property 2.3.28 on Page 24 and Lemma 4.3.32 on Page 176 show that there exists
a marking s′ ∈ [N, s 〉 such that s′ ≥ [ p]. It follows from the assumption and Prop-
erty 2.3.56 on Page 30 that s′ marks every S-component of N with n + 1 tokens.
In the base case, it has been shown that [p] marks every S-component of N with
exactly one token. Since s′ ≥ [ p], marking s′ − [ p] marks every S-component of N
with n tokens. It follows from the fact that (N, [ p]) is connected, live, and bounded
with T 6= ø and Property 2.3.59 on Page 31 that (N, s′ − [ p]) is live. The induc-
tion hypothesis yields that [ pn] ∈ [N, s′ − [ p]〉. Property 2.3.21 (Monotonicity of
reachable markings) on Page 22 yields that [ pn+1] ∈ [N, s′〉. Since s′ ∈ [N, s〉, it
follows that [ pn+1] ∈ [N, s〉, which completes the proof

2

Lemma 4.3.37. Let N = (P, T , F, `) be a connected, labeled, free-choice P/T net. As-
sume that p ∈ P is a place such that (N, [ p]) is live and bounded. Let s ∈ B(P) be an
arbitrary marking of N and n ∈ IP a positive natural number. If [ pn] is a home marking
of (N, [ p] ] s), then [ pn−1] is a home marking of (N, s), where [ p0] corresponds to the
empty bag 0.

Proof. If T = ø, the lemma is trivially true. Therefore, assume T 6= ø. Two cases must
be distinguished.

i) First, let n = 1. Assume that [p] is a home marking of (N, [ p] ] s). It must be
shown that 0 is a home marking of (N, s). Lemma 4.3.33 on Page 177 implies that
it is necessary and sufficient to prove that s = 0.
It follows from the assumption and Definition 2.3.31 (Home marking) on Page 25
that [ p] ∈ [N, [ p] ] s〉. Since Property 2.3.66 (Monotonicity of home markings) on
Page 32 and Lemma 4.3.34 on Page 177 imply that (N, [ p] ] s) is a home marking
of (N, [ p] ] s), it follows that [ p] ] s ∈ [N, [ p]〉. However, according to Property
2.3.23 (Characterization of boundedness) on Page 23, this contradicts the bounded-
ness of (N, [ p]) unless s = 0, which completes this part of the proof.

ii) Second, let n > 1. Assume that [pn] is a home marking of (N, [ p] ] s). It must be
shown that [ pn−1] is a home marking of (N, s). The aim is to use Theorem 2.3.64
(Home-marking theorem) on Page 32. This means that it must be shown that a)
(N, s) is bounded, b) (N, s) is live, c) [ pn−1] ∈ [N, s 〉, and d) [ pn−1] marks every
proper trap of N .
Requirement a) follows simply from the fact that (N, [ p]) is live and bounded and
Property 2.3.63 on Page 32.
Requirement b) is proven as follows. Since (N, [ p]) is connected, live, and bounded
with T 6= ø, it follows from Property 2.3.59 on Page 31 that [ p] marks every S-
component of N with one token. Consequently, [pn] marks every S-component of
N with n tokens. It follows from the assumption that [ pn] is a home marking of
(N, [ p] ] s) and Property 2.3.56 on Page 30 that [ p]] s marks every S-component
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of N also with n tokens. Hence, s marks every S-component with n − 1 tokens.
Since n > 1, Property 2.3.59 on Page 31 yields that (N, s) is live.
Requirement c) follows from Requirement b), the observation made in the proof
of Requirement b) that s marks every S-component of N with n − 1 tokens, and
Lemma 4.3.36 on Page 178.
Requirement d) is proven by means of Theorem 2.3.31 (Home-marking theorem)
on Page 25 and Lemma 4.3.34 on Page 177. It follows from these two results and
the fact that (N, [ p]) is connected, live, and bounded with T 6= ø that [ p] marks
every proper trap of N . Hence, since n > 1, [ pn−1] also marks every proper trap of
N .
Combining Requirements a) through d), the Home-marking theorem yields that
[ pn−1] is a home marking of (N, s).

2

Let us return to transformation rule PP one more time. The results given so far show that,
under all circumstances, it is possible to return all tokens in places of N to place p. Even
the removal of a token from place p does not disturb this property, as shown by Lemma
4.3.37 above. This result suggests that it must be possible to return tokens to p without
consuming any tokens from p in the process. Lemma 4.3.38 shows that this is indeed
possible.

Recall from Section 2.3.3 that a sequence of length n, for some natural number n, over
some alphabet of identifiers A is a function from {0, . . . ,n − 1} to A. An element a ∈ A
is said to be an element of a sequence σ over A of length n if and only if a = σ(i), for
some 0 ≤ i < n. The concatenation of two sequences σ and σ ′ over A of length n and
m, respectively, denoted σσ ′, is the sequence of length n + m defined as follows: for
0 ≤ i < n, σσ ′(i) = σ(i) and, for n ≤ i < n + m, σσ ′(i) = σ ′(i − n).

Lemma 4.3.38. Let N = (P, T , F, `) be a connected, labeled, free-choice P/T net. As-
sume that p ∈ P is a place such that (N, [ p]) is live and bounded. Let s ∈ B(P) be an
arbitrary marking of N and n ∈ IN an arbitrary natural number. If [ pn] is a home marking
of (N, s), then there exists a firing sequence σ ∈ T ∗ such that (N, s) [σ 〉 (N, [ pn ]) and,
for all t ∈ p•, t 6∈ σ .

Proof. The lemma is trivial if N contains no transitions. Therefore, assume that T is not
empty. The proof is by induction on n.

Base case: Assume that n = 0. It must be shown that there exists a firing sequence
σ ∈ T ∗ such that (N, s) [σ 〉 (N,0) and, for all t ∈ p•, t 6∈ σ , under the assumption
that 0 is a home marking of (N, s).
Lemma 4.3.33 on Page 177 yields that s = 0. Clearly, the empty sequence ε satisfies
the requirements, completing the proof of the base case.

Inductive step: The induction hypothesis states that for some n ≥ 0 and any marking
s ∈ B(P) such that [ pn] is a home marking of (N, s), there exists a firing sequence
σ ∈ T ∗ such that (N, s) [σ 〉 (N, [ pn ]) and, for all t ∈ p•, t 6∈ σ . Assume that
s ∈ B(P) is a marking of N such that [ pn+1] is a home marking of (N, s). It must
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be shown that there exists a firing sequence σ ∈ T ∗ such that (N, s) [σ 〉 (N, [ pn+1])
and, for all t ∈ p•, t 6∈ σ .
It follows from the fact that (N, [ p]) is connected, live, and bounded with T 6= ø
and Property 2.3.59 on Page 31 that [ p] marks every S-component of N with ex-
actly one token. As a result, [pn+1] marks every S-component of N with n + 1
tokens. Property 2.3.56 on Page 30 and the assumption that [pn+1] is a home mark-
ing of (N, s) imply that also s marks every S-component with n + 1 tokens. Thus,
Property 2.3.59 on Page 31 yields that (N, s) is live. Consequently, it follows from
Properties 2.3.19 on Page 22 and 2.3.28 on Page 24 and Lemma 4.3.32 on Page 176
that there exist a reachable marking s′ ∈ [N, s〉 and a firing sequence σ ∈ T ∗ such
that (N, s) [σ 〉 (N, s′) and s′ ≥ [ p]. Clearly, σ can be chosen such that, for all
t ∈ p•, t 6∈ σ . Since s′ ∈ [N, s〉 and [ pn+1] is a home marking of (N, s), it fol-
lows from Definition 2.3.31 (Home marking) on Page 25 that [ pn+1] is also a home
marking of (N, s′). Since s′ ≥ [ p], Lemma 4.3.37 on Page 179 yields that [ pn] is a
home marking of (N, s′ − [ p]). Thus, it follows from the induction hypothesis that
there exists a firing sequence σ ′ ∈ T ∗ such that (N, s′ − [ p]) [σ ′〉 (N, [ pn ]) and,
for all t ∈ p•, t 6∈ σ ′. Property 2.3.21 (Monotonicity of reachable markings) on
Page 22 yields that (N, s′) [σ ′〉 (N, [ pn+1 ]). Concatenating firing sequences σ and
σ ′, yields the desired firing sequence. That is, (N, s) [σσ ′〉 (N, [ pn+1]) such that,
for all t ∈ p•, t 6∈ σσ ′, which completes the proof. 2

The next transformation rule of this subsection, PJ, builds upon the results given so far. It
is inspired by the algebraic axioms of inheritance PJ1 and PJ2 given in Property 4.2.27 on
Page 157. Theorem 4.3.40 given below formalizes transformation rule PJ. Figure 4.3.39
on the following page illustrates the rule. It shows that rule PJ corresponds to a sequen-
tial composition. New behavior may be inserted between sequential parts of a life cycle,
yielding a subclass under projection inheritance. In contrast to the previous two transfor-
mation rules, the original life cycle is modified. Basically, transformation rule PJ says that
it is allowed to replace an arc in the original life cycle by an entire P/T net. The original
life cycle (N0, [i]) contains a place p which has a transition tp as one of its input transi-
tions. The modification of (N0, [i]) is based upon a free-choice P/T net N sharing place
p and transition tp with N0. Place p is the only input place of tp in N . The result of the
transformation rule is the P/T net N1 obtained by taking the union of N0 and N after re-
moving both the arc between tp and p from N0 and the arc between p and tp from N . The
requirement that (N, [ p]) is live and bounded guarantees that N1 always has the option
to move every token that transition tp would normally have put into place p to place p
by only firing transitions of N . The requirement that all transitions of N other than tp are
labeled with method identifiers not appearing in the alphabet of (N0, [i]) guarantees that
hiding these methods does not influence the behavior of the original life cycle.

As already mentioned, transformation rule PP is a special case of rule PJ. Similar to
rule PP, the only compromise with respect to generality of PJ is the requirement that N
is free-choice. The requirements of transformation rule PJ can be verified with the same
efficiency as the requirements of PP.

Recall the notation concerning pre- and postsets introduced on Page 172.
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Figure 4.3.39: A projection-inheritance-preserving transformation rule.

Theorem 4.3.40. (Projection-inheritance-preservingtransformation rule PJ) Let (N0,

[i]) with N0 = (P0, T0, F0, `0) be an object life cycle in L. If N = (P, T , F, `) is a
connected, labeled, free-choice P/T net with place p ∈ P and transition tp ∈ T such that

i) p 6∈ {i,o}, P0 ∩ P = {p}, T0 ∩ T = {tp}, (tp, p) ∈ F0, and ·tp = {p},
ii) (∀ t : t ∈ T\T0 : `(t) 6∈ α(N0, [i])),

iii) (N, [ p]) is live and bounded, and

iv) N1 = (P0, T0, F0\{(tp, p)}, `0) ∪ (P, T , F\{(p, tp)}, `) is well defined,

then (N1, [i]) is an object life cycle in L such that (N1, [i]) ≤pj (N0, [i]).

Proof. The proof consists of two parts. In the first part, a branching bisimulation is given
showing that (N0, [i]) and (N1, [i]) satisfy the requirement of Definition 4.3.13 ii) (Pro-
jection inheritance) on Page 166. In the second part, the branching bisimulation is used
to prove that (N1, [i]) is an object life cycle.

In the first part of the proof, it must be shown that there exists an I ⊆ E, such that
τI (N1, [i]) ∼b (N0, [i]). Let I be defined as the set α(N1, [i])\α(N0, [i]). Let R be the
relation {(τI (N1,u), (N0, v)) | u ∈ [N1, [i]〉∧v ∈ [N0, [i]〉∧u |̀(P0\{p}) = v |̀(P0\{p})∧
v |̀{p} is a home marking of (N,u |̀ P)}. The remainder of this part of the proof is devoted
to showing thatR is a branching bisimulation between τI (N1, [i]) and (N0, [i]), as defined
in Definition 2.2.15 on Page 11. Note that the abstraction operator τI does not affect the set
of markings reachable from (N1, [i]). Any firing sequence, as defined in Definition 2.3.18
on Page 22, enabled in (N1, [i]) is also enabled in τI (N1, [i]). Property 2.3.19 on Page 22
implies that the sets of reachable markings of (N1, [i]) and τI (N1, [i]) are identical.

First, it must be shown that τI (N1, [i])R(N0, [i]). Clearly, it suffices to show that 0 is
a home marking of (N,0), which follows immediately from Lemma 4.3.33 on Page 177.

Second, it must be shown that relation R is a branching bisimulation. Assume that
u ∈ [N1, [i]〉 and v ∈ [N0, [i]〉 are markings such that τI (N1,u)R(N0, v), which implies
that u |̀ (P0\{p}) = v |̀ (P0\{p}) and v |̀ {p} is a home marking of (N,u |̀ P).

i) Assume that t ∈ T0 ∪ T is a transition of N1 such that τI (N1,u)[t〉 and such that
τI (N1,u) [α〉 τI (N1,u ′) where α is equal to the method identifier (`0 ∪ `)(t) and
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where marking u ′ ∈ [N1, [i]〉 is equal to u − •t ] t•. Requirement i) of Definition
2.2.15 states that it must be shown that there exist two markings v′, v′′ ∈ B(P0) of
N0 such that a) (N0, v) H⇒ (N0, v

′′) [(α)〉 (N0, v
′), b) τI (N1,u)R(N0, v

′′), and c)
τI (N1,u ′)R(N0, v

′). Two cases must be distinguished.
First, assume that t ∈ T \T0. That is, t is a transition of N different from tp. It fol-
lows from Requirement ii) of Theorem 4.3.40 and Definition 4.3.11 (Abstraction)
on Page 165 that α = τ . Let v′′ = v′ = v.
Requirement a) follows easily from the fact that α = τ .
Requirement b) follows immediately from the assumption that τI (N1,u)R(N0, v).
To prove Requirement c), it must be shown that τI (N1,u ′)R(N0, v). By assump-
tion, u ′ ∈ [N1, [i]〉 and v ∈ [N0, [i]〉. Since t ∈ T \T0, Requirement i) of The-
orem 4.3.40 implies that u ′ |̀ (P0\{p}) = u |̀ (P0\{p}). Since u |̀ (P0\{p}) =
v |̀ (P0\{p}), it follows that u ′ |̀(P0\{p}) = v |̀ (P0\{p}). It remains to be shown that
v |̀ {p} is a home marking of (N,u ′ |̀ P). This result follows easily from Definition
2.3.31 (Home marking) on Page 25 and the observations that τI (N1,u)[α〉τI (N1,u ′)
and that v |̀ {p} is a home marking of (N,u |̀ P).
Second, assume that t ∈ T0. That is, t is a transition of N0. Let v′′ = v and v′ =
v − ◦t ] t◦.
To prove Requirement a), it is needed that u(p) ≤ v(p). That is, marking v marks
place p with at least as many tokens as u. This property is proven as follows. Since
T 6= ø and (N, [ p]) is connected, free-choice, live, and bounded, Property 2.3.58
on Page 30 implies that [ p] marks every S-component of N . Clearly, this means that
place p is contained in every S-component of N . Consequently, v |̀ {p}marks every
S-component of N with v(p) tokens. Since v |̀ {p} is a home marking of (N,u |̀ P),
Property 2.3.56 on Page 30 proves that u(p) ≤ v(p). Since τI (N1,u)[t〉, α = (`0∪
`)(t), τI (N1,u)[α〉τI (N1,u ′), u |̀(P0\{p}) = v |̀(P0\{p}), u(p) ≤ v(p), and t ∈ T0,
it follows that (N0, v)[t〉 and (N0, v) [α〉 (N0, v − ◦t ] t◦). Requirement a) easily
follows from the fact that v′′ = v and v′ = v.
Requirement b) follows immediately from the assumptions that τI (N1,u)R(N0, v)

and that v′′ = v.
Finally, Requirement c) is proven as follows. The assumptions and Requirement
a) yield that u ′ ∈ [N1, [i]〉 and v′ ∈ [N0, [i]〉. It follows from the fact that u |̀
(P0\{p}) = v |̀ (P0\{p}), and the definitions of u ′ and v′ that u ′ |̀ (P0\{p}) = v′ |̀
(P0\{p}). It remains to be shown that v′ |̀ {p} is a home marking of (N,u ′ |̀ P). Re-
call that the markings u and v satisfy the property that v |̀ {p} is a home marking of
(N,u |̀ P). Five cases can be distinguished. In this case analysis, Requirements i)
and iv) of Theorem 4.3.40 are used to determine expressions for v′ |̀ {p} and u ′ |̀ P.
Recall that u ′ = u−◦t ] t◦ and v′ = v−•t ] t•. First, if p 6∈ •t ∪ t• or if p ∈ •t ∩ t•

and t 6= tp, then v′ |̀ {p} = v |̀ {p} and u ′ |̀ P = u |̀ P. Hence, the desired re-
sult simply follows from the above property. Second, assume that p ∈ •t ∩ t• and
t = tp. It follows that p ∈ ◦t ∩ t◦. Hence, v′ |̀ {p} = v |̀ {p}. It follows from the
assumption that p ∈ •t and the fact that ·tp = {p} that •t |̀ P = {p}. Since p ∈ t•,
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it follows that p ∈ t·. Since ·tp = {p} and (N, [ p]) is bounded, Property 2.3.23
(Characterization of boundedness) on Page 23 yields that tp

· = {p}. Consequently,
t• |̀ P = {p}. Thus, u ′ |̀ P = u |̀ P. As in the previous case, the desired result
simply follows from the abovementioned property. Third, assume that p ∈ •t\t•
and t 6= tp. It follows from p ∈ •t that p ∈ ◦t . It follows from p 6∈ t• and t 6= tp

that p 6∈ t◦. Hence, v′ |̀ {p} = v |̀ {p} − [ p] and u ′ |̀ P = u |̀ P − [ p]. As a result,
the desired result follows from the above property and Lemma 4.3.37 on Page 179.
Fourth, assume that p ∈ •t\t• and t = tp. It follows from p ∈ •t and ·tp = {p}
that •t |̀ P = {p} = ·t . It follows from the requirements of Theorem 4.3.40 that
tp
• |̀ P = tp

·. Hence, u ′ |̀ P = u |̀ P − ·t ] t·. It follows from p ∈ •t that p ∈ ◦t . It
follows from t = tp that p ∈ t◦. Hence, v′ |̀ {p} = v |̀ {p}. Since, by assumption,
τI (N1,u)[t〉 and p ∈ •t , it follows from the fact that ·t = {p} that also (N,u |̀ P)[t〉.
Consequently, u ′ |̀ P ∈ [N,u |̀ P〉. Thus, Definition 2.3.31 (Home marking) on
Page 25, the fact that v′ |̀ {p} = v |̀ {p}, and the assumption that v |̀ {p} is a home
marking of (N,u |̀ P) yield that v′ |̀ {p} is a home marking of (N,u ′ |̀ P). Finally, if
p ∈ t•\•t , then also p ∈ t◦\◦t . Thus, v′ |̀ {p} = v |̀ {p}] [ p] and u ′ |̀P = u |̀P ] [ p].
In this case, the desired result follows from the above property and Property 2.3.66
(Monotonicity of home markings) on Page 32.

ii) Assume that t ∈ T0 is a transition of N0 such that (N0, v)[t〉 and such that (N0, v)[α〉
(N0, v

′) where α is equal to the method identifier `0(t) and where marking v′ ∈
[N0, [i]〉 is equal to v−◦t]t◦. Requirement ii) of Definition 2.2.15 states that it must
be shown that there exist markings u ′,u ′′ ∈ B(P0 ∪ P) such that a) τI (N1,u) H⇒
τI (N1,u ′′) [(α)〉 τI (N1,u ′), b) τI (N1,u ′′)R(N0, v), and c) τI (N1,u ′)R(N0, v

′).
Let u ′′ = v and u ′ = v − •t ] t•. This choice for u ′′ and u ′ is inspired by the fact
that it is possible to reach marking v from u by firing as many transitions of N as
necessary. Since marking v enables transition t , it is straightforward to prove the
desired requirements.
Requirement a) is proven as follows. The assumption that v |̀ {p} is a home mark-
ing of (N,u |̀ P), Requirements i) and iii) of Theorem 4.3.40, and Lemma 4.3.38
on Page 180 yield that there exists a firing sequence σ ∈ (T\{tp})∗ such that (N,u |̀
P) [σ 〉 (N, v |̀ {p}). The assumption that u |̀ (P0\{p}) = v |̀ (P0\{p}) and Require-
ment iv) of Theorem 4.3.40 imply that τI (N1,u) [σ 〉(N1, v). Definition 4.3.11 (Ab-
straction) on Page 165, the definition of I , and Requirement ii) of Theorem 4.3.40
yield that τI (N1,u) H⇒ τI (N1, v). It easily follows from (N0, v)[t〉, the defini-
tion of u ′, the fact that `0(t) = α, and Definition 2.3.7 (Firing rule) on Page 18 that
τI (N1, v) [α〉 τI (N1,u ′), which completes the proof of Requirement a).

To prove Requirement b), it must be shown that τI (N1, v)R(N0, v). By assumption,
v ∈ [N0, [i]〉. Since, also by assumption, u ∈ [N1, [i]〉, Requirement a) shows that
v ∈ [N1, [i]〉. Clearly, also v |̀ (P0\{p}) = v |̀ (P0\{p}). Thus, since v |̀ P = v |̀ {p},
Requirement b) follows from Corollary 4.3.35 on Page 178 and Lemma 4.3.33 i)
on Page 177.

To prove Requirement c), two cases must be distinguished. First, assume that t 6=
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tp. It follows from the requirements of Theorem 4.3.40 that •t = ◦t and t• = t◦.
Thus, Requirement c) simplifies to τI (N1, v

′)R(N0, v
′), which is proven in a sim-

ilar way as Requirement b). Second, assume that t = tp. It follows from the as-
sumptions and the proof of Requirement a) that v′ ∈ [N0, [i]〉 and u ′ ∈ [N1, [i]〉. It
follows from the requirements of Theorem 4.3.40 that •t = ◦t and t• = t◦\{p} ∪ t·.
The definitions of v′ and u ′ yield that u ′ |̀ (P0\{p}) = v′ |̀ (P0\{p}). It remains to be
shown that v′ |̀{p} is a home marking of (N,u ′ |̀P). Again two cases need to be dis-
tinguished. If p ∈ ◦t , Requirement i) of Theorem 4.3.40 yields that v′ |̀{p} = v |̀{p}.
Since t = tp, •t = ◦t , t• = t◦\{p} ∪ t·, and ·tp = {p}, it follows that u ′ |̀ P =
(v−•t ] t•) |̀ P = v |̀ {p}− [ p]] t◦ = v |̀ {p}− ·t ] t·. Definition 2.3.7 (Firing rule)
on Page 18 yields that (N, v |̀ {p}) [`(t)〉 (N,u ′ |̀ P). Since p ∈ ◦t and (N0, v)[t〉,
it follows that v ≥ [ p]. Thus, Corollary 4.3.35 on Page 178 yields that v |̀ {p} is a
home marking of (N, v |̀ {p}). It follows from Definition 2.3.31 (Home marking)
on Page 25 and the facts that v′ |̀P = v |̀P and that (N, v |̀ {p}) [`(t)〉(N,u ′ |̀P) that
v′ |̀ {p} is a home marking of (N,u ′ |̀ P), which completes the proof in this case. If
p 6∈ ◦t , then v′ |̀ {p} = v |̀ {p} ] [ p]. Since •t = ◦t and t• = t◦\{p} ∪ t·, it follows
that u ′ |̀ P = v |̀ {p} ] t·. Corollary 4.3.35 on Page 178 yields that v |̀ {p} ] [ p] is a
home marking of (N, v |̀ {p} ] [ p]). It follows from Definition 2.3.7 (Firing rule)
that (N, v |̀ {p} ] [ p]) [`(t)〉 (N,u ′ |̀ P). Definition 2.3.31 (Home marking) yields
that v′ |̀ {p} is a home marking of (N,u ′ |̀ P), which completes the proof also in this
case.

iii) Requirement iii) of Definition 2.2.15 (Branching bisimilarity) on Page 11 states that
the following two implications must be shown: # τI (N1,u)⇒ ⇓ (N0, v) and #(N0,

v)⇒⇓ τI (N1,u).
First, assume that # τI (N1,u). It follows from Definition 4.3.1 (Operational seman-
tics) on Page 160 that u = [o]. It follows from Requirement i) of Theorem 4.3.40
that u |̀ (P0\{p}) = [o] and u |̀ P = 0. Since τI (N1,u)R(N0, v), it follows from the
definition ofR that v |̀ (P0\{p}) = [o] and that v |̀ {p} is a home marking of (N,0).
Lemma 4.3.33 on Page 177 yields that v |̀ {p} = 0. Hence, v = [o]. Clearly, Def-
inition 4.3.1 (Operational semantics) on Page 160 yields that #(N0, v). It follows
from Definition 2.2.14 (⇓ ) on Page 11 that ⇓(N0, v), which completes the proof of
the first implication.
Second, assume that # (N0, v). It follows from Definition 4.3.1 (Operational se-
mantics) on Page 160 that v = [o]. It follows from Requirement i) of Theorem
4.3.40 and the definition ofR that u |̀ (P0\{p}) = [o] and that 0 is a home marking
of (N,u |̀P). Lemma 4.3.33 on Page 177 yields that u |̀P = 0. As a result, u = [o].
Hence, # τI (N1,u), which implies that ⇓ τI (N1,u). This last result proves the sec-
ond implication, completing the proof thatR satisfies Requirement iii) of Definition
2.2.15.

At this point, it has been shown that relationR as defined above is a branching bisimula-
tion. As a result, (N1, [i]) is a subclass of (N0, [i]) under projection inheritance, provided
that (N1, [i]) is a life cycle. The second part of the proof is devoted to this last requirement.
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It is not difficult to verify that (N1, [i]) satisfies Requirements i) through iv) of Defini-
tion 4.3.2 (Object life cycle) on Page 161. The remainder of the proof shows that (N1, [i])
also satisfies Requirements v), vi), and vii). It uses the fact that the relation R of the
first part of the proof is a branching bisimulation between τI (N1, [i]) and (N0, [i]), with
I = α(N1, [i])\α(N0, [i]).

Requirement v) (Proper termination) means that the following must be shown: For
every reachable marking s ∈ [N1, [i]〉, o ∈ s implies s = [o]. Let u ∈ [N1, [i]〉 be
a reachable marking of (N1, [i]) such that o ∈ u. Since R is a branching bisimulation
between τI (N1, [i]) and (N0, [i]), Lemma 4.3.17 on Page 168 implies that there exists a
marking v ∈ [N0, [i]〉 such that τI (N1,u)R(N0, v). Consequently, u |̀ (P0\{p}) = v |̀
(P0\{p}) and v |̀ {p} is a home marking of (N,u |̀ P). Since o ∈ u and o ∈ P0\{p},
this means that o ∈ v. It follows from the fact that (N0, [i]) is an object life cycle and
Requirement v) (Proper termination) of Definition 4.3.2 (Object life cycle) on Page 161
that v = [o]. This yields that u |̀(P0\{p}) = [o]. Another consequence of the fact that v =
[o] is that v |̀ {p} = 0, which means that 0 is a home marking of (N,u |̀ P). Lemma 4.3.33
on Page 177 yields that u |̀ P = 0. Since u |̀ (P0\{p}) = [o], u = u |̀ (P0\{p}) ] u |̀ P =
[o] ] 0 = [o], which proves that (N1, [i]) satisfies Requirement v) (Proper termination)
of Definition 4.3.2 on Page 161.

To prove that (N1, [i]) satisfies Requirement vi) (Termination option) of Definition
4.3.2, it must be shown that, for every reachable marking s ∈ [N1, [i]〉, [o] ∈ [N1, s〉.
Let u ∈ [N1, [i]〉 be a reachable marking of (N1, [i]). As before, using the fact that R is
a branching bisimulation between τI (N1, [i]) and (N0, [i]), Lemma 4.3.17 on Page 168
yields that there exists a marking v ∈ [N0, [i]〉 such that τI (N1,u)R(N0, v). Conse-
quently, u |̀ (P0\{p}) = v |̀ (P0\{p}) and v |̀ {p} is a home marking of (N,u |̀ P). Since
(N, [ p]) is live and bounded, Lemma 4.3.38 on Page 180 and Requirement i) of Theorem
4.3.40 yield that there exists a firing sequence σ ∈ (T\{tp})∗ such that (N,u |̀P)[σ 〉(N, v |̀
{p}). It follows from Requirements i) and iv) of Theorem 4.3.40 that (N1,u) [σ 〉 (N1, v).
It remains to be shown that [o] can be reached from marking v. It follows from the fact
that (N0, [i]) is an object life cycle, the fact that v ∈ [N0, [i]〉, and Requirement vi) (Ter-
mination option) of Definition 4.3.2 (Object life cycle) on Page 161 that [o] ∈ [N0, v〉. Let
σ0 ∈ T ∗0 be a firing sequence such that (N0, v) [σ0〉 (N0, [o]). It is possible to transform σ0

into a firing sequence σ̄0 ∈ (T0∪T )∗ such that (N1, v)[σ̄0〉(N1, [o]). This transformation is
inductively defined as follows. If tp 6∈ σ0, then σ̄0 = σ0. Clearly, this firing sequence sat-
isfies the requirement. If tp ∈ σ0, then assume that σ0 is of the form σ1tpσ2 with tp 6∈ σ1.
Let v′ ∈ B(P0) be the marking of N0 such that (N0, v) [σ1tp〉 (N0, v

′) [σ2〉 (N0, [o]). It
follows from the requirements of Theorem 4.3.40 that (N1, v) [σ1tp〉 (N1, v

′ − [ p]] tp
·).

Note that v′ ≥ [ p]. Corollary 4.3.35 on Page 178 implies that v′ |̀{p} is a home marking of
(N, v′ |̀ {p}). Since ·tp = p, it follows from Definition 2.3.7 (Firing rule) on Page 18 that
(N, v′ |̀ {p}) [`(t)〉 (N, v′ |̀ {p}− [ p]] tp

·). Definition 2.3.31 (Home marking) on Page 25
implies that v′ |̀ {p} is also a home marking of (N, v′ |̀ {p} − [ p]] tp

·). Lemma 4.3.38 on
Page 180 yields that there exists a firing sequence σ3 ∈ (T\{tp})∗ such that (N, v′ |̀ {p} −
[ p] ] tp

·) [σ3〉 (N, v′ |̀ {p}). Consequently, also (N1, v
′ − [ p] ] tp

·) [σ3〉 (N1, v
′). Thus,

(N1, v) [σ1tpσ3〉 (N1, v
′). Choosing σ̄0 = σ1tpσ3σ̄2, it follows that (N1, v) [σ̄0〉 (N1, [o]).
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Since (N1,u)[σ 〉(N1, v), it follows that (N1,u)[σ σ̄0〉(N1, [o]), proving that [o] ∈ [N1,u〉.
Thus, (N1, [i]) satisfies Requirement vi) (Termination option) of Definition 4.3.2.

It remains to prove Requirement vii) of Definition 4.3.2 saying that (N1, [i]) contains
no dead transitions, as defined in Definition 2.3.26 on Page 24. Since N1 is defined as the
union of N0 and N , the set of transitions of N1 is the set T0 ∪ T . The goal is to construct,
for every transition of N1, a firing sequence leading to a marking that enables that transi-
tion. First, let t be a transition in T0. It follows from the fact that (N0, [i]) is an object life
cycle that (N0, [i]) has no dead transitions. Consequently, there exist a firing sequence
σ ∈ T ∗0 and a marking s ∈ B(P0) such that (N0, [i]) [σ 〉 (N0, s) and (N0, s)[t〉. Let σ̄ be
the firing sequence in (T0∪T )∗ that is the result of transforming σ according to the trans-
formation introduced in the previous part of the proof. It follows that (N1, [i]) [σ̄ 〉 (N1, s)
and (N1, s)[t〉. Thus, t is not dead in (N1, [i]). Second, let t be a transition in T \{tp}.
Since (N0, [i]) does not contain any dead transitions, there exists a firing sequence σ ∈
(T0\{tp})∗ and a marking s ∈ B(P0) such that (N0, [i]) [σ tp〉 (N0, s). Note that s ≥ [ p]. It
follows from the requirements of Theorem 4.3.40 that (N1, [i]) [σ tp〉 (N1, s − [ p] ] tp

·).
Since (N, [ p]) is live, it follows from Definitions 2.3.27 (Liveness) on Page 24 and 2.3.7
(Firing rule) on Page 18 and the fact that ·tp = {p} that also (N, tp

·) is live. As a result
of Property 2.3.28 on Page 24, transition t is not dead in (N, tp

·). It follows that there is
a firing sequence σ0 ∈ T ∗ and a marking s′ ∈ B(P) such that (N, tp

·) [σ0〉 (N, s′) and
(N, s′)[t〉. Sequence σ0 can be chosen such that tp 6∈ σ0. To prove this claim, assume
that σ0 = σ1tpσ2 with tp 6∈ σ2. Let s′′ ∈ B(P) be the marking such that (N, tp

·) [σ1tp〉
(N, s′′)[σ2〉(N, s′). It follows from Definition 2.3.7 (Firing rule) on Page 18 that s′′ ≥ tp

·.
Since (N, [ p]) is bounded, it follows from Property 2.3.63 on Page 32 that also (N, tp

·) is
bounded. Thus, Property 2.3.23 (Characterization of boundedness) on Page 23 yields that
s′′ = tp

·. Consequently, σ2 is a firing sequence, satisfying the desired property that tp 6∈ σ2

and (N, tp
·) [σ2〉 (N, s′). Therefore, assume that tp 6∈ σ0. Since s ≥ [ p], it follows that

(N1, s−[ p]]tp
·)[σ0〉(N1, s−[ p]]s′). Since (N, s′)[t〉, it follows that (N1, s−[ p]]s′)[t〉.

From (N1, [i]) [σ tp〉 (N1, s− [ p]] tp
·), it follows that (N1, [i]) [σ tpσ0〉 (N1, s− [ p]] s′).

As a result, t is not dead in (N1, [i]). Combining the results of the two cases yields that
(N1, [i]) has no dead transitions, which proves Requirement vii) of Definition 4.3.2 and
completes the proof of Theorem 4.3.40. 2

Example 4.3.42. Consider again Example 4.3.15 on Page 166. The relationship between
(N2, [i]) and (N1, [i]) can be proven by means of transformation rule PJ given in Theorem
4.3.40 on Page 182. The transformation is illustrated in Figure 4.3.41 on the following
page. The arc in P/T net N1 between transition tp and its output place p is replaced by net
N minus the dashed arc between p and tp. The result is P/T net N2. Since (N, [ p]) is free-
choice, live, and bounded and since method identifier cerr does not occur as a transition
label in N1, (N2, [i]) is a subclass under projection inheritance of (N1, [i]).

To formulate the last transformation rule of this subsection, the following auxiliary def-
inition is needed. A place of a marked P/T net is said to be redundant or implicit if and
only if it does not depend on the number of tokens in the place whether any of its output
transitions is enabled by some reachable marking.
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Figure 4.3.41: A transformation based on transformation rule PJ.

Definition 4.3.43. (Implicit place) Let (N, s) with N = (P, T , F, `) be a marked, la-
beled, ordinary P/T net. A place p ∈ P is called implicit in (N, s) if and only if, for all
reachable markings s′ ∈ [N, s〉 and transition t ∈ p•, s′ ≥ •t\{p} ⇒ s′ ≥ •t .
Implicit places and their properties have been studied in (BERTHELOT, 1987; COLOM

AND SILVA, 1990). In the context of this chapter, only the following property of implicit
places is important. Implicit places different from the output place may be removed from
an object life cycle yielding a P/T net which is branching bisimilar to the original life cy-
cle. It is even possible to prove a stronger result, namely that the resulting P/T net is again
an object life cycle. However, since this stronger result is not needed, only the first men-
tioned result is proven.

Lemma 4.3.44. Let (N, [i]) with N = (P, T , F, `) be an object life cycle containing a
place p ∈ P\{o} that is implicit in (N, [i]). If N0 is the subnet of N generated by the set
of nodes P\{p}∪T , as defined in Definition 2.3.48 on Page 28, then (N, [i])∼b (N0, [i]).

Proof. Let R be the relation {((N,u), (N0, v)) | u ∈ [N, [i]〉 ∧ v ∈ [N0, [i]〉 ∧ u |̀
(P\{p}) = v}. It is not difficult to verify that, since p is implicit in (N, [i]), p 6= i. As
a result, (N, [i])R(N0 , [i]). It remains to be shown that R is a branching bisimulation.
Assume that u ∈ [N, [i]〉 and v ∈ [N0, [i]〉 are markings such that (N,u)R(N0 , v).

i) Assume that t ∈ T is such that (N,u)[t〉 and (N,u)[`(t)〉(N,u ′)with u ′ = u−•t]
t•. It follows immediately from the fact that u |̀ (P\{p}) = v, the definition of N0,
and Definition 2.3.7 (Firing rule) on Page 18 that (N0, v) [`(t)〉 (N0,u ′ |̀ (P\{p})).
Hence, it easily follows that Requirement i) of Definition 2.2.15 (Branching bisim-
ilarity) on Page 11 is satisfied.

ii) Assume that t ∈ T is such that (N0, v)[t〉 and (N0, v) [`(t)〉 (N0, v
′) with v′ =

v − •t ] t•. It follows from the facts that u |̀ (P\{p}) = v and that p is implicit in
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(N, [i]), Definition 4.3.43 (Implicit place) on the preceding page, the definition of
N0, and Definition 2.3.7 (Firing rule) that (N,u) [`(t)〉 (N, v′ ] ((u−•t ] t•) |̀ {p})).
Thus, it is not difficult to verify that also Requirement ii) of Definition 2.2.15 is
satisfied.

iii) First, assume that #(N,u). It follows from Definition 4.3.1 (Operational seman-
tics) on Page 160 that u = [o]. Since u |̀ (P\{p}) = v and p 6= o, also v = [o].
Thus, #(N0, v), which, by Definition 2.2.14 (⇓ ) on Page 11, implies that⇓(N0, v).
Second, assume that #(N0, v). It follows that v = [o]. Since u |̀ (P\{p}) = v and
p 6= o, u = [o]] (u |̀{p}). Since (N, [i]) is an object life cycle, it follows from Re-
quirement v) (Proper termination) of Definition 4.3.2 (Object life cycle) on Page 161
and the fact that u ∈ [N, [i]〉 that u = [o]. As a result, ⇓(N,u), which implies that
also Requirement iii) of Definition 2.2.15 is satisfied.

2

Lemma 4.3.44 on the facing page does not carry over to arbitrary ordinary P/T nets, as
the reader familiar with the literature on implicit places might expect. The reason is the
specific operational semantics for ordinary P/T nets chosen in this chapter. The termina-
tion predicate in this semantics says that a P/T net terminates if and only if it reaches a
marking with a single token in output place o. To illustrate the problem, consider a P/T
net which reaches a marking with a single token in o plus some additional tokens in an im-
plicit place. Clearly, according to the semantics, this net has not terminated successfully.
However, the P/T net that results from removing the implicit place does terminate in the
corresponding marking, which means that the two nets cannot be branching bisimilar.

The final result of this subsection is the fourth transformation rule. It is inspired by
and carries the same name as the algebraic axiom of inheritance PJ3, given in Property
4.2.27 on Page 157. Transformation rule PJ3 is formalized in Theorem 4.3.46 given be-
low. It shows under what restrictions it is allowed to extend an object life cycle with a
parallel branch of behavior. The result of rule PJ3 is a subclass of the original life cycle
under projection inheritance. It is illustrated in Figure 4.3.45 on the next page. As before,
(N0, [i]) is the original life cycle. Again, the modification of N0 is based on a free-choice
P/T net N containing a place p such that (N, [ p]) is live and bounded. The two net struc-
tures N0 and N share two transitions ti and to. In N , place p is the only input place of ti and
the only output place of to. Furthermore, p has no other input or output transitions. The
net structure N1 resulting from transformation rule PJ3 is defined as the union of N0 and N
after the removal of place p. These assumptions mean that transitions ti and to function as
the input and output transition of the extra parallel branch modeled by N . The basic idea
is that the P/T net (N1, [i]) satisfies the property that every firing of transition ti is even-
tually followed by a firing of transition to. The requirement that (N, [ p]) is free-choice,
live, and bounded guarantees that each time transition ti fires the resulting tokens in places
of N can be moved to the input places of transition to in N by only firing transitions of N
other than ti and to. In addition, to guarantee that (N1, [i]) satisfies the desired property,
also (N0, [i])must be such that every firing of ti is followed by exactly one firing of to. To
achieve this goal, assume that N0 is extended with a place q with ti as its only input place
and to as is only output place. Requiring that place q is implicit in this extension guaran-
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tees that a firing of transition to is always preceded by a firing of ti . It is not difficult to see
that the number of tokens in q corresponds to the number of firings of transition ti which
have not yet been followed by a firing of to. To guarantee that (N0, [i]) cannot terminate
without firing to as many times as ti , the extension of N0 with place q must be such that
it cannot put a token in place o while leaving tokens in q. Clearly, this is achieved when
the extension of N0 with q yields another life cycle. The combination of the requirements
on N0 and N implies that (N1, [i]) is an object life cycle satisfying the property that every
firing of ti is eventually followed by a firing of to.

The generality of transformation rule PJ3 is similar to the generality of rules PP and
PJ. However, the requirements of PJ3 cannot be verified with the same efficiency. The
two requirements concerning the extension of N0 with place q are hard to verify. How-
ever, the requirement that q is implicit in the extension of N0 can be slightly strength-
ened by requiring that q is structurally implicit (BERTHELOT, 1987; COLOM AND SILVA,
1990). This hardly compromises the generality of the rule. However, it is possible to ver-
ify whether a place is structurally implicit in polynomial time (COLOM AND SILVA, 1990).
The requirement that the extension of N0 with q yields another life cycle is, in general,
also hard to verify. However, the input that (N0, [i]) is a life cycle and that q is implicit in
the extension might alleviate this problem. The applicability of the rule has to be tested
in practice. It might also be an interesting question for future research to find the exact
complexity of this problem.

Finally, because the proof of Theorem 4.3.46 is similar to the proof of Theorem 4.3.40
on Page 182, it is not given in as much detail and with the same amount of explanation as
the proof of Theorem 4.3.40. However, all essential aspects of the proof are given in detail.

i

o

N

PJ3

ti

to

N0
q p

Figure 4.3.45: A projection-inheritance-preserving transformation rule.

Theorem 4.3.46. (Projection-inheritance-preserving transformation rule PJ3) Let
(N0, [i]) with N0 = (P0, T0, F0, `0) be an object life cycle in L. Let N = (P, T , F, `)
be a connected, labeled, free-choice P/T net. Assume that q ∈ U is a fresh identifier not
appearing in P0 ∪ T0 ∪ P ∪ T . If N contains a place p ∈ P and transitions ti, to ∈ T such
that

i) ·p = {to}, p· = {ti }, ·ti = {p}, t0
· = {p},
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ii) p 6∈ {i,o}, P0 ∩ P = ø, T0 ∩ T = {ti , to},
iii) (∀ t : t ∈ T\T0 : `(t) 6∈ α(N0, [i])),

iv) (N, [ p]) is live and bounded,

v) N1 = N0 ∪ (P\{p}, T , F\{(p, ti ), (to, p)}, `) is well defined,

vi) q is implicit in (Nq
0 , [i]) with Nq

0 = (P0 ∪ {q}, T0, F0 ∪ {(ti ,q), (q, to)}, `0), and

vii) (Nq
0 , [i]) is an object life cycle,

then (N1, [i]) is an object life cycle in L such that (N1, [i]) ≤pj (N0, [i]).

Proof. The proof goes along the same lines as the proof of Theorem 4.3.40 on Page 182.
Let I = α(N1, [i])\α(N0, [i]). It must be shown that τI (N1, [i]) is branching bisimilar to
(N0, [i]). According to Lemma 4.3.44 on Page 188, it suffices to show that τI (N1, [i]) is
branching bisimilar to (Nq

0 , [i]). Let ◦ , ◦ denote the preset and postset of Nq
0 , respec-

tively. Let R = {(τI (N1,u), (N
q
0 , v)) | u ∈ [N1, [i]〉 ∧ v ∈ [Nq

0 , [i]〉 ∧ u |̀ P0 =
v |̀ P0 ∧ [ pv(q)] is a home marking of (N,u |̀ P)}. Lemma 4.3.33 on Page 177 yields
that τI (N1, [i])R(N

q
0 , [i]). To prove thatR is a branching bisimulation, assume that u ∈

[N1, [i]〉 and v ∈ [Nq
0 , [i]〉 are such that τI (N1,u)R(N

q
0 , v). That is, u |̀ P0 = v |̀ P0 and

[ pv(q)] is a home marking of (N,u |̀ P).
i) Assume that t ∈ T0 ∪ T is such that τI (N1,u)[t〉 and τI (N1,u) [α〉 τI (N1,u ′) with
α = (`0∪`)(t) and u ′ = u−•t]t•. It must be shown that there exist v′, v′′ ∈ B(P0∪
{q}) such that a) (Nq

0 , v) H⇒ (Nq
0 , v

′′) [(α)〉 (Nq
0 , v

′), b) τI (N1,u)R(N
q
0 , v

′′), and
c) τI (N1,u ′)R(N

q
0 , v

′).
First, assume that t ∈ T\T0. The argument in this case is identical to the argument
used in the proof of the analogue case of Theorem 4.3.40.
Second, assume that t ∈ T0. Let v′′ = v and v′ = v − ◦t ] t◦.
To prove Requirement a), observe that ◦t = •t ∩ P0, unless t = to. In the latter case,
◦t = (•t ∩ P0) ∪ {q}. Requirement a) easily follows from the assumptions and the
fact that q is implicit in (Nq

0 , [i]).
Requirement b) follows immediately from the assumptions.
Finally, Requirement c) is proven as follows. It follows from the assumptions and
Requirement a) that u ′ ∈ [N1, [i]〉 and v′ ∈ [Nq

0 , [i]〉. The fact that u |̀ P0 = v |̀ P0

yields that u ′ |̀ P0 = v′ |̀ P0. It remains to be shown that [pv
′(q)] is a home marking

of (N,u ′ |̀ P). Recall that [ pv(q)] is a home marking of (N,u |̀ P).
Three cases can be distinguished. First, assume that t 6∈ {ti , to}. It follows easily
from the assumptions that v′(q) = v(q) and u ′|̀P = u |̀P, which immediately proves
the requirement. Second, assume that t = ti . It follows from the requirements of
Theorem 4.3.46 that v′(q) = v(q)+ 1 and u ′ |̀ P = u |̀ P ] t·. It follows from the
fact that [ pv(q)] is a home marking of (N,u |̀ P) and Property 2.3.66 (Monotonicity
of home markings) on Page 32 that [ pv(q)+1] is a home marking of (N,u |̀ P ] [ p]).
Since ·ti = {p}, it follows from the assumption that t = ti and Definitions 2.3.7
(Firing rule) on Page 18 and 2.3.31 (Home marking) on Page 25 that [pv(q)+1] is a
home marking of (N,u |̀ P ] t·), which proves the requirement in this case. Third,



192 Inheritance of Dynamic Behavior

assume that t = to. It follows that v′(q) = v(q)−1 and u ′ |̀P = u |̀P−·t . Definition
2.3.7 (Firing rule) yields that (N,u |̀ P) [`(t)〉 (N,u |̀ P − ·t ] [ p]). The fact that
[ pv(q)] is a home marking of (N,u |̀P) and Definition 2.3.31 (Home marking) imply
that [ pv(q)] is a home marking of (N,u |̀P−·t][ p]). It follows from Lemma 4.3.37
on Page 179 that [ pv(q)−1] is a home marking of (N,u |̀ P − ·t), which proves the
requirement also in this case.

ii) Assume that t ∈ T0 is such that (N0, v)[t〉 and (N0, v) [α〉 (N0, v
′) with α = `0(t)

and v′ = v′′ − ◦t ] t◦. It must be shown that there exist u ′,u ′′ ∈ B(P0 ∪ P\{p})
such that a) τI (N1,u) H⇒ τI (N1,u ′′) [(α)〉 τI (N1,u ′), b) τI (N1,u ′′)R(N

q
0 , v), and

c) τI (N1,u ′)R(N0, v
′). Two cases need to be distinguished.

First, assume t 6= to. Let u ′′ = u and u ′ = u−•t]t•. It follows from the assumptions
that •t = ◦t , which proves Requirement a). Requirement b) follows immediately
from the assumptions. To prove Requirement c), observe that v′ ∈ [Nq

0 , [i]〉 and
u ′ ∈ [N1, [i]〉. Two cases are distinguished. If t 6= ti , then t• = t◦. Thus, u ′ |̀ P0 =
v′ |̀P0, v′(q) = v(q), and u ′ |̀P = u |̀P. Requirement c) follows immediately. If t =
ti , then t• = t◦\{q}∪t· . It follows that u ′ |̀P0 = v′ |̀P0, v′(q) = v(q)+1, u ′ |̀P = u |̀
P∪t·. It remains to be shown that [pv

′(q)] is a home marking of (N,u ′ |̀P). It follows
from the assumption that [ pv(q)] is a home marking of (N,u |̀P) and Property 2.3.66
(Monotonicity of home markings) on Page 32 that [pv(q)+1] is a home marking of
(N,u |̀P][ p]). Since (N,u |̀P][ p])[`(ti)〉(N,u |̀P]t·), Definition 2.3.31 (Home
marking) on Page 25 yields that [ pv(q)+1] is a home marking of (N,u |̀P]t·), which
proves the requirement.

Second, assume t = to. Let u ′′ = v |̀ P0 ] (] r : r ∈ ·t : [rv(q)]) and u ′ =
v′ |̀ P0 ] (] r : r ∈ ·t : [rv

′ (q)]). Since t = to, it follows that •t = ◦t\{q} ∪ ·t and
t• = t◦. The proof of Requirement a) is as follows. The fact that [ pv(q)] is a home
marking of (N,u |̀ P) and Lemma 4.3.38 on Page 180 imply that there exists a firing
sequence σ ∈ (T\{ti })∗ such that (N,u |̀ P) [σ 〉 (N, [ pv(q)]). Note that it follows
from the definition of N1 that u(p) = 0. Consequently, σ can be chosen such that
σ = σ0σ1 where to 6∈ σ0 and where σ1 is of length v(q)with, for all i, 0 ≤ i < v(q),
σ1(i) = to. As a result, (N,u |̀P) [σ0〉(N, (] r : r ∈ ·t : [rv(q)]). It follows from the
fact that u |̀ P0 = v |̀ P0 that τI (N1,u) [σ0〉 τI (N1,u ′′). Requirement iii) of Theorem
4.3.46 yields that τI (N1,u) H⇒ τI (N1,u ′′). It follows from the observation that
•t = ◦t\{q} ∪ ·t , t• = t◦, and v′(q) = v(q) − 1 that τI (N1,u ′′) [`0(t)〉 τI (N1,u ′),
which proves Requirement a). To prove Requirement b), observe that u ′′ |̀ P0 =
v |̀ P0. It remains to be shown that [pv(q)] is a home marking of (N,u ′′ |̀ P). In
the proof of Requirement a), it has been shown that u ′′ |̀ P ∈ [N,u |̀ P〉. Thus,
the fact that [ pv(q)] is a home marking of (N,u |̀ P) implies that [ pv(q)] is also a
home marking of (N,u ′′ |̀ P). To prove Requirement c), note that u ′ |̀ P0 = v′ |̀ P0.
Therefore, it suffices to show that [ pv

′(q)] is a home marking of (N,u ′ |̀P). Observe
that v′(q) = v(q)−1 and u ′ |̀P = u ′′−·t . Since (N,u ′′ |̀P)[`(t)〉(N,u ′′ |̀P−·t][ p]),
it follows from the fact that [ pv(q)] is a home marking of (N,u ′′ |̀P) that also [ pv(q)]
is a home marking of (N,u ′′ |̀P−·t][ p]). Thus, Lemma 4.3.37 on Page 179 implies
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that [ pv(q)−1] is a home marking of (N,u ′′ |̀ P − ·t), which proves Requirement c).

iii) The argument to prove Requirement iii of Definition 2.2.15 (Branching bisimilarity)
on Page 11 is identical to the argument used in the corresponding case of the proof
of Theorem 4.3.40 on Page 182.

It remains to be shown that (N1, [i]) is an object life cycle. It is clear that (N1, [i]) satisfies
Requirements i) through iv) of Definition 4.3.2 (Object life cycle) on Page 161. The proof
that (N1, [i]) satisfies Requirement v) (Proper termination) of Definition 4.3.2 is almost
identical to the corresponding part of the proof of Theorem 4.3.40.

To prove that (N1, [i]) satisfies Requirement vi) (Termination option) of Definition
4.3.2, assume that u ∈ [N1, [i]〉. Since R is a branching bisimulation, Lemma 4.3.17 on
Page 168 yields that there exists a v ∈ [Nq

0 , [i]〉 such that u |̀ P0 = v |̀ P0 and [ pv(q)]
is a home marking of (N,u |̀ P). As shown in part ii) of the proof that R is a branch-
ing bisimulation, it is possible to construct a firing sequence σ ∈ (T\{ti , to})∗ such that
(N1,u) [σ 〉 (N1, v |̀ P0 ] (] r : r ∈ ·to : [rv(q)])). It follows from the fact that (Nq

0 , [i])
is a life cycle that there is a firing sequence σ0 ∈ T ∗0 such that (Nq

0 , v) [σ0〉 (Nq
0 , [o]). It is

possible to transform σ0 into a sequence σ̄0 ∈ (T0 ∪ T )∗ such that (N1, v |̀ P0 ] (] r : r ∈·to : [rv(q)])) [σ̄0〉 (N1, [o]), proving that (N1, [i]) satisfies Requirement vi) of Definition
4.3.2. The transformation is inductively defined as follows. If ti 6∈ σ0, then σ̄0 = σ0. It
is straightforward to see that this firing sequence satisfies the requirement. If ti ∈ σ0,
then assume that σ0 = σ1tiσ2 with ti 6∈ σ1. Let v′, v′′ ∈ B(P0 ∪ {q}) be such that
(Nq

0 , v) [σ1〉 (Nq
0 , v

′) [ti〉 (Nq
0 , v

′′) [σ2〉 (Nq
0 , [o]). It follows that (N1, v |̀ P0 ] (] r : r ∈·to : [rv(q)])) [σ1〉 (N1, v

′ |̀ P0 ] (] r : r ∈ ·to : [rv
′(q)])) [ti〉 (N1, v

′′ |̀ P0 ] (] r : r ∈ ·to :
[rv

′(q)]) ] ti
·). Lemma 4.3.34 on Page 177 states that [ p] is a home marking of (N, [ p]).

Since (N, [ p])[`(ti )〉(N, ti
·), it follows that [ p] is also a home marking of (N, ti

·). Lemma
4.3.38 on Page 180 and the fact that ·p = {to} imply that there exists a firing sequence
σ3 ∈ (T\{ti , to})∗ such that (N, ti

·)[σ3〉(N, ·to). It follows that (N1, v
′′ |̀P0](] r : r ∈ ·to :

[rv
′(q)])] ti

·) [σ3〉(N1, v
′′ |̀P0](] r : r ∈ ·to : [rv

′(q)+1])). Observe that v′′(q) = v′(q)+1.
Hence, (N1, v |̀ P0] (] r : r ∈ ·to : [rv(q)])) [σ1tiσ3〉 (N1, v

′′ |̀P0] (] r : r ∈ ·to : [rv
′′(q)])).

Choosing σ̄0 = σ1tiσ3σ̄2 yields that (N1, v |̀ P0 ] (] r : r ∈ ·to : [rv(q)])) [σ̄0〉 (N1, [o]),
completing the proof.

The proof that (N1, [i]) also satisfies Requirement vii) of Definition 4.3.2 is very simi-
lar to the corresponding part of the proof of Theorem 4.3.40. The only differences are that
ti plays the role of tp and that the transformation of firing sequences is the one introduced
in the previous part of the proof. 2

Example 4.3.48. Let us return one more time to Example 4.3.15 on Page 166. The sub-
class relationship between (N3, [i]) and (N2, [i]) can be proven by means of transforma-
tion rule PJ3 of Theorem 4.3.46 on Page 190. The transformation is depicted in Fig-
ure 4.3.47 on the next page. Let Nq

2 denote the P/T net N2 extended with place q. Ac-
cording to Definition 4.3.43 on Page 188, place q is implicit in (Nq

2 , [i]). In addition,
(Nq

2 , [i]) is an object life cycle. This means that the extension of N2 with place q satisfies
the requirements of Theorem 4.3.46. As explained, these requirements guarantee that, in



194 Inheritance of Dynamic Behavior

repp

o

omat

rcmd

i

cerr

N2

ti

to

pmat

i

o

repp

cerr

N3

rcmd

omat to

ti

ssps

rcmd

omat

ssps

ti

to

p

N

q
pmat

Figure 4.3.47: A transformation based on transformation rule PJ3.

(N2, [i]), each firing of transition ti is ultimately followed by exactly one firing of transi-
tion to. The transformation of N2 is based on the connected, free-choice P/T net N . Since
(N, [ p]) is live and bounded and since ssps is a method identifier not occurring in N2, also
N satisfies the requirements of Theorem 4.3.46. The union of N2 and N minus place p
and its incoming and outgoing arcs yields P/T net N3. Thus, it may be concluded from
Theorem 4.3.46 that object life cycle (N3, [i]) is a subclass under projection inheritance
of life cycle (N2, [i]).

So far in this subsection, four transformation rules have been presented to construct sub-
classes of object life cycles under different forms of inheritance. The rules correspond to
design constructs that are often used in practice, namely choice, iteration, sequential com-
position, and parallel composition. As explained in the introduction to this subsection, the
rules are compromises between generality and efficiency. Transformation rule PT, corre-
sponding to the choice construct, is very general but not very efficient. Rules PP and PJ,
corresponding to iteration and sequential composition respectively, are reasonably gen-
eral and very efficient. Rule PJ3, corresponding to parallel composition, is reasonably
general, but, at least theoretically, not very efficient. The applicability of all the rules has
to be tested in practice. Nevertheless, it is interesting to briefly consider generalizations
and restrictions of the rules.

Rules PP, PJ, and PJ3 are all transformations of the original life cycle based on a live
and bounded free-choice P/T net. This raises the question whether there also exists such
a rule corresponding to the choice construct. It appears that this is not the case without
compromising the generality of the current rule PT too much.

Another interesting question is whether it is possible to drop the free-choice require-
ment on the extensions in rules PP, PJ, and PJ3. The free-choice requirement itself is not
essential. It is important that the class of nets on which the extension in the transformation
rules is based satisfies the various results about home markings derived in this subsection
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and Section 2.3.5 for live and bounded free-choice nets. The class of live and bounded
ordinary P/T nets is too general for this purpose, as can be shown by means of the P/T net
in Figure 4.3.49.

t0 t1

t2 t3

t4

q1 q4

p

q0

t5

q3q2

Figure 4.3.49: Non-monotonicity of home markings for live and bounded ordinary P/T
nets.

The figure shows an ordinary P/T net N , which is not free-choice, with a place p con-
taining a single token. It is not difficult to verify that (N, [ p]) is live and bounded and
that [ p] is a home marking of (N, [ p]). However, consider the marked, ordinary P/T net
(N, [ p2]). Firing sequence t0t0t2t3 leads to marking [q1

2,q2
2]. In this marking, no tran-

sitions are enabled. Clearly, this implies that [ p2] is not a home marking of (N, [ p2]).
Thus, the class of live and bounded ordinary P/T nets does not satisfy the property that
home markings are monotone. Note that (N, [ p2]) is also no longer live and bounded.
Since the reachable marking [q1

2,q2
2] is a deadlock, (N, [ p2]) is obviously not live. Fur-

thermore, firing the sequence of transitions t0t1t4t5, starting from the initial marking, yields
marking [ p2,q0

2], which means that the number of tokens in place q0 can increase indef-
initely. Thus, (N, [ p2]) is also not bounded.

A consequence of the observation that the class of live and bounded ordinary P/T nets
does not satisfy monotonicity of home markings is that it is not possible to omit the free-
choice requirement in rules PP, PJ, and PJ3. It remains an interesting open problem to
find classes of P/T nets that could replace the class of live and bounded free-choice P/T
nets in the transformation rules. The class of live and bounded well-handled P/T nets
might be a candidate. Well-handled P/T nets and some of their properties are studied in
(VAN DER AALST, 1996, 1998).

Another option to generalize transformation rules PP, PJ, and PJ3 is to base the ex-
tension in the rules on the class of live and bounded ordinary P/T nets, dropping the free-
choice requirement, while at the same time adding other restrictions to the rules to guar-
antee their correctness. Note that any such restrictions must exclude the P/T net of Fig-
ure 4.3.49 as an allowed extension. Requiring that the result of the transformation yields
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again a life cycle might be sufficient. However, proving such a generalization requires a
lot of work. It is not clear whether it is worth the effort. The verification whether a partic-
ular transformation satisfies the requirements of such a generalized rule is very inefficient.
As a result, it might be very hard to apply such a rule in practice. A second reason for not
putting too much effort in generalizing the current set of transformation rules is that these
rules have not yet been thoroughly tested in practice.

Another interesting observation about rules PP, PJ, and PJ3 is the following. Even if
the original life cycle is free-choice, the resulting life cycle is not necessarily free-choice.
As explained in Example 4.3.48 on Page 193, the inheritance relationship between life
cycles (N2, [i]) and (N3, [i]) in Figure 4.3.14 on Page 167 can be proven by means of
transformation rule PJ3. Clearly, N2 is free-choice, whereas N3 is not free-choice.

Comparing the transformation rules in this subsection to the axioms of inheritance in
Section 4.2.2, it is noteworthy that no transformation rules have been given correspond-
ing to the axioms of life-cycle inheritance defined in Property 4.2.30 on Page 158. The
reason is that such transformation rules are simply combinations of the four rules of this
subsection. All kinds of combinations of transformation rules are allowed, as long as the
original life cycle and its extensions satisfy certain restrictions with respect to their transi-
tion labels. Basically, it must be guaranteed that methods which function as guards in an
extension based on transformation rule PT do not appear in extensions based on any of the
other transformation rules. This restriction follows from the original definition of the four
inheritance relations. The guards in transformation rule PT are encapsulated, whereas the
new methods in any of the extensions in the other transformation rules are hidden. As ex-
plained, in the definition of life-cycle inheritance, it is not allowed to treat different calls
of the same methods in a different way. Examples of combinations of transformation rules
are the following. Clearly, based on transformation rule PJ, it is allowed to replace two
arcs in a P/T net simultaneously as long as in both cases the requirements of rule PJ are
met. In this case, the abovementioned restriction is trivially satisfied. It is also allowed to
replace an arc while at the same time adding an iteration. Another example is the simulta-
neous extension of a life cycle with an alternative and a parallel branch of behavior, which
is allowed when the guards of the alternative do not appear in the extra parallel branch.

Finally, as already mentioned in Section 4.3.1, some of the rules developed in this sub-
section can also be used to construct object life cycles in general, without the aim to con-
struct subclasses of existing life cycles. In particular, rules PP and PJ are suited for this
purpose. The requirements of these rules can be efficiently verified and the result is again a
life cycle. However, also rule PJ3 might be useful in some cases. Since transition labeling
does not play a role in the definition of object life cycles, the rules can even be general-
ized when the aim is solely to construct object life cycles. The requirement that the labels
of transitions added to the original object life cycle are method identifiers that do not yet
appear in its alphabet may be dropped. An interesting consequence of the observation
that the abovementioned transformation rules preserve life-cycle properties is that, based
on Theorem 4.3.7 (Characterization of object life cycles) on Page 163, they can be easily
transformed into liveness-and-boundedness-preserving transformation rules on ordinary
P/T nets. Recall that also (VAN DER AALST, 1997) and (VALETTE, 1979) describe a set
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of liveness-and-boundedness-preserving transformation rules that, similar to the rules of
this subsection, correspond to design constructs such as sequential composition, parallel
composition, and iteration. However, the rules presented in this subsection are far more
general than the rules of (VAN DER AALST, 1997) and (VALETTE, 1979). The fact that the
transformation rules of this subsection can be transformed into liveness-and-boundedness-
preserving transformation rules implies that they might have many more applications than
only the one that is presented in this chapter.

4.4 Case Study: A Groupware Editor

4.4.1 Introduction

To validate the theory developed so far, the framework of the previous section is applied to
a small case study, namely the development of a groupware editor. The Petri-net-frame-
work is chosen instead of the process-algebraic-framework of Section 4.2, because the
former is closer to practical applicability than the latter. The aim of this case study is not
to give full specifications of all the classes in the design of a groupware editor, but to focus
on the object life cycles. This means that data types, class attributes, and method imple-
mentations are omitted. If necessary, an informal explanation is given. The results in this
section will also be published in (BASTEN AND VAN DER AALST, 1998).

Informal system requirements. The informal requirements for the groupware editor
are as follows. The editor is meant to edit some kind of diagrams. Multiple users, possibly
situated at different workstations, may be editing a single diagram in a joint editing ses-
sion. Users may choose to either view or edit a diagram. They may join or leave a session
at will. It must be clear to all users who is currently editing some given diagram. The dia-
grams under consideration may be complex, possibly consisting of multiple components.
Components may introduce hierarchy in a diagram. It is possible to open or close a com-
ponent revealing or hiding its details. Not just any user may view or edit any component
in a diagram. Users must have permission to do so. Permissions are not fixed; to get per-
mission, a user can simply select a component and then try the desired command. If there
are no conflicting permissions, the command succeeds; otherwise, it fails and the user is
notified. Users may explicitly surrender permissions. Most permissions are automatically
reset if the user leaves the editing session; a few permissions may persist between sessions.

In the next subsections, the concept of life-cycle inheritance is used to design a group-
ware editor satisfying the abovementioned informal requirements. The development is
split into three steps. First, a groupware viewer is designed. The design is fairly sim-
ple and the resulting system allows multiple users to view existing diagrams. Second, the
viewer is transformed into a multi-user editor by adding editing functions to the life cycles
of classes in the viewer design. Third, the multi-user editor is specialized to a groupware
editor by adding permissions. The case study shows how life-cycle inheritance can be
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used to structure an object-oriented design process. It also shows how object life cycles
can be reused in a design.

4.4.2 The multi-user viewer

Four classes can be distinguished in the design of the viewer: user, diagram, user
session, and edit session. The first two classes have straightforward interpreta-
tions. The third and fourth class are intended to structure viewing sessions. During such a
session, an edit session object keeps track of all users viewing a particular diagram.
An object of classuser sessionmaintains all data involved in a particular session of a
particular user. Figure 4.4.1 shows the life cycles for the objects of the above four classes.
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cru delu

view
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view
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i
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join

leave

user session
o

i

join

join

brdcst
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leave

brdcst

edit session

Figure 4.4.1: A multi-user viewer.

Users can be created (cru) or deleted (delu). This means that they are added to or re-
moved from the list of users of the viewer. Once a user exists, he or she may join and leave
edit sessions. A user that participates in at least one edit session may issue view commands
in order to view diagrams. At this point, the user has no other commands available.

Class diagram has a very straightforward life cycle. Diagrams can be created (crd),
viewed (view), and deleted (deld).
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A user interacts with a diagram through a user session object. Each time the user
joins an edit session, a new object of class user session is created. As before, the
view command is the only possible command a user can execute. If the user leaves the
edit session, the user session is terminated.

Objects of class edit session keep track of all users involved in a single edit ses-
sion. The first user that “joins” an edit session for some diagram, actually creates a new
edit session object. If users join an already existing session, no new object is cre-
ated; the information is simply stored in the existing object. To fulfill the requirement that
all users must know who is participating in the session, it is assumed that the implementa-
tion of join is such that the new user gets a list of users already present. Furthermore, the
information about a new user is broadcast (brdcst) to all other users participating in the
session. When the user leaves, this information is broadcast to all remaining users. The
last user leaving the session terminates the edit session object.

In a complete object-oriented specification, it must be clear which methods interact
with each other. In this case study, the interaction between methods is not formally speci-
fied. Instead, the following assumptions are made. First, user methods invoke methods
with the same name in user session, which, in turn, invoke methods of the same name
in edit session and diagram. Second, methods which do not have counterparts in
one of the other classes are assumed to interact with (objects in) the environment. The
examples of these methods in Figure 4.4.1 on the facing page are cru, delu, crd, deld, and
brdcst.

4.4.3 The multi-user editor

In the second step of the design process, the multi-user viewer of the previous subsection
is transformed into a multi-user editor. Permissions are not yet incorporated. They are
added in the third and final step of the design. Consequently, in the version of the editor
described in the current subsection, it is possible that a component is deleted by one user,
while it is being changed or viewed by another one.

Three classes in the design of the viewer, shown in Figure 4.4.1 on the preceding page,
are extended with editing facilities, namely user, diagrams, and user session.
Class edit session does not need to change. Thus, the design of the editor consists of
four classes, namely user e, diagram e, user session e, and edit session.
The new classes are shown in Figure 4.4.2 on the following page. In the remainder of
this subsection, it is shown that the three new classes are subclasses of the corresponding
classes of the viewer of Figure 4.4.1 under life-cycle inheritance. The places in life cycles
user e and user session e are marked with identifiers for the purpose of future ref-
erence.

First, consider class diagram e. In the editor, it is possible to modify diagrams by
means of method mod. It easily follows from transformation rule PP of Theorem 4.3.30
on Page 174 that diagram e is a subclass of class diagram under protocol/projection
inheritance. Thus, it also is a subclass of diagram under life-cycle inheritance.

Second, class user of Figure 4.4.1 has been extended to class user e in the design
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Figure 4.4.2: A multi-user editor.

of the editor. In the editor, users of the system are responsible for creating and deleting
diagrams (methods crd and deld). Creation and deletion of diagrams can be done inde-
pendently of editing (other) diagrams. Thus, a branch of parallel behavior, consisting of
place p0 and the two aforementioned methods, is added to the life cycle of class user.
Transformation rule PJ3 of Theorem 4.3.46 on Page 190 can be used to prove that this
extension yields a subclass under projection inheritance. The two transitions labeled cru
and delu serve as the input and output transition of the additional parallel branch, respec-
tively. Due to the presence of place p1, any extra place between cru and delu is clearly
implicit. For the same reason, the addition of such an extra place preserves the life cycle
properties.

Another extra feature of the editor compared to the viewer of the previous subsection
is that users are allowed to modify diagrams. For this purpose, class user e contains
method mod. Users have to choose whether they want to modify a diagram or whether
they are satisfied with just the option to view it. Method chmd (change mode) can be used
to toggle between viewing and editing mode. The implementation of methods mod and
chmd can be such that only a subset of users is allowed to enter the editing mode. It simply
follows from applying transformation rule PP that the addition of methods mod and chmd
to class user leads to a subclass.
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It is not difficult to verify that the subsequent application of transformation rules PJ3
and PP yields that user e is a subclass of user under life-cycle inheritance.

Third, it must be shown that user session e is a subclass of user session.
For each edit session a user joins, a user session e object is created. This object
keeps track of the mode in which the user is for this particular diagram. Initially, the
user is in viewing mode. By invoking method chmd, the user can change to editing mode.
This means that the object life cycle of class user session in Figure 4.4.1 is extended
with a choice. Transformation rule PT of Theorem 4.3.27 on Page 172 can be applied to
show that user session e is a subclass of user session. Method chmd acts as the
guard.

Summarizing, three of the four transformation rules of the previous section have been
used to extend the viewer of Figure 4.4.1 on Page 198 to an editor. The most important
conclusion of this subsection is that the specifications of the object life cycles of the viewer
have been reused during the design process.

4.4.4 The groupware editor

In the last step of the design of the groupware editor, a mechanism is added to handle
permissions. Permissions are needed to prevent all kinds of anomalies. For example, they
guarantee that it is impossible that one user deletes a component of a diagram when, at the
same time, another user is viewing this component. Four new classes are designed, namely
user p, diagram p, user session p, and edit session p. Figure 4.4.3 shows
two of these four classes.

i

o

cmmt

rstp
cmmt

rllbck
deld

cmmt

view

crd

diagram p

rllbck rllbck

mod
rstp

i

join

join

brdcst
leave

o
edit session p

rstp

brdcst

leave

Figure 4.4.3: A groupware editor.

The current set of permissions for editing a diagram is maintained in the correspond-
ing diagram p object. This is the only feasible option since some permissions may per-
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sist between edit sessions, as stated in the system requirements explained in Section 4.4.1.
Also explained in the requirements is that a user can get permission for some editing com-
mand by simply selecting a component and executing the command. Therefore, after ev-
ery editing action view, mod, or deld, diagram p executes either a rollback (rllbck) or
a commit (cmmt), depending on whether or not the user has permission for the specific
editing action. Another change in diagram p when compared to class diagram e is
that the method rstp has been added which can be used to reset permissions. It must be
taken care of that the three other classes invoke rstp whenever appropriate.

Classes user p and user session p are simple extensions of classes user e
and user session e of Figure 4.4.2 on Page 200. Therefore, these two classes are
not shown in Figure 4.4.3 on the preceding page. Since users may surrender permissions
at any time, class user p is obtained from user e by adding a loop consisting of a sin-
gle transition labeled rstp to place p2. Since users interact with diagrams through user
sessions, the life cycle of user session p is constructed from user session e by
adding the same loop as above to places q0 and q1.

The fourth class in the design of the groupware editor is class edit session p
which is constructed from class edit session of Figure 4.4.1 on Page 198. As men-
tioned in Section 4.4.1, permissions are reset when a user leaves a session. This means
that edit session is extended with calls of method rstp after each invocation of the
leave method.

It remains to be shown that the new classes are subclasses of the corresponding classes
in the earlier designs. The addition of rstp to classes user e and user session e is
captured by transformation rule PP of Theorem 4.3.30 on Page 174. Hence, user p and
user session p are subclasses of user e and user session e, respectively.

The addition of rstp to diagram e is also captured by rule PP. To show that the
addition of method cmmt todiagram e is correct, a generalization of transformation rule
PJ as discussed at the end of the previous section is needed. Applying rule PJ three times
simultaneously shows that the extension with method cmmt yields a subclass. To show that
the addition of method rllbck is allowed, consider the intermediate result obtained after the
previous two additions. The desired result follows easily from transformation rule PT of
Theorem 4.3.27 on Page 172. Hence, class diagram p is a subclass of diagram e.

Finally, to show that edit session p is a subclass of edit session, it suffices
to apply rule PJ twice simultaneously.

Summarizing the results of this subsection, it has been shown that the four classes in
the design of the groupware editor are subclasses under life-cycle inheritance of the corre-
sponding classes in the multi-user editor discussed in the previous subsection. The classes
of the multi-user editor, in turn, are subclasses of the corresponding classes of the viewer
presented in Section 4.4.2. Since life-cycle inheritance is transitive, it follows that the four
classes of the groupware editor are also subclasses of the corresponding viewer classes.
This means that the groupware editor preserves the behavior of the viewer. Although the
case study is not very complex, it shows that the concept of life-cycle inheritance can be
used to structure the design process. In addition, the transformation rules stimulate the
reuse of object life cycles. Observe that all four transformation rules of Section 4.3.3 are
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needed in the case study. More realistic case studies are needed to test whether the four
rules are sufficient in practical design situations. For this purpose, it is also necessary to
incorporate the results of this chapter in a complete object-oriented formalism.

4.5 Conclusions

Concluding remarks. The concept of inheritance is one of the key concepts in object-
oriented design. However, in most object-oriented methods which are in common use,
such as OMT (RUMBAUGH ET AL., 1991), OOD (BOOCH, 1994), and UML (FOWLER

AND SCOTT, 1997), inheritance is only well defined for the set of methods of a class and
its attributes. It is implicitly assumed that the behavior of an object of a subclass extends
the behavior of an object of its superclass. To overcome this omission in the definition of
inheritance, this chapter studies inheritance of dynamic behavior.

Section 4.2 studies inheritance of dynamic behavior in a simple process-algebraic set-
ting. Process algebra is particularly well suited for this purpose, because it does not have
an explicit representation of process states. In addition, the notions of encapsulation and
abstraction have been studied extensively in a process-algebraic setting. Encapsulation
corresponds to blocking actions, whereas abstraction corresponds to hiding actions. Intu-
itively, blocking and hiding method calls play an important role in inheritance of dynamic
behavior. Section 4.2.1 introduces four inheritance relations, based on either encapsula-
tion or abstraction or both. Each of the inheritance relations captures different kinds of
extensions to an object life cycle. The axioms of inheritance of Section 4.2.2 illustrate the
most characteristic extensions allowed under each form of inheritance. Protocol inheri-
tance captures the addition of an alternative to an object life cycle. Projection inheritance
allows the addition of parallel and sequential behavior. Under protocol/projection inher-
itance, it is allowed to postpone behavior. In a setting which allows the specification of
iterative behavior, protocol/projection inheritance captures the extension of an object life
cycle with an iteration. Life-cycle inheritance, which is the most general form of inheri-
tance discussed in this chapter, allows all kinds of combinations of the above mentioned
extensions.

In Section 4.3, the four inheritance relations of Section 4.2 are studied in the frame-
work of Petri nets. Due to the graphical nature of Petri nets and their explicit representa-
tion of states, the Petri-net framework is closer to object-oriented methods used in prac-
tice than the algebraic framework. Inspired by the algebraic axioms of inheritance, four
transformation rules have been presented, which can be used to transform a class into a
subclass. In Section 4.4, these transformation rules have been used in the development of
a groupware editor. The concept of life-cycle inheritance and the accompanying transfor-
mation rules prove to be useful in structuring the design process. In addition, they stim-
ulate the reuse of object life cycles. The most important conclusion is that the concepts
developed in this chapter can be a promising addition to existing object-oriented methods.

The development of the concept of inheritance of dynamic behavior in this chapter is a
perfect illustration of the complementary nature of process algebra and Petri nets. Process
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algebra proved to be a very useful framework for developing a clear understanding of the
important concepts in the formalization of inheritance of dynamic behavior. The Petri-net
framework provides a formalization that is much closer to existing object-oriented meth-
ods. It would have been difficult to achieve the two goals of a clear conceptual understand-
ing and a practical framework in a single theory.

Future work. The most important future challenge is to integrate the concept of life-
cycle inheritance in an existing object-oriented design method. If OMT, OOD, or UML is
chosen for this purpose, one could choose to translate the notion of life-cycle inheritance
to state-transition diagrams or one could choose to replace state-transition diagrams by
Petri nets. It is also possible to integrate life-cycle inheritance in an object-oriented for-
malism based on Petri nets, such as OPN (LAKOS, 1995a). An advantage of this approach
is that it results in an integrated framework with a sound theoretical basis. A disadvantage
is that object-oriented languages based on Petri nets are not yet in common use. An advan-
tage of incorporating the results of this chapter in a framework as OMT, OOD, or UML
is that it will be easier to get acceptance of the notion of life-cycle inheritance in practice,
particularly when it is translated to state-transition diagrams.

An aspect that plays an important role in the literature on inheritance is the so-called
substitutability principle of (WEGNER AND ZDONIK, 1988). The substitutability princi-
ple says that an object of some subclass can always be used in a context where an object of
its superclass is expected. When incorporating the inheritance concept developed in this
chapter in a complete object-oriented design method, it must be investigated to what ex-
tent, or under which assumptions, the four inheritance relations adhere to the substitutabil-
ity principle. To answer this question, it is not sufficient to consider life-cycle specifica-
tions in isolation. It is also necessary to take into account the static structure of classes as
well as the interaction between objects.

Another topic for further study is the set of transformation rules to construct subclasses
from object life cycles. It is interesting to study variants of the current transformation
rules, trying to improve their generality or their efficiency. It would also be useful to trans-
late the transformation rules to state-transition diagrams. Furthermore, it is interesting to
transform the rules into transformation rules that preserve liveness and boundedness of
ordinary P/T nets. One application of such transformation rules is that they can be used
to construct object life cycles.

Future case studies with life-cycle inheritance might reveal that there is a need for a
small extension of the framework. When verifying a subclass relationship between two
object life cycles in the current framework, it is not allowed to treat different calls of the
same method in a different way. All calls of the same method are either blocked, or hidden,
or left untouched. However, it is not difficult to define variants of the four inheritance rela-
tions of this chapter that allow a different treatment of different calls of the same method.
It simply requires the use of temporary method names to distinguish the different groups
of method calls. For example, a variant of protocol inheritance could be defined as fol-
lows. If an object life cycle is a subclass under protocol inheritance of another object life
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cycle, then any renaming of the methods new in the subclass yields a subclass of the life
cycle under the variant of protocol inheritance. By choosing an appropriate renaming, it
is possible that a method already present in the superclass acts as a guard. Thus, by using
temporary names for methods acting as guards in the subclass, it is possible to distinguish
new invocations of such a method in the subclass from calls of the same method already
present in the object life cycle of the superclass.

Finally, an interesting topic for further study is the application of the concepts devel-
oped in this chapter to workflow management. Petri nets are well suited to define and an-
alyze workflow processes (see, for example, VAN DER AALST, 1997, 1998). Object life
cycles and P/T nets modeling workflow processes are essentially the same. The concept
of life-cycle inheritance appears to be particularly useful in the area of ad hoc workflow
management. An important topic in this area of workflow management is the adaptation
of workflow processes in such a way that the new process preserves the behavior of the
original process. A small example of the use of life-cycle inheritance in workflow man-
agement can be found in (VAN DER AALST AND BASTEN, 1997).

Bibliographical remarks. The literature on object-oriented design and its theoretical
foundations contains several studies related to the research described in this chapter. In
(WIERINGA, 1990), abstraction in a process-algebraic setting is suggested as an inheri-
tance relation for dynamic behavior. However, only a few examples are studied. Based on
these examples, the author concludes that abstraction is useful but not always sufficient to
capture desirable subclass relationships. Life-cycle inheritance as introduced in this the-
sis, which combines abstraction with encapsulation, is sufficiently powerful to prove the
desired subclass relationships in the examples of (WIERINGA, 1990).

Other research on inheritance of dynamic behavior or related concepts such as sub-
typing describes both formal studies, such as (AMERICA, 1990; EBERT AND ENGELS,
1994; KAPPEL AND SCHREFL, 1995; NIERSTRASZ, 1993; PUNTIGAM, 1996), and prac-
tical studies, such as (LAKOS, 1995b; MCGREGOR AND DYER, 1993). The formal stud-
ies all take a specific formalism for specifying the dynamic behavior of a class as a starting
point; the practical studies start from concrete examples of desired subclass relationships.
The result is a wide variety of inheritance and subtype relations. No two of these relations
are identical. However, in many cases, the relations show similarities to either protocol in-
heritance or projection inheritance, although the corresponding concepts of blocking and
hiding method calls are never mentioned.

The variety in inheritance relations is not very surprising if one considers, for example,
the large number of semantics that exist for concurrent systems (see, for example, VAN

GLABBEEK, 1993). There simply is no single semantics of concurrent systems that is
suitable for all purposes. Similarly, it cannot be expected that there is a single inheritance
relation for dynamic behavior that is always useful. However, it is promising that similar
concepts appear to play a role in many of the inheritance and subtype relations for dynamic
behavior currently described in the literature.

The research presented in this chapter is also related to some work in the area of con-
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currency theory, namely conformance testing (BRINKSMA ET AL., 1987). Conformance
testing is the problem of verifying by means of testing whether some system implementa-
tion satisfies a given specification. In (BRINKSMA ET AL., 1987), a testing relation called
“extends” is described, which is related to protocol inheritance.

Contribution. The main contribution of this chapter is the complete formalization of
the concept of inheritance of dynamic behavior, starting from the intuitive notions of hid-
ing and blocking method calls. In two different formalisms, four inheritance relations are
defined and transformation rules are presented that can be used to construct subclasses
from some given class. To validate the results, the theory is applied to a small case study.
The fact that the concepts presented in this chapter transcend the two formalisms of pro-
cess algebra and Petri nets supports the conclusion that the notions of hiding and blocking
method calls play an important role in studying and formalizing inheritance of dynamic
behavior.



5
Concluding Remarks

Petri nets and process algebra are two different formalisms for specifying and analyzing
concurrent systems. In this thesis, two topics combining Petri nets and process algebra
have been studied. As explained in Chapter 1, the aim of these studies is twofold. First,
they should contribute to a better understanding of the strengths and weaknesses of both
Petri nets and process algebra. Second, the studies should stimulate the acceptance of for-
mal methods in design practice and, preferably, lead to improved methods for system de-
sign. This chapter tries to answer the question to what extent each of these goals has been
achieved.

Chapter 3 has presented a simple design method supporting compositional design by
means of Petri nets and process algebra. The method focuses on the correctness of the
communication behavior between system components and between the system and its en-
vironment. It distinguishes four activities, namely behavioral specification, Petri-net mod-
eling, simulation, and algebraic verification. The theoretical foundation of the method is
formed by so-called modular P/T nets and their semantics in a process algebra specifically
developed for this purpose. Two case studies have been performed to validate the method
in practical design situations.

The method and the underlying theory clearly exploit the strengths of both Petri nets
and process algebra. Thus, the method could, in principle, be a useful aid in designing
complex concurrent systems. However, the two case studies show that the method is not
yet mature. At least two extensions are necessary, namely efficient tool support and the
integration of data in the underlying theory.

Chapter 4 has studied the concept of inheritance of dynamic behavior. Current object-
oriented design methods lack a precise definition of this concept. In a simple process-
algebraic setting, it is shown that the notions of blocking and hiding method calls play
an important role in formalizing inheritance of dynamic behavior. Blocking method calls
corresponds to the algebraic concepts of encapsulation, whereas hiding method calls cor-
responds to abstraction. In a process-algebraic setting, these two concepts are well known
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and have been investigated in detail. However, the algebraic framework is not sufficiently
powerful for practical applications. Therefore, the results obtained in the algebraic set-
ting are translated to a framework based on Petri nets. The Petri-net framework resem-
bles formalisms for specifying the behavior of objects which are used in several object-
oriented design methods common in current design practice. A small case study has been
performed to validate the chosen approach to inheritance of dynamic behavior.

Chapter 4 shows that it can be useful and inspiring to study a single concept in two dif-
ferent settings. The results suggest that the approach to inheritance of dynamic behavior is
quite universal and carries over to other formalisms. However, Chapter 4 does not yet in-
tegrate the concept of inheritance of dynamic behavior into a full-fledged object-oriented
design method. Such an integration is necessary to evaluate the usefulness of the concept
in real practical design situations.

So, to what extent fulfills this thesis the abovementioned two goals? The two studies
in Chapters 3 and 4 show that it is possible and meaningful to combine Petri nets and pro-
cess algebra exploiting their strengths and overcoming their individual weaknesses. The
Petri-net formalism is particularly useful for modeling and analyzing the state space of
a concurrent system in combination with its behavior. Process algebra is well suited for
problems in which a behavioral analysis and comparison of concurrent systems is more
important than the analysis of their states. Thus, it may be concluded that this thesis con-
tributes to a better understanding of the strengths and weaknesses of Petri nets and pro-
cess algebra. Perhaps the most important lesson to be learned is that it is very important
to choose the appropriate formalism when faced with a certain problem.

Unfortunately, the conclusion concerning the second goal mentioned above is not so
clear. As explained, none of the results presented in this thesis is immediately applicable
in design practice. However, the concepts developed in Chapters 3 and 4 appear to be
useful and meaningful. Thus, they might inspire future developments that improve current
methods for system design and contribute to the acceptance of formal methods in practice.
This thesis fulfills the most important prerequisite for their practical applicability, namely
a sound theoretical foundation.



A
List of Axioms

The following table shows an overview of the algebraic axioms used in this thesis. They
are given in alphabetical order, using their names as the key for sorting. The first col-
umn contains the axiom; the second column gives its name; the third column provides a
reference to the table in which the axiom is defined; the last column gives a reference to
the page containing this table. For details about the axioms, operators, and variables, the
reader is referred to the original definitions in the main part of this thesis.

x + y = y + x A1 2.4.1 34
(x + y)+ z = x + (y + z) A2 2.4.1 34
x + x = x A3 2.4.1 34
(x + y) · z = x · z + y · z A4 2.4.1 34
(x · y) · z = x · (y · z) A5 2.4.1 34

x + δ = x A6 2.4.12 38
δ · x = δ A7 2.4.12 38

x ‖ y = y ‖ x ASC2 2.4.30 45
(x bb y) bb z = x bb (y ‖ z) ASC4 2.4.30 45
(x ‖ y) ‖ z = x ‖ (y ‖ z) ASC6 2.4.30 45

x · τ = x B1 2.4.37 48
x · (τ · (y + z)+ y) = x · (y + z) B2 2.4.37 48

x ∗ y = x · (x ∗ y)+ y BKS1 2.4.47 52
x ∗ (y · z) = (x ∗ y) · z BKS2 2.4.47 52
x ∗ (y · ((x + y) ∗ z)+ z) = (x + y) ∗ z BKS3 2.4.47 52
ρf (x ∗ y) = ρf (x) ∗ρf (y) BKS4 2.4.47 52

continued on next page
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continued from previous page

λI
s (δ) = δ CSO1 3.4.1 66

ca |̀ I ≤ s ⇒ λI
s (a) = a CSO2 3.4.1 66

ca |̀ I 6≤ s ⇒ λI
s (a) = δ CSO3 3.4.1 66

λI
s (a · x) = λI

s (a) · λI
s−ca|̀I]pa|̀I (x) CSO4 3.4.1 66

λI
s (x + y) = λI

s (x)+ λI
s (y) CSO5 3.4.1 66

a 6∈ H ⇒ ∂H(a) = a D1 2.4.23 43
a ∈ H ⇒ ∂H(a) = δ D2 2.4.23 43
∂H(x + y) = ∂H(x)+ ∂H(y) D3 2.4.23 43
∂H(x · y) = ∂H(x) · ∂H(y) D4 2.4.23 43
∂H(x ‖ y) = ∂H(x) ‖ ∂H(y) DM1 2.4.23 43
∂H(x bb y) = ∂H(x) bb ∂H(y) DM2 2.4.23 43

τ ∗ x = x + τ · x FIR 2.4.54 54

x ‖ y = x bb y + y bb x M1 2.4.19 40
a bb x = a · x M2 2.4.19 40
a · x bb y = a · (x ‖ y) M3 2.4.19 40
(x + y) bb z = x bb z + y bb z M4 2.4.19 40

ρf (a) = f (a) RN1 2.4.19 40
ρf (x + y) = ρf (x)+ ρf (y) RN2 2.4.19 40
ρf (x · y) = ρf (x) · ρf (y) RN3 2.4.19 40

ρf (x ‖ y) = ρf (x) ‖ ρf (y) RNM1 2.4.22 42
ρf (x bb y) = ρf (x) bb ρf (y) RNM2 2.4.22 42

x = y · x + z, y is a guard
x = y ∗ z

RSP∗ 2.4.57 55

τI (δ) = δ TA1 3.4.11 72
τI (a) = (ca |̀ (U\I ),pa |̀ (U\I )) TA2 3.4.11 72
τI (x + y) = τI (x)+ τI (y) TA3 3.4.11 72
τI (x · y) = τI (x) · τI (y) TA4 3.4.11 72
τI (x ∗ y) = τI (x) ∗ τI (y) TA5 3.4.11 72
τI (x ‖ y) = τI (x) ‖ τI (y) TAM1 3.4.11 72
τI (x bb y) = τI (x) bb τI (y) TAM2 3.4.11 72

a 6∈ I ⇒ τI (a) = a TI1 2.4.40 49
a ∈ I ⇒ τI (a) = τ TI2 2.4.40 49
τI (x + y) = τI (x)+ τI (y) TI3 2.4.40 49
τI (x · y) = τI (x) · τI (y) TI4 2.4.40 49
τI (x ‖ y) = τI (x) ‖ τI (y) TIM1 2.4.40 49
τI (x bb y) = τI (x) bb τI (y) TIM2 2.4.40 49
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Boldface page numbers refer to the definition of mathematical concepts, as well as the
introduction of terminology or notation. Page numbers in normal font refer to important
information on a subject, illustrative examples, or the informal explanation of concepts.
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abstraction, 13

in object-oriented design, 144
in process algebra, 49, 51, 144

abstraction operator
on labeled, ordinary P/T nets, 165, 169
in process algebra, 40, 49, 148, 150–152
in process algebra with multi-actions,

71, 72
ACP, 33
action, 5, 6, 18, 34

atomic, 6, 63
in a behavioral specification, 89
internal, see silent action
of a modular P/T net, 78
observable, 10
of a P/T-net component, 63
silent, see silent action
structured, 63, 141

action function, 18, 19
black-box – for modular P/T nets, 78
black-box – for P/T-net components, 64
glass-box – for modular P/T nets, 78, 81
glass-box – for P/T-net components, 64,

67, 81
labeling –, 19
for modular P/T nets, 78
for P/T-net components, 64
system-view – , 78

Algebra of Communicating Processes, 33,
see also ACP

algebraic black-box semantics

for modular P/T nets, 87, 88, 110
for P/T-net components, 72, 71–75, 110

algebraic glass-box semantics
for modular P/T nets, 83, 83–86
for P/T-net components, 67, 65–71

algebraic interpretation
of behavioral specifications, 90

algebraic semantics
compositional, 83
for modular P/T nets, 82–88
for P/T-net components, 65–75

algebraic system semantics
for modular P/T nets, 87, 128

alphabet
of a labeled, ordinary P/T net, 168, 169
of an object life cycle, 169
of a process-algebra term, 149, 151, 152

Alternating-Bit Protocol (ABP), 88–111
acknowledgment, 90
acknowledgment channel, 91
algebraic black-box semantics
Mb[[ABP]], 105

algebraic system semanticsMs[[ABP]],
104

behavioral specification ABPspec, 90
behavioral specification CHspec, 92
behavioral specification RCspec, 94
behavioral specification SNspec, 93
black-box behavior, 90
channel, 89
colored Petri net, 91
complement function, 96
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data, 91
Fair Iteration Rule (FIR), 105
message channel, 91
modular P/T net, 90–105
modular P/T net ABP, 92
negative acknowledgment, 100
P/T-net component AC, 91, 92, 96
P/T-net component CH, 92, 106
P/T-net component MC, 91, 92, 95
P/T-net component RC, 91, 96, 107
P/T-net component SN, 91, 96, 107
P/T-net components, 105–110
receiver, 90, 91
sender, 90, 91
simulation, 94, 107
system behavior of ABP, 96, 101
system requirements, 89
time, 91
verification of ABP, 94–105
verification of CH, 108
verification of RC, 109
verification of SN, 109

assertional reasoning, 60
attribute, 143
axiom, 34, 42

complete set of – -s, 38, see also com-
pleteness

sound set of – -s, 37, see also soundess

B
bag, 16
Basic Process Algebra, 34, see also BPA
basic production unit, 111–121

-s in parallel, 112, 137
algebraicsystemsemanticsMs[[BUnit]],

116, 117
behavioral specification BControlspec,

113
behavioral specification BUnitspec, 112
behavioral specification Processingspec,

114
black-box semanticsMb[[BUnit]], 117
colored Petri net, 113
concurrency, 116–118
environment, 113
ExSpect, 113

modular P/T net BUnit, 113
processing error, 112, 137
properties, 119–121
P/T-net component BControl, 113, 119
P/T-net component Processing, 113, 119
system requirements, 111
verification of BControl, 119
verification of BUnit, 114–118
verification of Processing, 119

behavior
black-box –, 65
concurrent, see concurrency
dynamic, 143
external, 10, 145
glass-box –, 64
internal, 10
iterative, 7, 25
observable, 10, 19, 20
parallel, see concurrency
sequential, 6
silent, 10, 19, 20
termination, see termination

behavioral specification, 60, 89, 93
algebraic interpretation of – -s, 90
language for – -s, 89

binary Kleene star, see Kleene star
bisimilar, 7, 8

-ity, 8, 7–10, 37, 39, 43, 53, 66
branching, see branching bisimilar
rooted branching, see branching bisimi-

lar
semi branching – -ity, see branching bi-

similar
strong – -ity, 8
strongly, 8

bisimulation, 8
branching, see branching bisimulation
rooted branching, see branching bisimu-

lation
strong, 8

black-box semantics, 64, 78
algebraic, see algebraic black-box se-

mantics
operational, see operational black-box

semantics



221

blocking, 40, 42
of method calls, 144, 146, 203, 206

boundedness, 23, 163, 164
BPA, 34, 34–39
BPAδ , 38, 38–39
branching bisimilar, 8, 11

-ity, 11, 10–15, 50, 53, 170
rooted, 12
rooted – -ity, 11, 11–15, 48, 50, 53, 72
semi – -ity, 10

branching bisimulation, 11, 14, 168
rooted, 11, 14

branching structure, 10, 38, see also choice,
moments of –

C
causal state operator, 66, 65–68, 70, 99, 118,

123
CCS, 33
choice

in a behavioral specification, 89
over an infinite data domain, 123
internal, 48
moments of – , 10, 11, 35, see also

branching structure
in an object life cycle, 145, 172, 194
in process algebra, 12, 34, 37, 50

class, 143
Commoner’s theorem, 28
communication, 42, 155
communication protocol, 88
completeness, 38

of BPA, 38
of BPAδ , 39
of PAτ , 153
of PAδ+RN, 44
of PA∗δλ, 67
of PAτ

δ+RN, 51
of PAτ∗

δ +RN, 53
complex production unit, 111, 121–137

-s in parallel, 112, 137
algebraic black-box semantics
Mb[[2Unit]], 128, 134

algebraic systemsemanticsMs[[2Unit]],
128

behavioral specification, 121–124

behavioral specification CMspec, 124,
135, 136

behavioral specification CNspec, 123,
135

behavioral specification Controlspec, 124
behavioral specification IOspec, 123, 135
control component, 111
environment, 113
interface, 122
modular P/T net, 122–124
modular P/T net 2Unit, 123
modular P/T net KUnit, 122
modular P/T net Unit1, 122, 123
modular P/T net Unit2, 122, 123
properties, 122–124
properties of 2Unit, 135
P/T-net component Control, 122, 126
simulation, 125–127
system behavior of 2Unit, 130
system requirements, 111
verification of 2Unit, 125, 128–137
verification of Control, 127
verification of KUnit, 123

complexity, 26, 163, 165, 170
component, 59
compositionality, 59
concurrency, 5, 7, 19, 111

standard, see standard concurrency
concurrency operator, 40, see also merge
concurrency theory, 5, 140
conformance testing, 206
confusion, 27
congruence, 12, 37, 50
connectedness, 21
conservative extension, 41, 49, 153
constant, 34

inaction – , see inaction
silent-action – , see silent action

consumption
in a behavioral specification, 89
internal – of a P/T-net component, 73, 83
of a multi-action, 66
of a transition, 19

context, 153, 154, 155
coverability tree, 163
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CSP, 33

D
data

in Petri nets, 16
in process algebra, 123

deadlock, 6, 7–9
in BPA, 36
in BPAδ , 38, 39
in labeled P/T nets, 19, 20

decidability, 26
of inheritance, 170
of object-life-cycle properties, 163

derivability, 35
design

component-based, 2
compositional, 59, 111, 207
modular, 2, 143
object-oriented, 143, 171, 203, 205

Design/CPN, 21, 61, 75, 94
design method, 60–62,88, 110, 118, 138, 141

object-oriented, 143, 204, 207

E
elimination, 36, 39, 41, 44, 48, 52
enabling, see transition enabling
encapsulation

in object-oriented design, 144
in process algebra, 42, 144

encapsulation operator
on labeled, ordinary P/T nets, 165, 169
in process algebra, 40, 42, 43, 48, 148,

150–152
equational reasoning, 35
equational theory, 34, 37
equivalence relation, 7, 9, 15, 152
expansion, 45, 47, 51, 53, 67, 70, 72, 99
ExSpect, 21, 61, 75, 94, 126, 127, 139

F
Fair Iteration Rule (FIR), 54, 56
fairness, 54, 72
firing, see transition firing
firing rule, 18

compositional – for modular P/T nets,
77, 83

for labeled P/T nets, 18
for modular P/T nets, 77
for P/T-net components, 63, 64, 66

firing sequence, 22, 180
flow relation, 17
formal method, 1, 2, 207
free-choice P/T net, 27, 28–33, 164

bounded, 32
labeled, 165
live, 28, 29
live and bounded, 31, 32, 177–180

function, 34

G
glass-box semantics, 64, 78

algebraic, see algebraic glass-box se-
mantics

operational, see operational glass-box
semantics

groupware editor, 197
class diagram, 198
class diagram e, 200
class diagram p, 201
class edit session, 198
class edit session p, 201
class user, 198
class user e, 200
class user p, 202
class user session, 198
class user session e, 200
class user session p, 202
guard, 201
implicit place, 200
life-cycle inheritance, 197, 202
method interaction, 199
reuse, 198, 202
system requirements, 197
transformation rule PJ, 202
transformation rule PJ3, 200
transformation rule PP, 199, 200, 202
transformation rule PT, 201, 202

guard, 54, 55
in axiom of inheritance PT , 156
in transformation rule PT, 172, 196
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H
hiding, 40, 49

of method calls, 144, 147, 203, 206
hierarchy

in Petri nets, 16
home marking, 25, 32, 163, 177–180

monotonicity of – -s, 32, 195
Home-marking theorem, 32

I
inaction, 38, 40
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Summary

To date, there are many different formal methods for describing and analyzing concurrent
systems. Two of the most widely used formalisms are Petri nets and process algebra. The
main motivation of this thesis is to study topics combining these two formalisms. The
first goal is to learn more about the strengths and the weaknesses of both Petri nets and
process algebra. The second goal is to stimulate the use and acceptance of formal methods
in design practice. The thesis can be divided into three parts.

The first part gives an introduction to basic concurrency theory. The starting point is a
frameworkof labeled transition systems which can be used to precisely define the dynamic
behavior of concurrent systems. The framework is used to provide an operational seman-
tics for Petri-net models and process-algebraic specifications of concurrent systems.

Petri nets combine an intuitive graphical representation with powerful analysis tech-
niques. In the first part of this thesis, the class of labeled P/T nets is described to illustrate
the fundamentals of Petri-net modeling. A labeled-P/T-net model of a concurrent system
describes both the reachable states and the possible state transitions of the system in a nat-
ural way.

Process algebra is a purely symbolic formalism which is particularly well suited for
computer manipulation. This thesis focuses on ACP-style process algebra. A process-
algebraic specification of a concurrent system describes the dynamic behavior of the sys-
tem in a compact way while abstracting away from the details of its states. The basic anal-
ysis technique in ACP-style process algebra is equational reasoning.

The second part of this thesis combines Petri nets and process algebra in a method support-
ing the compositional design of concurrent systems. The method consists of four activi-
ties, namely behavioral specification, Petri-net modeling, simulation, and algebraic verifi-
cation. The first activity focuses on describing the dynamic behavior of the system under
consideration. In the second activity, a complete Petri-net model of the system is created,
which usually contains more detail than the behavioral specification. Third, simulation
can be used to validate the Petri-net model and the behavioral specification of the system.
Finally, algebraic verification is used to prove formally that the Petri-net model satisfies
the behavioral specification.

This thesis mainly focuses on the second and fourth activity of the above method. To
allow component-based design of concurrent systems, the formalism of modular P/T nets
is introduced. The operational semantics of modular P/T nets is formalized in a process
algebra specifically developed for this purpose. The theory of this thesis makes it is possi-
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ble to verify, by means of equational reasoning, the behavior of a modular P/T net against
a behavioral specification.

Two case studies are described to validate the design method and the underlying theory
in practical design situations. The main conclusion is that Petri nets and process algebra
complement each other very well, but that the method and theory are not yet mature. A
further extension of the theory as well as the development of tool support is a prerequisite
for successful practical applications.

The third part of this thesis describes an approach to inheritance of dynamic behavior.
Most object-oriented design methods currently used in practice contain a more or less pre-
cise definition of inheritance for the attributes and methods of classes. However, they lack
a definition of inheritance for object life cycles that describe the dynamic behavior of ob-
jects.

This thesis formalizes inheritance of dynamic behavior both in a process-algebraic set-
ting and in a Petri-net framework. In the chosen approach, blocking and hiding method
calls play a crucial role. In process algebra, these two notions correspond to the well-
investigated concepts of encapsulation and abstraction, respectively. Four inheritance re-
lations for dynamic behavior are defined and studied in a simple process algebra. The
definitions and results are translated to a framework based on labeled P/T nets, which is a
framework much closer to existing object-oriented methods than the algebraic framework.
In the P/T-net framework, a set of transformation rules is developed that can be used to
construct classes inheriting the life cycle of another class. A small case study shows that
these transformation rules are useful in structuring the design process and that they stim-
ulate the reuse of life-cycle specifications.

The main conclusion of the third part of this thesis is that it can be inspiring to study
a single topic in two different formalisms. The formalization of inheritance of dynamic
behavior in process algebra provides a clear understanding of the concept, whereas the
formalization in Petri nets yields a framework close to practice. However, one important
challenge remains, namely the integration of the notion of inheritance developed in this
thesis in a full-fledged object-oriented design method.

Summarizing, it may be concluded that this thesis contributes to a better understanding of
the strengths and weaknesses of Petri nets and process algebra. The concepts developed
in this thesis appear to be sound and promising, although it is not yet clear to what extent
the results will stimulate the use of formal methods in design practice.



Samenvatting

Vandaag de dag zijn er vele verschillende formele methoden voor het beschrijven en ana-
lyseren van coöperatieve systemen1. Twee van de meest gebruikte formalismen zijn Petri
netten en procesalgebra. De bestudering van onderwerpen die beide formalismen combi-
neren is de belangrijkste motivatie van dit proefschrift. De eerste doelstelling is om meer
te leren over de sterke en zwakke punten van zowel Petri netten als procesalgebra. De
tweede doelstelling is het gebruik en de acceptatie van formele methoden in de ontwerp-
praktijk te stimuleren. In dit proefschrift kunnen drie delen onderscheiden worden.

Het eerste deel introduceert elementaire theorie over coöperatieve systemen. Het uitgangs-
punt is een raamwerk van gelabelde transitie systemen dat dient om het dynamisch gedrag
van coöperatieve systemen precies vast te leggen. Het raamwerk wordt gebruikt om Petri-
net modellen en procesalgebraı̈sche specificaties van coöperatieve systemen te voorzien
van een operationele semantiek.

Petri netten combineren een intuitı̈eve grafische representatie met krachtige analyse
technieken. Om de fundamentele eigenschappen van Petri-net modellering te illustreren,
wordt in het eerste deel van dit proefschrift de klasse van gelabelde P/T netten beschreven.
Een gelabeld-P/T-net model van een coöperatief systeem beschrijft op natuurlijke wijze
zowel de bereikbare toestanden als de mogelijke toestandsovergangen van het systeem.

Procesalgebra is een volledig symbolisch formalisme dat in het bijzonder geschikt is
voor manipulatie door computers. Dit proefschrift richt zich op ACP-stijl procesalgebra.
Een procesalgebraı̈sche specificatie van een coöperatief systeem beschrijft op beknopte
wijze het dynamisch gedrag van het systeem, terwijl zij abstraheert van de details van de
toestanden van het systeem. De elementaire analyse techniek in ACP-stijl procesalgebra
is manipulatie van vergelijkingen.

Het tweede deel van dit proefschrift beschrijft een methode die Petri netten en procesal-
gebra combineert en die het compositioneel ontwerpen van coöperatieve systemen onder-
steunt. De methode bestaat uit vier activiteiten, namelijk specificatie van gedrag, Petri-
net modellering, simulatie en algebraı̈sche verificatie. De eerste activiteit is gericht op
het beschrijven van het dynamisch gedrag van het te beschouwen systeem. Gedurende
de tweede activiteit wordt een volledig Petri-net model van het system gecreëerd, dat ge-
woonlijk meer details beschrijft dan de gedragsspecificatie. De derde activiteit bestaat uit
simulatie gericht op de validatie van het Petri-net model en de gedragsspecificatie van het
systeem. In de vierde activiteit, tenslotte, wordt algebraı̈sche verificatie toegepast om for-
meel te bewijzen dat het Petri-net model voldoet aan de gedragsspecificatie.

1(Ned.) coöperatief systeem = (Eng.) concurrent system
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Dit proefschrift is voornamelijk gericht op de tweede en de vierde activiteit van de
eerder beschreven methode. Om het modulair ontwerpen van coöperatieve systemen mo-
gelijk te maken, wordt het formalisme van modulaire P/T netten geı̈ntroduceerd. De ope-
rationele semantiek van modulaire P/T netten wordt geformaliseerd in een procesalgebra
die specifiek voor dit doel ontwikkeld is. De theorie in dit proefschrift maakt het mogelijk
om door manipulatie van vergelijkingen het gedrag van een modulair P/T net te verifiëren
tegen een gedragsspecificatie.

Twee praktijkstudies worden beschreven om de ontwerpmethode en de onderliggende
theorie te toetsen. De belangrijkste conclusie is dat Petri netten en procesalgebra elkaar
goed aanvullen, maar dat de methode en de theorie nog niet volwassen zijn. Een verdere
uitbreiding van de theorie en de ontwikkeling van ondersteunde gereedschappen is een
voorwaarde voor succesvolle toepassing in de praktijk.

Het derde deel van dit proefschrift beschrijft een aanpak betreffende overerving2 van dy-
namisch gedrag. De meeste object-georiënteerde ontwerpmethoden die vandaag de dag
in de praktijk gebruikt worden, hebben een min of meer exacte definitie van overerving
voor de attributen en de methoden van een klasse. Een goede definitie van overerving
voor de levenscyclus van een object, die het dynamisch gedrag van objecten van de klasse
beschrijft, ontbreekt echter.

Dit proefschrift formaliseert overerving van dynamisch gedrag zowel in een procesal-
gebraı̈sche setting als in een raamwerk van Petri netten. Het blokkeren en verbergen van
methode-aanroepen speelt een cruciale rol in de gekozen aanpak. In procesalgebra corre-
sponderen deze twee noties met de goed onderzochte concepten van respectievelijk encap-
sulatie en abstractie. Vier overervingsrelaties voor dynamisch gedrag worden gedefinieerd
en bestudeerd in een eenvoudige procesalgebra. De definities en resultaten worden ver-
taald naar een raamwerk gebaseerd op gelabelde P/T netten, dat veel dichter bij bestaande
object-georiënteerde methoden staat dan het algebraı̈sche raamwerk. In het P/T-net raam-
werk wordt een set transformatieregels ontwikkeld die gebruikt kan worden om klassen te
construeren die de levenscyclus van een andere klasse overerven. Een kleine praktijkstu-
die laat zien dat deze transformatieregels gebruikt kunnen worden om het ontwerpproces
te structureren en dat zij hergebruik van specificaties van levenscycli stimuleren.

De belangrijkste conclusie van het derde deel van dit proefschrift is dat het inspire-
rend kan zijn om een enkel onderwerp in twee verschillende formalismen te bestuderen.
De formalisering van overerving van dynamisch gedrag in procesalgebra geeft een helder
begrip van het concept, terwijl de formalisering in Petri netten een raamwerk oplevert dat
dicht bij de praktijk staat. Er blijft echter één belangrijke uitdaging over, namelijk de in-
tegratie van de notie van overerving die ontwikkeld is in dit proefschrift, in een volledige
object-georiënteerde ontwerpmethode.

Samenvattend mag geconcludeerd worden dat dit proefschrift bijdraagt aan een beter be-
grip van de sterke en zwakke punten van Petri netten en procesalgebra. De in dit proef-
schrift ontwikkelde concepten lijken gezond en veelbelovend, alhoewel het nog niet dui-
delijk is in welke mate de resultaten het gebruik van formele methoden in de ontwerpprak-
tijk zullen stimuleren.

2(Ned.) overerving = (Eng.) inheritance
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