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Abstract—During the design phase of many real-time systems,
designers often have a range of acceptable period values for
which some levels of safety or quality of service are guaranteed.
The choice of period values inﬂuences system schedulability and
computational complexity of schedulability analysis, especially for
the rate monotonic (RM) scheduling algorithm. It has been shown
that RM guarantees 100% utilization if the periods are harmonic,
i.e., each period is an integer multiple of shorter periods. In this
paper, we address harmonic period assignment problem where
each task has a given period range.

can be scheduled by RM up to 100% utilization [4]. Also,
the hyperperiods of such task sets are relatively small [12],
[13] and it is equal to the largest period, which is a major
concern for hypervisors in virtualization [14] or time triggered
systems [15] that use ofﬂine scheduling tables. Moreover, fault
tolerance mechanisms for fault detection and recovery can be
efﬁciently implemented if periods of the tasks are harmonic
[16]. In this paper, we study the problem of harmonic period
assignment in real-time systems in which each individual task
has a range of valid periods.

We extend the results of our previous work and present
an O(n2 log(n)) algorithm (where n is the number of tasks)
to verify necessary and sufﬁcient conditions for the existence
of a harmonic period assignment in cases where the previous
solution has pseudo-polynomial computational complexity. We
provide utilization bounds of the potential assignments as well
as a heuristic algorithm to construct low utilization harmonic
task sets. The efﬁciency of our period assignment algorithms has
been evaluated in terms of acceptance ratio, task set utilization,
data structure size, and the number of operations required for
harmonic period assignment.

I.

In our previous work [17], we have provided a framework
to construct customized harmonic periods from a set of given
period ranges. The solution is based on ﬁnding all possible
projected harmonic zones, i.e., sub-intervals of a target interval
which can be in a harmonic relation with a source interval. In
this solution, called forward search hereafter, starting from the
ﬁrst period range, we construct a graph of projected harmonic
zones between all period ranges using depth-ﬁrst search. In
this graph, every connecting path from the ﬁrst period range
to the last one, is a potential set of intervals that guarantees
the existence of a harmonic period assignment. However, the
size of this graph might be exponential w.r.t the number of
tasks because it depends on the number of integer multipliers
between two intervals. In that work, we have also derived
sufﬁcient conditions for an optimal linear-time solution.

I NTRODUCTION

Many real-time applications have recurrent behavior which
can be described by periodic tasks with implicit deadlines.
In control systems, for example, the stability of the control
tasks is maintained [1], as long as the periodic behavior is
guaranteed, In these systems, periods are not limited to single
values, rather, ranges of acceptable period values for each task
are available to designers.

In this paper we present a new method to address those
cases which are sources of the exponential growth in our
previous forward approach. The main idea is to use a backward
search from the period range of the last task to the ﬁrst one,
and extract and store the effective origins of potential harmonic
relations. We show that our new approach is efﬁcient especially
when there are a lot of disjoint integer multipliers between two
intervals. We show that if non-intersecting projections exist
from a source to a destination interval, the harmonic period
assignment problem can be solved in O(n2 log(n)) where
n is the number of tasks. The key to reduce computational
complexity is to avoid keeping track of all integer multipliers;
we only focus on the multipliers that produce distinct projected
harmonic zones, and we show if more than two of them
exist between two intervals, there is no need to consider the
remaining integer multipliers.

Period assignment is an important design step of real-time
systems because periods are a bridge to relate the performance
and safety of a system to its schedulability. For example,
in control applications, quality of control is a function of
the sampling periods; the shorter the period, the higher the
quality of control [2]. However, short periods increase task set
utilization which impedes schedulability. Period assignment is
important because it affects the computational complexity of
the schedulability tests as well as the worst-case response time
(WCRT) analysis methods [3]. For example, even for highly
utilized task sets, if the periods are harmonic, i.e., each period
is an integer multiple of the shorter periods, it is possible to
have a linear-time schedulability test [4]. Moreover, response
time analysis of harmonic tasks can be done in polynomialtime [5], [6].

Using this idea, we provide a test to verify necessary and
sufﬁcient conditions for the existence of a harmonic period
assignment, and show that this test is valid even if the given
intervals are overlapping. In other words, there is no need
to consider different task orderings for our test. Finally, as a
tool for system designers, we provide utilization bounds of the

Harmonic periods have been employed in a large spectrum of industrial real-time applications such as avionics,
submarines, and robotics [7], [8], [9], [10], [11]. These tasks
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potential solutions together with a heuristic algorithm which
constructs low utilization task sets with harmonic periods.
The remainder of the paper is organized as follows; related
work is presented in Sect. II which is followed by the system
model in Sect. III. In Sect. IV, we introduce our new existence
test for harmonic period assignment. Sect. V derives utilization bounds of the potential period assignments and presents
a heuristic algorithm to assign harmonic periods. Sect. VI
discusses the theoretical achievements and open problems.
Effectiveness of the proposed solution is evaluated in Sect. VII,
and ﬁnally the paper is concluded in Sect. VIII.
II.

R ELATED W ORK

Interesting properties of harmonic tasks have motivated
several works to convert periodic task sets to harmonic ones
[4], [9], [18], [17]. For instance, to provide a schedulability
test for RM, Sr and DCT algorithms have been introduced
in [4] to assign artiﬁcial harmonic periods which are smaller
than the original ones. Accordingly, the original task set is
schedulable if such an assignment exists and the resulting
utilization is smaller than 1. In the Sr algorithm, the ratio of
two consecutive periods is a power of 2, and in DCT it can
be an arbitrary integer value. Also to verify schedulability of
a system with deadlines larger than periods, in [18], harmonic
deadlines have been created using the least common multiplier
of the previous periods. However, in these studies, period
ranges are not considered. Also tasks are executed with their
original non-harmonic periods.

Fig. 1. Graph of harmonic relations in the forward approach [17]. The
overlapping projected harmonic zones are merged and represented as one
vertex in the graph.

one of the vertices of the last task is a potential solution which
guarantees the existence of a harmonic period assignment.
However, as it can be seen in Fig. 1, the size of the graph
may grow exponentially since it depends on the number of
disjoint projected harmonic zones between two intervals. In
[17] we have shown that if all of the projected zones are
overlapping (deﬁned as tight harmonic relation), the problem
can be solved in O(n) because the graph will only have one
vertex per task. In this paper, we use a backward approach
(from the last task to the ﬁrst one) to show that in the cases
where the projected harmonic zones are disjoint, the problem
can be solved in O(n2 log(n)) where n is the number of the
tasks.

Later in [9], Sr and DCT algorithms [4] have been applied
to construct harmonic periods for radar systems. In [19], Sr
is used to build partitions of tasks with harmonic periods for
multiprocessor systems. This harmonic partitioning problem
has been previously tackled by Kue et al. [20] who have
introduced a method to obtain a minimum number of harmonic
chains, i.e., subsets of tasks with harmonic periods. However,
none of these works consider ranges of periods.

III.

S YSTEM M ODEL AND P ROBLEM S TATEMENT

We assume a uni-processor system with a hard real-time
task set τ = {τ1 , τ2 , . . . , τn } with n independent periodic
tasks. Each task τi is described by τi : (ci , Timin , Timax ),
where ci is the worst-case execution time, and Timin , Timax ∈
N are the minimum and maximum values for the task’s
period denoted by Ti ∈ R. Later in Sect. IV-C we discuss
integer value periods. We assume that tasks are indexed as
T1min ≤ T2min ≤ . . . ≤ Tnmin and have no release-offset.

To minimize the hyperperiod of a task set described with
period ranges, Ripoll et al. [13] presented an algorithm to obtain the minimum hyperperiod by ﬁnding the ﬁrst intersection
between integer multiples of all period ranges. However, this
approach cannot be used to ﬁnd a harmonic period assignment
since it does not force harmonic relation between the ﬁnal
periods. Moreover, computational complexity of this approach
is pseudo-polynomial which may limit its applicability.

The goal of the paper is to assign period values Ti ∈
[Timin , Timax ] for each task τi (for 1 ≤ i ≤ n) such that all
periods of the tasks become harmonic, i.e., Tj = kj ×Tj−1 for
1 < j ≤ n where kj ∈ N is the period ratio of two consecutive
tasks and an integer number greater than or equal 1.

In our previous work [17], we have provided a framework to construct customized harmonic periods from given
period ranges. The solution is based on ﬁnding all possible
projected harmonic zones between the source interval and
destination interval (note that intervals are indexed by their
starting values). Every value in such a zone is an integer
multiple of a value in the source interval. As shown by
Fig. 1, we represent the relation between those zones with
a graph where edges are integer multipliers and vertices are
the projected zones. To build the graph, we use a depth ﬁrst
search from the ﬁrst interval to the last interval. This approach
is called forward search because at each expansion, it ﬁnds all
projected harmonic zones between the current vertex and the
next interval, and merges the overlapping projections into one
vertex. At the end, any path that connects the ﬁrst vertex to

We aim to ﬁnd periods such that the system
utilization is
smaller than or equal 1, i.e., U ≤ 1 where U = τi ∈τ ui and
for each task τi , we have ui = ci /Ti . Note that in this paper,
N = {1, 2, 3, . . .}. We denote an interval by I = [I s , I e ] where
I s and I e represent start and end of the interval, respectively.
IV.

E XISTENCE T EST FOR H ARMONIC P ERIOD
A SSIGNMENT

In this section we present a test to verify the existence of
a harmonic period assignment. We show that our test is valid
even if period ranges have intersections. Finally, we extend the
test to the cases where periods must be integer numbers.
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We start by some important deﬁnitions from our previous
work [17] on constructing harmonic periods for the tasks.
Deﬁnition 1. Projected harmonic zone χaI1 →I2 : [χs , χe ]
from interval I1 to I2 (I1s ≤ I2s ), with multiplier a ∈ N,
is a range of numbers in I2 from χs = max{I2s , aI1s } to
χe = min{I2e , aI1e }, and for any i2 ∈ I2 there exists at least
one i1 ∈ I1 such that i2 /i1 ∈ N.
In [17], we have shown how to calculate all possible integer
multipliers between two intervals I1 and I2 (I1s ≤ I2s ). Using
these multipliers we derive harmonic relations between I1 and
I2 , denoted by XI1 →I2 ∈ I2 , as a set of projected zones from
all existing multipliers between I1 and I2 . Fig. 1 illustrates an
example of XI1 →I2 . Consequently, for any value i2 ∈ XI1 →I2
there exists at least one i1 ∈ I1 so that i2 /i1 ∈ N.

Fig. 2. An example to show that intersection between integer multiples of
all intervals with In is not sufﬁcient for the existence of a harmonic period
assignment.

Finally, according to [17], the existence of a harmonic
period assignment between a set of intervals is deﬁned as
Deﬁnition 2. For the set of intervals I1 , I2 , . . ., In , a harmonic
period assignment exists if there exist values i1 ∈ I1 , i2 ∈ I2 ,
in
∈ N.
. . ., in ∈ In such that ii21 ∈ N, ii32 ∈ N, . . ., in−1
A. Backward Solution Approach
As shown in our previous work [17], the existence of
a harmonic relation between two intervals I1 and I2 , and
also between intervals I2 and I3 , does not necessarily mean
that a harmonic period assignment exists between I1 , I2 , and
I3 . The non-existence of such an assignment is due to the
fact that I1 may not have any harmonic relation with the
projected harmonic zones between I2 and I3 . In other words,
integer multiples of I1 have no intersections with the projected
harmonic zones from I2 to I3 . We deﬁne an integer multiple
of an interval as

Fig. 3. Three cases for the projection origins of Ii from Ii+1 ; a) at least
one of the integer multiples of Ii is totally inside Ii+1 , b) integer multiples
of Ii do not have complete intersection with Ii+1 , and c) integer multiple of
Ii is larger than Ii+1 and it creates only one projection origin

Deﬁnition 3. Integer multiple of interval I with multiplier
a ∈ N is shown by φa = [φs , φe ] where φs = aI s and
φe = aI e . For any value x ∈ φa , there exists a value y ∈ I so
that xy ∈ N.

Fig. 3 illustrates projection origins of Ii from Ii+1 . The
most important observation in this ﬁgure is that if there are
more than 2 disjoint integer multiples between Ii and Ii+1 ,
ψi will contain only one interval because in that case, the
in Fig. 3-(a), will be
second integer multiple, shown by φa+1
i
fully covered by Ii+1 . The following property summarizes this
observation which is the key factor to reduce computational
complexity of the solution.

As shown in Fig. 2, having an intersection between at
least one integer multiple of any of the intervals with In is
not sufﬁcient to guarantee the existence of a harmonic period
assignment because those multipliers might not necessarily be
integer multiples of each other.
While in the forward approach [17], we build the graph
(e.g. Fig. 1), from the ﬁrst task to the last one, in the backward
approach presented in this paper, we start from the last interval,
i.e., In , and try to ﬁnd sub-intervals of In−1 which are the
original source of intersecting integer multiples of In−1 with
In . We call these sub-intervals as projection origins of In−1
from In .

Property 1. For two intervals Ii and Ii+1 , the number of subintervals in the projection origins of Ii from Ii+1 is smaller
than or equal to 2, i.e., hi ≤ 2, if the overlapping integer
multiples of Ii with Ii+1 do not have intersection with each
other, namely

φai = ∅
(4)

Deﬁnition 4. Projection origins of interval Ii from interval
s
) are denoted by ψi = {ψi,1 , ψi,2 , . . . , ψi,hi }
Ii+1 (Iis ≤ Ii+1
where hi is the number of sub-intervals inside ψi and we have
y
∀x ∈ ψi , ∃y ∈ Ii+1 ; such that ∈ N
(1)
x
∀j, k ∈ {1, 2, . . . , hi }, j = k; ψi,j ∩ ψi,k = ∅

(2)

s
e
and ψi,j
≤ Iie
∀j, 1 ≤ j ≤ hi : Iis ≤ ψi,j

(3)

∀a;φa
i ∩Ii+1 =∅

Proof: First we show that if there are b > 2 disjoint
integer multiples between Ii and Ii+1 , hi will be 1. As
illustrated in Fig. 3-(a), if the number of disjoint integer
multiples is greater than 2, according to Deﬁnition 4, all values
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of φa+1
(from (a+1)Iis to (a+1)Iie ), will intersect with Ii+1 .
i
This means that condition (1) holds for all values of Ii because
we have ∀x ∈ Ii , ∃y = (a + 1)x, y ∈ Ii+1 so that x/y ∈ N.
Also as shown by Fig. 3-(b), if b ≤ 2, there will be at most
two disjoint members in set ψi ; one of them covers the starting
e
/(a + 1), and the other covers
values of Ii from Iis to Ii+1
s
/a to Iie . If (a + 1)Iis < aIie ,
ending values of Ii from Ii+1
which means that the integer multiples intersect, hi reduces to
1 as these two sub-intervals cover all values of Ii . Note that
we merge sub-intervals which intersect with each other because
according to (2), ψi must partition the original interval Ii .

Algorithm 1 Existence Test for Harmonic Period Assignment
Input I: where I is the set of intervals
Output {yes, no}, ψ: ψ is the resulting projection origins
1: ψn ← In
2: ψ ← {ψn }
3: for i ← n − 1 downto 1 do
4:
ψi ← ∅
5:
for j ← 1 to hi+1 do
6:
calculate as and ae for intervals Ii and ψi+1,j
e
7:
if ((as + 1)Iie ≤ ψi+1,j
) then
8:
ψ i ← Ii
9:
break
10:
end if
11:
if (as ≤ ae ) then
12:
construct temporary ψi using as and ae
13:
ψi ← ψi ∪ ψi
14:
end if
15:
end for
16:
merge intervals in ψi so that (2) holds
17:
if (ψi = ∅) then
18:
return no
19:
end if
20:
ψ ← ψ ∪ {ψi }
21: end for
22: return yes, ψ

The following formulas derive the starting and ending
integer multipliers as and ae for which the integer multiples
of Ii overlap with Ii+1 (from Deﬁnition 2 in [17])

s
Ii+1
 Is 
0,
i+1
s
Iie ∈ N
(5)
+
a =
Iie
1, otherwise
 Ie 
ae = i+1
(6)
Iis
In our previous work [17], we have derived a necessary
condition to have integer multiples of Ii which are overlapping
with Ii+1 . Using this formula we obtain conditions for which
Property 1 is valid for two intervals Ii and Ii+1 as
Iis Iie
e
> Ii+1
Iie − Iis

(7)

sub-intervals, their number grows exponentially by the power
2. However, in the next property we show that the number of
projection origins of Ii from ψi+1 is at most |ψi+1 |+1. In other
words, at each step, regardless of the number of temporary
projection origins produced by Line 12, the resulting ψi will
have at most |ψi+1 | + 1 members.

As stated before, the backward solution starts with ﬁnding
projection origins of In−1 from In . According to Property 1,
|ψn−1 | will be at most 2. The next step is to ﬁnd projection
origins of In−2 from ψn−1 which contains effective projection
origins of In−1 for harmonic period assignment. Considering
each member of ψn−1 as a separate interval, it is possible
to obtain the resulting ψn−2 by merging projection origins
of In−2 with ψn−1,1 and ψn−1,2 into one set as ψn−2 . This
step can be repeated until either for one of intervals, ψi
becomes empty, or we reach ψ1 . The former case means that
no harmonic period assignment exists between given intervals.

Property 2. The number of disjoint sub-intervals inside projection origins of interval Ii from ψi+1 is at most |ψi+1 | + 1,
i.e., hi ≤ hi+1 + 1, if the overlapping integer multiples of Ii
with Ii+1 have no intersections.
Proof: We use an induction approach. As the base of
induction we show hn−1 is at most 2. As shown in Line
1, ψn = In , thus there is only 1 interval in ψn . According
to Property 1, the number of projection origins between two
intervals (here between In and In−1 ) is at most 2, thus,
hn−1 ≤ 2. We assume that for any interval Ij between In
to Ii+1 , 1 ≤ i < n − 1, hj ≤ hj+1 + 1.

Alg. 1 presents the existence test for the harmonic period
assignment problem. At this step, we assume that there is
no intersection between the given intervals, i.e., for all i,
s
1 ≤ i ≤ n, Iie < Ii+1
. Line 12 of Alg. 1, constructs
a temporary set of projection origins of Ii from ψi+1,j .
According to Property 1, the resulting projection origin has
at most 2 members. However, since according to (2), ψi must
partition Ii into disjoint sub-intervals, we need to merge the
resulting intervals with what already exists in set ψi (Line 16
of the algorithm).
In Alg. 1, Line 7 veriﬁes satisfaction of case Fig. 3-(a)
where all values in φa+1
have intersection with φi+1,j . Also,
i
Line 11 veriﬁes the existence of any integer multiplier between
Ii and φi+1,j . According to [17], if as > ae , there is no integer
multiplier between two intervals.

Now we must prove that hi ≤ hi+1 + 1. As shown in
Fig. 4-(a), if for each member of ψi+1 we have 2 members in
temporary set ψi , there will be hi+1 heads and hi+1 tails of
Ii in ψi . A head is deﬁned as a sub-interval of Ii that contains
Iis . Similarly, a tail is a sub-interval of Ii that contains Iie .
Since all of the heads intersect with each other, after the merge
operation in Line 16 of Alg. 1, only one head remains which
starts from Iis and covers the largest value of the ending points
of the other heads. This happens for the tails as well, thus, as
shown by Fig. 4-(a), the resulting hi is at most 2.

Hypothetically, in the worst-case it might be possible that
at each step (for each interval Ii ), the number of disjoint subintervals in ψi is 2 × |ψi+1 | because according to Property 1,
there are at most 2 projection origins from one interval. Thus,
if the merge process in Line 16 does not merge the resulting

Because of the fact that if one of ψi+1,j (1 ≤ j ≤ hi+1 )
intersects with two disjoint intervals, one of them includes the
head and the other includes the tail of Ii , in the worst-case,
ψi+1,j can only contribute 1 more member to ψi . This new
member in ψi , is either a head or a tail. If any other ψi+1,k ,
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Fig. 4.

Examples to show that the maximum number of resulting projection origins of Ii from ψi+1 is at most |ψi+1 | + 1

k = j intersects with a head or a tail, these heads will be
merged with the previous head and do not contribute to hi .
Consequently, in the worst-case, we have one of the scenarios
shown in Fig. 4-(b) or (c), and hence, hi is smaller than or
equal to hi+1 + 1. Note that it is possible to have more integer
multiples of Ii instead of φai in Fig. 4-(b), however, in the
worst-case scenario, their head and tail must not intersect with
ψi+1 . Otherwise they will be merged with each other.
From Property 2, it is possible to deduce that the maximum
number of projection origins for any of the given intervals will
not be larger than n because hn = 1, hn−1 ≤ 2, hn−2 ≤ 3, and
h1 ≤ n. As a result, the for-loop in Lines 5 to 15 is O(n) and
the merge process in Line 16 is O(nlog(n)). Consequently,
because of the for-loop in Lines 3 to 21, computational
complexity of the test is O(n2 log(n)). Note that to implement
the merge process, we sort the intervals in order of increasing
start times. Once the intervals are sorted, merging takes linear
time because if an interval does not overlap with the start of
the next interval, it will not overlap with the other remaining
intervals as well.

Fig. 5. An example which shows how the number of overlapping integer
multiples, denoted by m, may affect the number of projection origins

according to condition (1), for all x ∈ ψ1 , there exists at
least one y ∈ ψ2 such that y/x ∈ N, there will be at least
one possible harmonic assignment between these two intervals.
Similarly, based on (1), for the obtained y which belongs to
ψ2 , there exists z ∈ ψ3 such that z/y ∈ N, and so on. Thus,
if ψ is not empty at least one harmonic assignment exists.

It is important to note that if the overlapping integer multiples of Ii with Ii+1 are not distinct, Alg. 1 still works properly
as it obtains all projection origins of each of the members
of ψi+1 . However, in that case, the number of projection
origins will not necessary follow Property 2 and might grow
exponentially. An example is shown in Fig. 5. As stated before,
if all integer multiples of an interval are overlapping, our
previous approach in [17] provides a linear-time solution. In
Sect. VI, we elaborate on the cases where the problem can be
solved with reasonable computational complexity. In the next
step we show that Alg. 1 provides necessary and sufﬁcient
conditions of the existence of a harmonic period assignment.

To prove that Alg. 1 provides the necessary conditions, we
show that at each step, there is no harmonic assignment for
intervals Ii to In that cannot be found inside ψi to ψn which
are produced by the algorithm. We use contradiction for the
proof. For an arbitrary harmonic assignment Ti , Ti+1 , . . ., and
Tn where Ti+1 /Ti ∈ N, Ti+2 /Ti+1 ∈ N, . . ., Tn /Tn−1 ∈ N.
We assume that all of these values except one of them, i.e.,
Tm which is selected from Im − ψm (i ≤ m < n), belong
to their respective projection origins which is obtained by the
algorithm. According to the assumption, Tm+1 /Tm = a ∈ N
and Tm+1 ∈ ψm+1 . It means that there was one value such
as Tm in φam that overlaps with ψm+1 but could not be found
by the algorithm. Since intervals do not have intersections, we
have T1min ≤ T1max ≤ T2min ≤ T2max ≤ . . . ≤ Tnmax . Thus,
according to Lemma 1 of [17], formula (5) and (6) are able
to ﬁnd all integer multipliers between the intervals. It means
/ ψm , or equivalently, it is not
that it is not possible that Tm ∈
possible that Alg. 1 cannot ﬁnd a. Since according to Line 1

Theorem 1. Alg. 1 provides necessary and sufﬁcient conditions for the existence of a harmonic period assignment if the
given intervals do not intersect.
Proof: First we show that Alg. 1 provides a sufﬁcient
condition. Starting from the last interval, in each step we obtain
projection origins of the previous interval. If the for-loop in
Lines 3 to 21 is ﬁnished successfully, ψ1 is not empty. Since
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ψi+1 ⊂ Ii+1 , thus, the effective projection origins of Ii from
e
]. Consequently,
Ii+1 will appear in the sub-interval [Iis , Ii+1
ψi = {Ii ∩ ψi+1 } ∪ A where A is a set of projection origins

s

= Ii+1
as the largest
) from ψi+1 . Assuming ψi+1
of [Iis , Ii+1


, we have Ii ∩ ψi+1
= Ii which means that
possible ψi+1

. However, due
ψi+1 = Ii+1 , and hence, Ii ∩ ψi+1 = Ii ∩ ψi+1
to the fact that ψi = Ii ∩ ψi+1 ∪ A, it will be a super set for

.
ψi which is equal to Ii+1
Fig. 6.

Now we show that Theorem 1 holds even if the intervals
are overlapping.

Two basic cases of overlapping intervals

Theorem 2. Alg. 1 provides necessary and sufﬁcient conditions of the existence of a harmonic period assignment between
given set of intervals.

of the algorithm, ψn = In , at each step of the algorithm, all
possible values which can be origins of a harmonic assignment
will be found. Thus, a harmonic assignment which does not
belong to ψm does not exist.

Proof: The proof of sufﬁciency is the same as Theorem 1
because if Alg. 1 returns ψ with non-empty ψi members,
at least one harmonic assignment can be found inside the
resulting projection origins. Also Lemma 1 and 2 show that
the size of ψi will not be increased if another indexing is used
between any two overlapping intervals Ii and Ii+1 . As a result,
we can use the same proof as Theorem 1 to show necessity of
Alg. 1.

In the next subsection we show that Theorem 1 holds even
for overlapping intervals.
B. Handling Overlapping Intervals
In this sub-section, we show that our solution approach is
not inﬂuenced by the task indexing assumption, i.e., T1min ≤
T2min ≤ . . . ≤ Tnmin . However, hypothetically, the indexing
method can remove some of the feasible harmonic assignments which could be found if another ordering would have
been applied. Consequently, the intervals order is important
if they overlap with some other intervals. To show that it
is not required to consider different task orderings in our
solution approach, we discuss all overlapping cases between
two intervals Ii and Ii+1 shown in Fig. 6.

It is important to note that if another indexing method
is used for the overlapping intervals such as Fig. 6-(b), the
resulting ψ from Alg. 1 will only contain a subset of all
possible period assignments. It means that there might be some
assignments which cannot be found by our indexing method.
These neglected possible assignments may contain solutions
with lower utilization because as shown by Fig. 6-(b), after
re-indexing the tasks we might be able to assign larger period

than the previous case.
to Ii+1

Lemma 1. Re-indexing two intervals Ii and Ii+1 with Iis <
s
e
and Iie < Ii+1
will not add any potential harmonic
Ii+1
assignment to the ﬁnal solution in ψ obtained by Alg. 1.

C. Handling Integer Value Periods

Ii

In most of real-time systems, task periods have to be
integer values, which describe multiples of the system’s clock.
However, if during the construction of projection origins, it is
allowed to have non-integer starting and ending values for each
ψi,j , non-integer periods may be selected in the ﬁnal period
assignment. As shown in Fig. 7, to prevent this situation, it is
s
s
e
e
← ψi,j
 and ψi,j
← ψi,j
.
enough to force ψi,j

Proof: We denote the new indexing by
= Ii+1 and

= Ii . According to formula (5) and (6), as = 1 and
Ii+1
s
e
ae = Ii+1
/Iis while if the order is reversed, a = 1 and
e
e
s
a = Ii /Ii+1 . Hence, the resulting set of integer multipliers
in the new ordering will be a subset of the previous case
e
because a < ae . The reason is that no integer multiplier
e
] to a value in [Iis , Iie ].
exists which can map a value in (Iie , Ii+1
Consequently, by re-indexing the intervals, no new harmonic
assignment can be added to ψ.

The result of dividing a non-integer value by an integer
divisor will not yield an integer. Similarly, if an interval such
as [10.001, 10.999] is divided by any arbitrary integer value,
the resulting interval will not contain any integer numbers.
Thus, if the intersection between an integer multiple of Ii
does not have any integer values (such as φai in Fig. 7), the
respective projection origin will not have any integer numbers,
and consequently, will not be added to ψi since it becomes
an empty set. Also, to have an integer period assignment,
it is not necessary to keep ψi,j as a set of discrete integer
numbers because if during the creation of ψ, one of the
intervals intersects with the non-integer parts of ψi,j , it will
be automatically removed from its projection origins.

Unlike the ﬁrst case, if we re-order two intervals Ii and
Ii+1 in Fig. 6-(b), new projected harmonic zones may appear
which could not be found before. Hypothetically, these new
projected zones can be a source of new harmonic relations
which were ignored by the previous indexing. However, by
the following lemma and theorem we show that even without
considering other possible orderings for those overlapping intervals, Alg 1 still provides necessary and sufﬁcient conditions
for the existence of a harmonic period assignment.
s
are
Lemma 2. Projection origins of Ii from Ii+1 , Iis ≤ Ii+1


a super set of projection origins of Ii = Ii+1 from Ii+1 = Ii .

Since for two integer numbers x, y ∈ N, we have xy ∈ N,
by rounding projection origins of each interval at each step
of Alg. 1, we can assign harmonic integer periods only if the
ﬁrst period is selected from the integer values in ψ1 . Due to
condition (1), for all values including T1 ∈ N in ψ1 , there

Proof: We show that ψi will be a subset of ψi . In the new

because the ﬁrst integer multiple of Ii
ordering, ψi = Ii ∩ψi+1


which overlaps with Ii+1
is φ1i and it is totally covered by Ii+1
.
On the other hand, if the previous indexing is used, we have
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in Fig. 8-(a), for the obtained set ψ, we have
U lb ≤ U ≤ U ub
lb

where U and U
utilization as

ub

(8)

are lower and upper bounds of the
U lb =

n

ci
e
ψ
i=1 i,hi

(9)

n

ci
s
ψ
i=1 i,1

(10)

U ub =

It is important to note that a harmonic period assignment
that guarantees U lb (or U ub ) might not exist because it requires
e
e
/ψi,h
∈ N for all 1 ≤ i < n.
ψi+1,h
i+1
i
Fig. 7.
values

An example to show how to select ψi which is bounded to integer

If the intervals are overlapping similar to what is shown in
Fig. 6-(b), re-indexing the tasks affects the lower bound of the
utilization because it might be possible to assign a larger period
to τi from Ii . In that case, formula (9) becomes a conservative
lower bound of the utilization, and the actual lower bound
might be smaller. Note that re-indexing will not affect our
theoretical upper bound because if our indexing method is
applied on Fig. 6-(b), it forces Ii to have a relatively high
period value which is smaller than or equal to the period of
Ii+1 . However, according to Lemma 1, in cases such as Fig. 6(a), by re-indexing the intervals, no new assignment will be
added, and hence, it has no effect on the utilization bounds as
well.
B. A Heuristic Algorithm for Period Assignment
The idea of our heuristic algorithm is to assign the largest
harmonic period that can be obtained from the previous period
for each task. This algorithm is presented in Alg. 2. In the ﬁrst
step, it assigns T1 ← ψ1,h1 . Then, for each task τi , it ﬁnds the
largest harmonic period in ψi such that Ti /Ti−1 is harmonic
with multiplier ae which is the largest multiplier that maps
Ti−1 to ψi . Since according to (1), for every x in ψi−1 there
exists at least one value y in ψi such that y/x ∈ N, Line 5 of
the algorithm will be true for at least one of ψi members. To
ﬁnd a low utilization assignment, we search from ψi,hi down
to ψi,1 , thus, the ﬁrst Ti which is assigned in Line 6, will be
the largest one which is reachable from Ti−1 . Note that the
algorithm must start from ψ1 , otherwise, the existence of a
harmonic assignment cannot be guaranteed.

Fig. 8. An example for ψ; a) utilization bounds of potential solutions, b) a
possible period assignment.

exists a value T2 in ψ2 such that T2 /T1 ∈ N, thus, T2 =
aT1 ∈ N where a is an integer multiplier.
If the projection origins are not reduced to integer numbers,
a harmonic period assignment with integer numbers might not
exist because the intersection between two intervals may only
consist of non-integer values, and hence, it may not be possible
to assign an integer value from the respective projection
origins. To guarantee such an assignment, the rounding process
must be done during the construction of the super-set ψ.
V.

The computational complexity of Alg. 2 is O(nH) where
H = max{h1 , h2 , . . . , hn }. If conditions of Property 2 hold,
H will be bounded to n, and as a result, Alg. 2 runs in O(n2 ).

H ARMONIC P ERIOD A SSIGNMENT

In this section, we ﬁrst derive lower and upper bounds of
the utilization of potential period assignments where none of
the given intervals overlap with each other. Aiming to construct
low utilization task sets, we present a heuristic period assignment algorithm and sufﬁcient conditions to provide U ≤ 1.
Here, we call this assignment utilization-feasible harmonic
period assignment (UF-HPA).

Note that as shown in Fig. 8-(b), Alg. 2 might not assign
e
ψi,h
to Ti . Consequently, it cannot guarantee U ≤ 1 as
i
the periods are not the largest to assign. However, if the
following condition holds, Alg. 2 provides a utilization-feasible
assignment.
Theorem 3. If for the given set ψ from Alg. 1, we have
U ub ≤ 1 where U ub is obtained from (10), Alg. 2 always
selects utilization-feasible harmonic periods.

A. Utilization Bounds of the Feasible Solution

Proof: The proof is trivial because if U ub ≤ 1, even if
Alg. 2 assigns the smallest periods to the tasks, the utilization
restriction is still satisﬁed.

We apply the idea of our previous work [17], to derive
utilization bounds of all potential harmonic period assignments
for the task sets with no overlapping period ranges. As shown
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Algorithm 2 Heuristic Algorithm for Harmonic Period Assignment
Input ψ
Output {T1 , T2 , . . . , Tn }
e
1: T1 ← ψ1,h
1
2: for i ← 2 to n do
3:
for j ← hi downto 1 do
e
4:
ae ← ψi,j
/Ti−1
e
s
5:
if (a Ti−1 ≥ ψi,j
) then
6:
Ti ← ae Ti−1
7:
break
8:
end if
9:
end for
10: end for
11: return {T1 , T2 , . . . , Tn }
Fig. 10. Utilization of two tasks τ1 : (2, [7, 9]) and τ2 : (10, [13, 43]) as a
function of T2 based on two possible choices for T1 ; a) larger T1 , b) smaller
T1 .

not necessarily a strictly decreasing function of T2 . Besides,
a utilization-feasible assignment exists only for some subintervals of I2 where u1 + u2 ≤ 1. Because of the fact that
the utilization is a decreasing function of T1 (or T2 ), to ﬁnd
the starting point of a feasible solution in each sub-interval,
we must calculate the shortest T1 and T2 values that construct
a feasible utilization. The white circles in the ﬁgure present
those starting points. In the intersection between φa1 with I2 ,
the ﬁrst feasible T1 and T2 can be calculated by the following
formulas
max{aI1s , I2s , ac1 + c2 } ≤ T2f ≤ min{aI1e , I2e }
Fig. 9. Summary of the computational complexity of: a) our previous work
[17], b) this paper, and c) open problem. In this ﬁgure, m is the number of
non-overlapping integer multiples.

VI.

T1f = T2f /a

(11)
(12)

Note that in the upper curve of Fig. 10, if utilization of one
of the splitting points in the curve, such as x = 36, falls under
1, any other T2 ≥ x will have a feasible utilization because
the utilization function is decreasing with the increase in T1
and T2 . Note that the upper curve is obtained from selecting
larger values of T1 whenever there were more options for T1 .
Another observation is that the smallest utilization is either the
last or the one before the last falling point in the utilization
curve, i.e., it is either at 36 or at 43 in our example. The reason
is that u2 is decreasing with the increase in T2 . Consequently,
the minimum U appears in either of these two cases: a) at 36
where we have minimum u1 and relatively small value of u2
or b) at 43 where we have minimum u2 and relatively small
u1 . If the minimum utilization is still greater than 1, a UF-HPS
does not exist for these two tasks.

D ISCUSSIONS

In this section, ﬁrst we summarize our achievements and
open problems and then discuss UF-HPA. Fig. 9 summarizes
the computational complexity of our period assignment algorithms in this paper (backward solution) and the previous one
s
(forward solution) [17]. As shown in the ﬁgure, if A < Ii+1
where A = (Iis Iie )/(Iie − Iis ), the solution in [17] runs in
O(n) while the backward solution may have considerable
computational complexity (this condition has been shown by
a dashed horizontal line in the middle of the ﬁgure). However,
in these cases, any value in Ii+1 will be in a harmonic
relation with one of the values of Ii , which inherently reduces
the complexity of the problem itself. In this paper, we have
e
because in those cases,
focused on the cases where A > Ii+1
only a subset of sub-intervals of Ii+1 will be in a harmonic
relation with a subset of sub-intervals of Ii . As we have
shown, our new solution is O(n2 log(n)) and even if the given
intervals intersect with each other, our existence test is still
valid. Lastly, the computational complexity of the cases with
s
e
≤ A ≤ Ii+1
and the actual hardness of the harmonic
Ii+1
period assignment problem have remained as open problems.

However, because each projection of an integer multiple of
I1 to I2 has different utilization range, in an optimal solution
we might need to consider all of those integer multiples. As
it has been shown in our previous work [17], the number
of distinct integer multiples between two intervals can be
exponential w.r.t the number of intervals. Thus, a searchbased solution might have considerably high computational
complexity. As the problem of harmonic period assignment
is not linear, i.e., it can be mapped to an integer non-linear
optimization problem, ﬁnding an optimal UF-HPA solution

Next we discuss why it is not easy to ﬁnd an optimal
UF-HPA. As shown by Fig. 10, the utilization of τ2 is
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Fig. 11. Acceptance ratio, utilization, Cost-S, and Cost-O of the algorithms for different values of σ. Acceptance ratio of the forward and backward approaches
is overlapped.

[Timin , Timax ] to Ti , where x is an integer number smaller than
log(max{Timax }/r) . Since the choice for r depends on T1
which is unknown in advance, ﬁrst we assume T1 = T1min ,
and then we gradually increase it to T1max (by step 0.1 of
the previous value) until we ﬁnd a feasible harmonic period
assignment with n tasks.

with reasonable computational complexity might not be easy,
and the actual hardness of the problem is still in question.
VII.

E XPERIMENTAL R ESULTS

In this section we evaluate performance of our backward
approach (according to Alg. 2) against the forward approach
[17] as well as Sr and DCT algorithms [4]. The goal is
to produce feasible harmonic task sets with low utilization.
Performance measures are acceptance ratio, which is the ratio
of harmonic task sets with U ≤ 1 to the total number of
generated task sets, and average utilization of successfully
generated harmonic task sets. Besides, we measure data structure size (denoted by Cost-S), and the number of operations
(denoted by Cost-O) which is required to produce the ﬁnal
period assignment. In the latter measure, the focus is to
count the operations affecting computational complexity of the
algorithms, thus, Lines 6 and 7 of Alg. 1 are not counted while
Line 8 is one operation and Line 12 is 1 + ae − as operations.
With the same intuition, in the merge procedure (Line 16) we
may have at most |ψi |2 operations where |ψi | is the size of ψi
in its intermediate stage, i.e., before it becomes a set of disjoint
intervals. On the other hand, by Cost-S we measure ﬁnal data
structure size, thus, Cost-S is incremented by |ψi | after the
merge operations. In other words, we do not consider memory
requirements of the intermediate stages. The simulations have
been done in the discrete event simulator (DEVS-Suite) [21].
Each experiment is repeated 10000 times, and ﬁnal outputs are
within a conﬁdence interval ±0.05 for conﬁdence level 0.95.

In the ﬁrst experiment we consider n = 10 tasks, and in the
second experiment, we study the effect of tasks n for different
values of n. In the ﬁrst experiment, to generate period ranges,
a random T1min is selected from [5, 50], and then T1max =
(1+ σ)T1min where σ shows the wideness of the period ranges
with respect to their starting value. Then we generate Timin =
min
and Timax = (1 + σ)Timin where k ∈ R is a random
kTi−1
value in [1.0, 5.0] and shows how far are the starting points
of two period ranges from each other. Execution times of the
tasks are assigned as ci = ui Timin , where ui is generated by
the uUniFast algorithm [22] for utilization 1. Thus, the ﬁnal
task set utilization will be 1 only if the period of each task is
exactly Timin .
As shown by Fig. 11, the acceptance ratio of our forward
and backward approaches, which are both optimal to ﬁnd
harmonic period assignments, is considerably higher than Sr
and DCT. Acceptance ratios of DCT and Sr increase by the
increase in the wideness of the period ranges, however, in
average, DCT has higher acceptance ratio than Sr because it
does not limit itself to the period ratios which are powers
of 2. Nonetheless, DCT cannot ﬁnd harmonic assignments if
there is no feasible assignment which include any of Timax
values. That is why, for example in σ = 0.5, acceptance ratio
of DCT is around 50% while in our methods it is 91%. In this
experiment, in average, acceptance ratios of Sr, DCT, and our
optimal solutions are 50%, 64%, and 80%, respectively.

We have used a modiﬁed version of Sr as introduced in
[17] because its original version cannot cope with period
ranges. Sr maps given period values of each task τi , to
r × 2 log(Ti /r) where r is a base value in range (0.5T1 , T1 ],
however, since in our experiments, Ti is not known in advance,
we assign the smallest value with pattern r2x which is inside

Although both of the forward and backward approaches
use heuristic period assignment algorithms, the ﬁnal utilization
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Fig. 14. Distribution of the task set categories based on Fig. 9 in the second
experiment

Fig. 12. Distribution of the task set categories based on Fig. 9 in the ﬁrst
experiment

of tasks in the task set. We generate the task set as explained
earlier, however, this time, σ is selected randomly with uniform
distribution from [0.2, 1.2]. Fig. 13 shows the results of this
experiment. With the increase in the number of tasks, the
chance that a harmonic period assignment exists between all
of the period ranges decreases. The same as Fig. 11, we see
that the forward approach manages to ﬁnd task sets with
lower utilization than the backward approach. This diagram
also shows that in our experiments, the utilization of the
accepted task sets is almost not affected by n. Even though
according to Fig. 14, most of the generated task sets fall in the
category A and C, still our backward approach has a reasonable
computational- and memory-complexity. When the task set is
small, it has higher chance to fall in category A or B. That is
why when n < 12, forward approach outperforms backward
approach in terms of Cost-S and Cost-O. However, with the
increase in the number of tasks, computational complexity of
the forward approach increases rapidly, which may make it
unsuitable for the task sets with large number of tasks.

of the feasible task sets in the forward approach is lower
than the backward approach because during the construction
of the graph, it chooses the path with the lowest potential
utilization. Later, this path is used with a heuristic period
assignment function while in the backward approach, we
do not differentiate between paths. Consequently, the ﬁnal
utilization of the forward approach is lower than Alg. 2 in
this experiment, though none of them provide an assignment
with the minimum utilization.
As shown by Fig. 11, by the increase in the wideness of
period ranges, the chance that the starting value of the ranges
satisﬁes condition (7) increases. Consequently, in the forward
approach, size of the graph reduces which leads to signiﬁcant
reduction in both Cost-S and Cost-O for σ ≥ 1. In Fig. 12 we
categorize the generated task sets into categories A, B, and
C, based on the conditions deﬁned in Sect. VI for Fig. 9.
Category A shows the task sets satisfying tight harmonic
relations according to [17], category B represents those which
satisfy (7), and category C includes the task sets which are
neither in A nor in B. As we can see in Fig. 12, most of the
generated task sets for 0.3 < σ < 1 fall in category C. Even
though we could not theoretically guarantee a polynomial-time
computational complexity for backward approach in category
C, we see that Cost-S and Cost-O of the backward approach
are not exponentially growing, as it happened for the forward
approach.

VIII.

S UMMARY AND C ONCLUSION

In this paper we have addressed the problem of assigning
harmonic periods out of acceptable period ranges for tasks.
We use a backward search (from the last period range to
the ﬁrst one) to derive and store effective sub-intervals of
the given ranges which can be origins of harmonic relations.
Using this approach, the required data structure size reduces
efﬁciently in comparison with our previous algorithm. While
in many cases, the previous algorithm exhibits exponential
growth during the search process, we have shown here that
the problem can be solved in O(n2 log(n)) where n is the
number of tasks, if every period range only intersects with
non-overlapping integer multiples of the previous range. We
have presented an algorithm to verify necessary and sufﬁcient
conditions for the existence of a harmonic period assignment.
We have shown that this test is not affected if the given period
ranges are overlapping. Moreover, we have provided utilization
bounds for the potential assignments and introduced a heuristic
algorithm to construct low utilization harmonic task sets. We
have discussed the existing obstacles to ﬁnd a utilizationfeasible harmonic period assignment as well as the cases where
our methods cannot provide affordable solutions.

When σ is small, there is a small amount of potentially
feasible harmonic assignments due to the limited wideness
of the period ranges. It leads to smaller cost for both of
our approaches, however, when increasing the wideness of
the ranges, the number of disjoint possible feasible solutions
increases. That is why the size of the graph in the forward
approach increases rapidly. Nonetheless, for high values of σ,
many period ranges are so wide that they overlap with the
integer multiples of other intervals, and hence, the size of the
graph in the forward approach is reduced. In the backward
approach, both Cost-S and Cost-O decrease with the increase
of σ because the tasks with a larger starting point have larger
period ranges than other tasks. As a result, it may happens that
they cover head or tail of integer multiples of other intervals.
Consequently, the number of disjoint projection origins reduces
and they become larger so that they cover the whole period
range of the next task. It leads to smaller Cost-S and Cost-O
for our backward approach.
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The the parameter of our next experiment is the number
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Fig. 13. Acceptance ratio, utilization, Cost-S, and Cost-O of the algorithms for different values of n. Acceptance ratio of the forward and backward approaches
is overlapped.
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