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Abstract A major requirement of many real-time embedded systems is to have timepredictable interaction with the environment. More specifically, they need fixed or
small sampling and I/O delays, and they cannot cope with large delay jitters. Nonpreemptive execution is a known method to reduce the latter delay; however, the
corresponding scheduling problem is NP-Hard for periodic tasks. In this paper, we
present Precautious-RM as a predictable linear-time online non-preemptive scheduling
algorithm for harmonic tasks which can also deal with the former delay, namely
sampling delay. We derive conditions of optimality of Precautious-RM and show that
satisfying those conditions, tight bounds for best- and worst-case response times of the
tasks can be calculated in polynomial-time. More importantly, response time jitter of
the tasks is analyzed and it is proven that under specific conditions, each task has either
one or two values for response time, which leads to improving the predictability of the
system interaction with the environment. Simulation results demonstrate efficiency of
Precautious-RM in increasing accuracy of control applications.
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1 Introduction
Real-time embedded systems generally need predictable interaction with the environment. Delay and jitter of the instants of the interactions in many such systems (e.g.,
control systems, avionics, and robotics) adversely affect the system quality of service
(Buttazzo and Cervin 2007; Bini and Cervin 2008) and accuracy (Nilsson et al. 2010;
Nasri et al. 2012; Nasri and Kargahi 2012). More specifically, these systems need
either small or fixed values of (i) sampling delay (the gap between release-time and
sampling (start-time) of a task) and (ii) I/O delay (the delay between the task sampling
and actuation). It is worth mentioning that, if the values of sampling and I/O delays
are either constant or known at design-time, it is possible in many real-time embedded systems to tolerate these delays in the application-level (Marti et al. 2001, 2002;
Nilsson et al. 2010).
One approach to reduce I/O delay is what used in limited preemption (Wu and
Bertogna 2009) which tries to control preemptions. However, due to the preemptions
which might occur during the execution of different instances of a task, such an
approach cannot eradicate or minimize the I/O delay jitter. One known method to
avoid these extra I/O delay and/or jitter is non-preemptive execution (Buttazzo et
al. 2013). This type of execution in avionics, robotics, and cell phone applications
(Piaggio et al. 2000; Park 2007; Al-Sheikh et al. 2011) have had benefits including
shorter job execution, more efficient use of system cache and pipeline (Bastoni 2010),
and more precise estimation of the job (worst-case) execution time (Buttazzo et al.
2013), leading to more predictable I/O delay.
Previously, it has been proven that non-preemptive scheduling of periodic tasks
is NP-Hard (Jeffay et al. 1991). However, there have been studies investigating sufficient conditions for schedulability of periodic tasks according to non-preemptive
rate-monotonic (npRM) (Park 2007; Andersson and Tovar 2009), non-preemptive
fixed priority scheduling algorithms (Davis et al. 2007), and non-preemptive earliestdeadline-first (npEDF) (Jeffay et al. 1991; Georges et al. 2000). Also, schedulability
analysis of non-preemptive tasks with strict periods (i.e., when the start-time of all
jobs is strictly periodic) have been studied by Marouf and Sorel (2010). In spite of
the hardness of non-preemptive scheduling, there have been attempts to find efficient
heuristics for the problem; clairvoyance EDF (cEDF) (Ekelin 2006) and group-based
EDF (gEDF) (Li et al. 2007) are major examples. cEDF, which has been proposed
for firm real-time tasks (Ekelin 2006), uses a form of look ahead to determine the
appropriate time to insert an idle interval before starting the execution of an urgent
task. gEDF, which has been presented for soft real-time systems, first groups the tasks
based on the closeness of their deadlines, and then selects the task with the smallest
execution time among the tasks of the group with the earliest deadline.
Harmonic tasks, namely, the set of tasks that each period is an integer divisor of
larger periods, are known as an appropriate model for large spectrum of applications
such as avionics, submarines, and robotics (Busquets-Mataix et al. 1996; Bate et al.
1996; Li et al. 2003; Anssi et al. 2013) as well as control systems with nested feedback
loops (Fu et al. 2010). Accordingly, there have been efforts to convert periodic tasks
into harmonic ones (Kuo and Mok 1991; Han and Tyan 1997), which have also been
employed in dwell tasks of Radar systems (Shih et al. 2003). However, even when the
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periods are harmonic, non-preemptive scheduling of the tasks is NP-Hard (Cai and
Kong 1996).
One pioneering algorithm to optimally schedule non-preemptive harmonic tasks
has been presented in Deogun and Kong (1986), where each task period is K times of
the immediate task with the smaller period (K ∈ {3, 4, . . .} is a constant integer). Later,
Cai and Kong (1996) have shown that this problem is NP-hard in the general case,
i.e., when the period ratios are arbitrary integer values greater than or equal to 1. In
the same work, they have also introduced an optimal scheduling algorithm for binary
harmonic tasks where each period is assigned to a unique task and is two times of the
immediate smaller period. Time-complexity of this algorithm is O(2n ), where n is the
number of tasks. As an extension of the work, they merged the algorithm of Deogun
and Kong (1986) with their own algorithm for offline scheduling of a particular case
of harmonic tasks where the first m tasks with smaller periods have period ratios 2
and the other n − m tasks have period ratios greater than or equal to 3. Afterwards,
Nawrocki et al. (1998) have proven that when the ratio between periods is a power of
2, still the problem is NP-hard.
Non-preemptive execution, as mentioned above, can be used to have more predictable execution time (and thus, I/O delay). However, to increase the system predictability, it is also required to limit the sampling delay and jitter as well (Marti et al.
2001). As mentioned in the following, this study pays attention to both these concerns
together.
In this paper, we present Precautious-RM, an online non-preemptive scheduling
algorithm with linear-time computational complexity, to efficiently schedule harmonic
real-time tasks. We sketch theoretical conditions for optimality (i.e., to have a schedule
with no deadline miss) of Precautious-RM. We prove that when those conditions hold,
it is possible to derive tight bounds for the worst-case response time (WCRT) of
the tasks in polynomial-time. It is worth mentioning that calculating tight bounds of
WCRT can be an intractable problem, even for preemptive scheduling algorithms such
as RM or EDF (Eisenbrand and Rothvoß 2008, 2010). Further, we present sufficient
conditions to have no response time jitter (RTJ) for a task. According to Buttazzo and
Cervin (2007), RTJ which is the difference between the task WCRT and best-case
response time (BCRT), affects the performance of many control applications.
As a major difference to the previous works, Precautious-RM is able to increase the
predictability of the real-time systems by reducing the diversity of possible sampling
delays, while at the same time it eliminates extra I/O delay and jitter through nonpreemptive execution and it guarantees all deadlines. Efficiency of this algorithm
has been evaluated by simulation experiments with various feasible and infeasible
harmonic tasks through comparing miss ratio (MR), response time, RTJ, and response
time diversity. In addition, a benchmark control application has been simulated to show
the efficiency of the solution in control systems. The results confirm improvements in
the quality of control (QoC), RTJ, and MR comparing to some known non-preemptive
scheduling algorithms in the literature.
The remainder of this paper is structured as follows: Sect. 2 introduces the system
model. Precautious-RM is presented in Sect. 3. Then, in Sect. 4, we provide the
optimality conditions of the algorithm. A polynomial-time algorithm to derive tight
bounds of the BCRT and WCRT is then presented in Sect. 5. Sect. 6 summarizes the
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theoretical achievements of the paper. In Sect. 7, Precautious-RM has been evaluated
through extensive simulations using a benchmark control application. Finally, the
paper is concluded in Sect. 8.

2 System model
We consider a single-processor real-time embedded system running a set of harmonic
independent non-preemptive real-time tasks T = {T1 , T2 , . . . , Tn }. Each task Ti (1 ≤
i ≤ n) is identified by ( pi , ci ) where pi ∈ R+ is the period and ci ∈ R+ is the
execution time. We assume that deadlines are implicit, thus the period of each task is
considered as its relative deadline. This assumption is needed by many of the control
applications because their stability relies on the guaranteed periodic behavior (Eker et
al. 2000).
We assume all of the tasks are in-phase, i.e., they start synchronously at time 0,
and for each task Ti , 1 ≤ i < n, pi = ki pi+1 where ki is an arbitrary positive integer
value. pn is the smallest period and p1 is the hyperperiod (the least common multiplier
of the task periods). It is worth mentioning that in an in-phase set of harmonic tasks,
each task is released along with the other tasks with smaller periods. We suppose
that the tasks perform their input upon start of their non-preemptive execution and do
their output upon completion. Also, it is considered that the I/O devices are capable to
perform immediate I/O operations (the time needed to perform those operations have
been ignored).

3 Precautious-RM algorithm
In this section, Precautious-RM is presented as a non-work-conserving online scheduling algorithm with linear time complexity. The main difference between PrecautiousRM and npRM is that the former uses idle intervals to guarantee that the deadline of
the incoming instance of Tn will be met. This algorithm is activated whenever a task
instance finishes or a scheduled idle interval ends. Algorithm 1 presents pseudo-code
of Precautious-RM.
Suppose that the algorithm is activated at time t. It searches according to the rate
monotonic priorities for a candidate task which has been released before t but has not
been executed yet (Lines 2 and 3 of Algorithm 1). Since relative deadlines are not
longer than periods, at any time t, each task has exactly one released instance which
may or may not be executed before t. Line 3 verifies that the current instance of the
candidate task has not been executed before. This line can be implemented by checking
a simple list with binary values which keeps track of the executed and non-executed
tasks in the system.
Then, the candidate task is scheduled if it can be executed non-preemptively while
the next instance of Tn is able to meet its deadline. Assume that the next instance of
Tn will be released at rnnext . First we evaluate t + ci ≤ rnnext where ci is the execution
time of task Ti , i.e., the highest priority task in the system. If the inequality holds, it
means that Ti will be finished before the next release of Tn ; thus, Ti can be scheduled.
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Algorithm 1 Precautious-RM
Input T, t
T is the task set, and t ∈ R is the current time
Output S, tnext
S is the next task to be scheduled (S ← null means that processor remains idle), and
tnext ∈ R is the next time to activate the scheduler.
1: rnnext ← next release time of Tn according to t
2: for i ← n downto 1 do
3:
if (current instance of Ti has not been executed) then
4:
if ((t + ci ≤ rnnext ) or (the latest executed task is Tn and t + ci ≤ rnnext + pn − cn )) then
5:
S ← Ti
6:
tnext ← t + ci
7:
return S, tnext
8:
else
9:
break
10:
end if
11:
end if
12: end for
13: S ← null
14: tnext ← rnnext
15: return S, tnext

Second, we go further and calculate rnnext + pn − cn as the latest possible time to start
the next instance of Tn . If t + ci ≤ rnnext + pn − cn holds, the next Tn is still able
to meet its deadline, however, we need an additional condition to control the number
of low priority tasks which will be scheduled before the next instance of Tn . For
example, when the task set is binary, i.e., k j = 2, 1 ≤ j < n, scheduling more than
one long low priority task between two instances of Tn will cause deadline miss for
further high priority tasks with shorter periods. This case will be discussed with more
details in Sect. 4.2, where optimality of Precautious-RM is studied for binary task
sets.
It is worth mentioning that Precautious-RM is not greedy about scheduling possible
low priority jobs. In fact, if there is a high priority job in the system which cannot
be scheduled in the current situation (due to Line 4 of Algorithm 1), PrecautiousRM stops the search and just inserts an idle interval (in Lines 13 and 14 of Algorithm 1). This decision takes place instead of continuing the search and finding a
lower priority job with an appropriate length to fit in this interval. In other words,
rather than following a greedy manner, Precautious-RM warily schedules a task when
it looks up for a candidate task, since it considers possible deadline misses in the
future.
Computational complexity of Precautious-RM is O(n), where n is the number of
tasks in the system. This can be verified by the loop in Lines 2 to 12 of Algorithm 1. It
is worth mentioning that Precautious-RM inserts idle times and will be activated when
these idle times are ended, however, since each idle interval ends with the next release
of Tn , the number of inserted idle intervals during one hyperperiod is at most the
same as the number of instances of task Tn , namely p1 / pn which results to reasonable
number of activations of the algorithm during one hyperperiod.
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4 Optimality of Precautious-RM
In this section, we sketch three task settings where Precautious-RM can perform
optimally, i.e., it presents a feasible schedule if such a schedule exists: (i) harmonic
tasks with arbitrary period ratios greater than 2, (ii) binary harmonic tasks with constant
period ratio 2, and (iii) general harmonic tasks satisfying some sufficient constraints
with arbitrary period ratios greater than or equal to 1.
4.1 Harmonic tasks with arbitrary period ratios greater than two
The following theorem describes the optimality conditions of Precautious-RM for
harmonic tasks with period ratios >2. The same theorem gives also a (not necessarily
tight) bound on WCRT of the tasks. Later in Sect. 5, the tight bound of WCRT will be
derived.
Theorem 1 Precautious-RM can feasibly schedule a non-preemptive task set T , if the
following conditions hold:
n

ci
≤1
(1)
pi
i=1

ci ≤ 2( pn − cn ), 1 ≤ i < n

(2)

ki > 2, 1 ≤ i < n

(3)

Then, the worst-case response time of task Ti is obtained as:
⎧
⎨ pn ,
W C RTi = 2 pi+1 − pn + cn + ci ,
⎩
p2 − pn + cn + c1 ,

i =n
1<i <n
i =1

(4)

Proof To prove that Precautious-RM maintains feasibility of the schedule, it is enough
to show that WCRT of each task is smaller than its relative deadline. In the first step
we show that WCRT of equation (4) is always smaller than or equal to the relative
deadlines of the tasks, then in the second step we prove that Precautious-RM is able
to guarantee those WCRTs. In equation (4), the WCRT of Tn is equal to its deadline,
and for the other tasks it is 2 pi+1 − pn + cn + ci . We replace ci by its upper bound
in (2), thus we have 2 pi+1 − pn + cn + ci ≤ 2 pi+1 + pn − cn ≤ 2 pi+1 + pn . Also
pn ≤ pi+1 thus 2 pi+1 + pn ≤ 3 pi+1 which is smaller than or equal to the deadline of
the tasks because of Condition (3). Consequently, equation (4) is always smaller than
or equal to the task relative deadlines.
In the second step, using a strong induction we prove that response time of each
task is bounded by Eq. (4).
Base of induction For Tn and Tn−1 , if the processor is idle at the release of Tn−1 ,
the response time of Tn−1 will be cn + cn−1 and there will be an idle interval with
length pn − cn before the third release of Tn . Otherwise, response time of Tn−1 will be
bounded by pn + cn + cn−1 . Note that both response time values are smaller than or
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Fig. 1 Schedule of Tm−1 when the processor is busy at its release

equal to what calculated in (4). Lemma 4 in the Appendix proves the aforementioned
statements for the base of this induction.
Induction hypothesis We assume that Precautious-RM can successfully schedule
every task set from Tn to Tm , 1 < m < n such that (4) holds. Also, we suppose that if
the processor is busy at the start of each of the tasks which are released simultaneously
with the release of Ti , m ≤ i < n, their response time is at most 2 pi+1 − pn + cn + ci .
Otherwise, their response time is smaller than pi+1 − pn + cn + ci and these tasks
will be finished pn − cn units of time before the third release of Ti+1 .
Inductive step Task Tm−1 can be successfully scheduled. Also if the processor is
busy at the release of Tm−1 , its response time is at most 2 pm − pn + cn + cm−1 .
Otherwise, its response time is smaller than pm − pn + cn + cm−1 and there will be
an empty interval with length pn − cn before the third release of Tm during the release
of Tm−1 .
At first, we assume that the processor is busy when Tm−1 is released (see Fig. 1).
According to the induction hypothesis, the first Tm and all of the tasks with periods
smaller than Tm can be successfully scheduled with the promised response times even
if the processor is busy for at most pn − cn units of time. For the worst-case, we
assume that there is no chance for Tm−1 to be scheduled before the deadline of the first
release of Tm . However, at the beginning of the second release of Tm , the processor
will be idle because of Line 8 of Algorithm 1. Thus, as said by the hypothesis of
the induction, just before the third release of Tm , there will be an idle interval with
length pn − cn . Also for the same reason, it is guaranteed that all other instances of
the tasks T j , m ≤ j ≤ n can be successfully scheduled before that time; therefore, at
that time, Tm−1 has the highest priority in the system and its execution time is smaller
than 2( pn − cn ). It means that Tm−1 will be selected by Line 4 of Algorithm 1. In this
case, response time of this task is 2 pm − pn + cn + cm−1 . When the execution of Tm−1
is finished, all tasks which are released synchronously with the next release of Tm can
be scheduled successfully because according to the hypothesis of the induction, these
tasks can be successfully scheduled with the promised response time even if, at their
release, the processor is blocked by the execution of a low priority task.
Now we consider the case that at the release of Tm−1 , the processor is idle (as shown
in Fig. 2). We assume σ = pm is the time of the second release of Tm (during the
current release of Tm−1 ). According to the induction hypothesis, at time σ − ( pn − cn )
there will be an idle interval with length pn − cn . Thus, if Tm−1 could not find a
chance to be scheduled by Precautious-RM before that time, the algorithm schedules
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Fig. 2 Schedule of Tm−1 when the processor is idle at its release

it at σ − ( pn − cn ). The reason is that, at this time, task Tm−1 is the highest priority
task which is not executed yet. Also we have cm−1 ≤ 2( pn − cn ), meaning that Tm−1
will be finished before σ + ( pn − cn ); hence, the next instance of Tn will not miss
its deadline. Thus, Line 4 of Algorithm 1 is satisfied. In this case, response time of
the task will be bounded by pm − pn + cn + cm−1 . Moreover, since Tm−1 has been
executed before the third release of Tm , based on the induction hypothesis, there will
be one idle interval with length pn − cn just before deadline of the third Tm . This idle
interval is what promised as the final requirement of the induction.
Above, we assumed that the worst-case happens for task Tm−1 and it will be placed
at the expected idle interval, just before the second or third release of task Tm . Now, we
see that if the algorithm schedules task Tm−1 earlier than that time, no other task misses
its deadline due to the execution of Tm−1 . Note that Tm−1 is selected by the algorithm
only if there is no high priority task in the ready queue of the system. We consider two
cases based on the number of tasks which are released during the execution of Tm−1 .
In the first case we assume no task except Tn is released. Since in all cases, Line 4 of
the Algorithm 1 guarantees deadline of the next Tn , Tm−1 will not cause any deadline
miss for the other task. In the second case we assume a set of tasks from Tn to Ti ,
n < i ≤ m, are released synchronously during the execution of Tm−1 . In this case,
these tasks will be blocked by the execution of the low priority task Tm−1 . However,
in the induction hypothesis we considered that all of the tasks from Tn to Tm can be
scheduled successfully even when the processor is busy at their releases. Hence, the
execution of task Tm−1 will not cause a miss for tasks Tn to Ti . In this case, response


time of Tm−1 is smaller than the expected WCRT in (4).
It is worth mentioning that Condition (1) is necessary for schedulability of preemptive and non-preemptive systems as shown by Liu and Layland (1973) and Jeffay et al.
(1991), respectively. According to Cai and Kong (1996), Condition (2) is necessary
for schedulability of non-preemptive harmonic tasks. Consequently, it is possible to
deduce that Precautious-RM is optimal as in fact it is able to feasibly schedule every
arbitrary feasible non-preemptive harmonic task set with period ratios >2.

4.2 Optimality of Precautious-RM for binary harmonic tasks
Necessary conditions for schedulability of binary harmonic tasks (ki = 2 for 1 ≤
i ≤ n) have been provided by Cai and Kong (1996). They shown that the feasibility
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Fig. 3 Schedule of Ti for binary harmonic tasks, according to Cai and Kong (1996)

Fig. 4 An example for the algorithm propsed in Cai and Kong (1996)

condition of binary task set T is ci ≤ 2Si+1 , 1 ≤ i < n, where Si is the task slack-time
defined as (Sn = pn − cn and In = 0):

ci ≤ Ii+1 + Si+1
Si+1 ,
(5)
Si =
Si+1 − (ci − (Ii+1 + Si+1 )),
otherwise

Ii =

2Ii+1 + (Si+1 − ci ), ci ≤ Ii+1 + Si+1
Ii+1 ,
otherwise

(6)

Figure 3 shows the schedule produced for task Ti , 1 ≤ i < n. As shown in the figure,
Si is the amount of slack-time available at the end of schedule of task Ti . This slack
can be used to schedule task Ti−1 . In this figure, R0 -Schedule is a feasible schedule
for all high priority tasks from Tn to Ti+1 starting from time 0. Also Rt -schedule is a
schedule for those tasks when the processor is blocked for t = Si − Si−1 units of time
after the release of Ti+1 . To calculate Si at each step, a second variable is used in (5),
which is called Ii and it is the total processor idle time in R0 -Schedule. Cai and Kong
(1996) have proven that if for task Ti , 1 ≤ i < n, ci ≤ 2Si+1 , a feasible Rt -schedule
exists for that task.
The algorithm presented by Cai and Kong (1996) schedules task Ti , 1 ≤ i < n
after finishing R0 -Schedule of Ti+1 (right before the second release of Ti+1 ). Then an
Rt -Schedule of Ti+1 is created after the execution of Ti . Figure 4 shows an example
of this schedule for a task set with 4 tasks. As shown in this figure, there is just one
instance of low priority task Ti between two consecutive instances of Tn . However, if
ci < Si+1 , the algorithm wastes available interval with length Si+1 − ci ; this interval
of time cannot be used to schedule other low priority tasks.
Moreover, even though Cai and Kong (1996) have shown that their algorithm is linear time in the number of task instances in one hyperperiod, it still has computationalcomplexity O(2n ) and creates a significantly large time-table. The reason is that the
number of task instances in one hyperperiod is 2n − 1 for binary task sets. As a result,
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this method may not be used easily in systems with large number of tasks or limited
memory.
Lemma 1 For feasible task set T with n binary harmonic tasks, the schedule produced
by Precautious-RM and the one created by Cai and Kong (1996) are the same if
Si+1 < ci ≤ 2Si+1 , 1 ≤ i < n.
Proof Since Si+1 < ci , we have Ii = Ii+1 = · · · = In−1 = 0 for every step, hence,
Si = 2Si+1 − ci . Suppose σ = pi+1 is the release time of the second instance of Ti+1
during one release of Ti . To prove the claim, we show that Precautious-RM schedules
each task Ti , 1 ≤ i < n, at time σ − Si+1 . Then the whole schedule will be similar to
the one presented by Cai and Kong (1996) (shown in Figs. 3, 4).
According to Cai and Kong (1996), if Ii = 0, there is no idle time during R0 schedule of task Ti (for more details see Lemma 3.5 of Cai and Kong (1996). It means
that Precautious-RM will not schedule Ti before time σ − Si+1 since it is busy with the
schedule of higher priority tasks. Regarding the assumption ci ≤ 2Si+1 of this lemma,
we will have σ − Si+1 + ci ≤ σ + Si+1 . Since according to Eq. (5), Si+1 ≤ pn − cn ,
deadline of the next task Tn releasing at time σ will not be missed by the execution of
Ti . In this regards, task Ti will be scheduled by Precautious-RM since both conditions
of Line 4 of Algorithm 1 are satisfied.
On the other hand, since releases of all higher priority tasks T j , i + 1 ≤ j ≤ n are
synchronous with the release of task Ti+1 at time σ , according to Precautious-RM,
there will be no chance for lower priority tasks to be scheduled after the execution
of Ti . Then, according to Cai and Kong (1996), the earliest finish-time for those high
priority tasks can be pi − Si (the end of period of Ti ). Consequently, the next low
priority task Ti−1 can only be scheduled at pi − Si , and this procedure is repeated by
Precautious-RM. It means that the schedule produced by Precautious-RM is the same
as the one produced by Cai and Kong (1996).


Lemma 1 is the basis to prove the optimality of Precautious-RM for binary tasks.
This proof is completed by the following theorem.
Theorem 2 Precautious-RM is optimal for scheduling every binary task set T with
cn < pn , ki = 2, and ci ≤ 2Si+1 , 1 ≤ i < n, where Si is calculated according to (5).
Proof According to Lemma 1, if ci > Si+1 , the outputs of Precautious-RM are
the same as outputs of the optimal algorithm of Cai and Kong (1996), and hence,
Precautious-RM is optimal. Now we show that, even in the general case where ci can
be smaller than Si+1 , Precautious-RM schedules Ti either sooner than or at the same
time with the algorithm presented by Cai and Kong (1996). Also we show that no
higher priority task misses its deadline when Ti is scheduled earlier than expected.
Suppose that Precautious-RM is activated at time t and Ti , 1 ≤ i < n with ci < Si+1
is the highest priority task which has not been scheduled before t. Since t + ci <
t + Si+1 < t + pn − cn , the next Tn meets its deadline, thus Ti will be scheduled by
Precautious-RM. Assume r xnext is the time of next release of Tx , n < x < i along with
current release of task Ti . Two scenarios may happen; t + ci ≤ r xnext or t + ci > r xnext .
In the former scenario, because of the cautiousness of Precautious-RM in Line 4 of
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Algorithm 1, lower priority tasks will not be scheduled in the intervals between t + ci
and r xnext unless they can be finished before r xnext . If they cannot be finished before
then, the algorithm simply inserts an idle interval and does not schedule any task.
Consequently, the processor will be free at the next release of tasks T j , n ≤ j ≤ x and
hence, all high priority tasks can meet their deadlines (using their R0 -Schedule). In
the latter scenario, since by definition we have Si ≤ Sx , the blocking caused by Ti is
less than the blocking that high priority tasks T j , n ≤ j ≤ x can tolerate, and hence,


they can be successfully scheduled (using their Rt -Schedule).
4.3 General harmonic tasks and sufficient conditions for optimality of
Precautious-RM
With the definition of vacant intervals in this section, we present sufficient conditions
for optimal scheduling of harmonic tasks with arbitrary period ratios.
Definition 1 A vacant interval is a time interval with length 2( pn − cn ) constructed
between two instances of task Tn when one of them is executed at its release, and the
other is possibly scheduled at the end of its period. This interval can be potentially
used for scheduling task Ti , 1 ≤ i < n in the system.
The number of vacant intervals of task Ti , 1 ≤ i < n is denoted by Vi ∈ R+ and it
is defined as the number of potential vacant intervals that have not been occupied by
tasks with priority higher than Ti along with one release of Ti .
Lemma 2 Given harmonic task set T with ki ≥ 1 and ( pn − cn ) ≤ ci ≤ 2( pn −
cn ), 1 ≤ i < n, Precautious-RM will not schedule more than one task between two
consecutive executions of Tn .
Proof Assume that the latest Tn has been released at time σ . If the processor has been
busy at that time, then completion-time of Tn will be σ +  + cn , where  ≥ 0 is the
remaining execution time of the task occupying the processor. Otherwise, Tn will be
finished at σ + cn . Assume that Ti is the current highest priority task in the system
and can be selected by Precautious-RM to be scheduled after the executed Tn . Since
we have ( pn − cn ) ≤ ci , completion-time of Ti will not be earlier than σ +  + cn + ci
which is after σ + pn . Since Tn will be the task with the highest priority at that time, it
will be scheduled by Precautious-RM, and as a result, just one task has been executed


between two consecutive executions of Tn .
One of the results of Lemma 2 is that each task Ti , 1 ≤ i < n occupies its own
interval with length 2( pn − cn ) which is not shared with other tasks. The following
lemma counts the number of vacant intervals for the tasks.
Lemma 3 Given a feasible harmonic task set T , with ki ≥ 1 and ( pn − cn ) ≤ ci ≤
2( pn − cn ), 1 ≤ i < n scheduled by Precautious-RM, Vi is obtained as:

Vi =

123

ki Vi+1 − 1,
0.5,

1≤i <n
i =n

(7)
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Fig. 5 Vacant intervals for task Tn−1

Proof Since according to Lemma 2, at most one lower priority task can be scheduled
between two consecutive executions of Tn , each task Ti , 1 ≤ i < n −1 occupies one of
the vacant intervals of task Ti+1 . Now to prove (7), we use the intuitive idea of counting
the number of vacant intervals under one release of each task. It is trivial to see that for
task Tn−1 , there is at most 0.5 × kn−1 vacant intervals. Since the task set is feasible,
one of those intervals has to be used for scheduling of task Tn−1 itself (see Fig. 5).
For other tasks Ti , 1 ≤ i < n − 1, the vacant intervals are equal to Vi+1 multiplied
by the number of releases of that task under one release of Ti , namely, ki . Also, since
the task set is feasible, one of the vacant intervals has to be spent for scheduling task


Ti itself (otherwise it will miss its deadline); thus, we have Vi = ki Vi+1 − 1.
Now, using Lemma 2 and 3, we depict a more general case for optimality of
Precautious-RM.
Theorem 3 Given non-preemptive harmonic task set T with ki ≥ 1, 1 ≤ i < n,
Precautious-RM performs optimally if the following conditions hold:
n

ci
≤1
pi

(8)

i=1



Vi > 0,
Vi ≥ 0,

1<i <n
i =1

( pn − cn ) ≤ ci ≤ 2( pn − cn )

(9)
(10)

Proof As shown by Liu and Layland (1973), Condition (8) is necessary for schedulability of the task set. Also according to Theorem 1, the right hand side of (10), namely,
ci ≤ 2( pn − cn ), 1 ≤ i < n is a must for schedulability of the harmonic tasks.
On the other hand, (9) confirms that there would be enough time gap to schedule
Ti , 1 ≤ i < n − 1; because in the definition of the number of vacant intervals of Ti ,
one time slot has been reserved for the task itself. That slot is the first vacant interval
of task Ti+1 and it is used by Precautious-RM to schedule task Ti . Consequently, all
tasks can be scheduled before their deadlines as long as their Vi > 0. The exception
is T1 which can have V1 = 0, meaning that no vacant interval has been left at the end


of p1 .
Since according to Lemma 2 tasks can only be executed in vacant intervals, when
(10) holds, (9) is a necessary schedulability condition for Precautious-RM.
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Fig. 6 An example of wasted utilization within a vacant interval

Despite its relative generality, Theorem 3 cannot deal with kn−1 = 1, because in that
case we will have Vn−1 = 0.5kn−1 − 1 = −0.5 which is smaller than 0. Therefore, we
extend the results for task sets with pn = pn−1 = · · · = pn−m and pn−m−1 > pm−1
with the following theorem.
Theorem 4 Given a non-preemptive harmonic task set T with ki = 1 for n − m <
i < n, kn−m ≥ 2, and k j ≥ 1 for 1 ≤ j < n − m, Precautious-RM is an optimal
scheduling algorithm if (8) and the following conditions hold:




Vi > 0,

Vi ≥ 0,

1<i <n
i =1

(11)



cn ≤ pn

(12)





( pn − cn ) ≤ ci ≤ 2( pn − cn )
where


Vi =





ki Vi+1 − 1,
0.5,


cn =

1≤i <n−m
i =n−m

n


ci

(13)

(14)

(15)

i=n−m+1

Proof When (12) holds, it is possible to consider all tasks with ki = 1, n − m < i < n


as one new task Tn : (cn , pn ). Then, by removing tasks {Tn−m+1 , Tn−m+2 , . . . , Tn }

from T , adding task Tn to T , and re-indexing the resulting tasks, it is easy to see
that conditions of Theorem 3 will be valid, and consequently, Precautious-RM can
schedule the task set.


Although the concept of scheduling one task between two consecutive executions
of Tn instances has some benefits, the system resources might be wasted because of
artificial idle intervals placed at the end of tasks with execution times smaller than
2( pn − cn ) as shown in Fig. 6.
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Fig. 7 An example of interference between vacant intervals because of short execution times

Fig. 8 Scheduling of the same tasks of Fig. 7 with LP-RM

4.4 Relaxing the lower bound condition of task execution times
For some of the theorems, we have assumed that the execution time of the tasks have to
be greater than the slack of the task with the smallest period. Using this simplification,
we have achieved Theorems 3 and 4 as well as Lemmas 2 and 3. However, when the
tasks have naturally small execution times, e.g., the real application presented by Anssi
et al. (2013) or many control applications with short execution time, this assumption
might not be realistic and can limit the applicability of the theorems and lemmas.
When the execution times are small or there exist more than one task that can be
scheduled along with one release of Tn (as shown in Fig. 7), vacant intervals created
from two consecutive instances of Tn interfere with each other. This leads to unpredictable jitter perturbation. Throughout the rest of this section, we relax the limiting
Condition (10) of Theorem 3 and Condition (13) of Theorem 4 on the execution times
of the tasks. We show that using a modified version of Precautious-RM, the constructed
theoretical backgrounds still remain valid. This algorithm, shown in Algorithm 2, is
called Lazy-Precautious-RM (LP-RM), since it defers execution of a low-priority task,
even if it does not violate deadline of the next incoming Tn . The algorithm only executes one task between two consecutive instances of Tn and it does not put other tasks
in the vacant intervals.
According to LP-RM, f (t) = 0, if t/ pn = 2h, h ∈ N , namely t/ pn is an
even number; otherwise f (t) = 1. Figure 8 shows how LP-RM schedules tasks with
execution times smaller than pn − cn . As it can be seen, LP-RM wastes some system
processing resources but maintains more predictability.
Theorem 5 LP-RM is optimal when it is applied on a task set consistent with the
conditions of Theorems 1 or 3, even when ci < pn − cn , 1 ≤ i < n.
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Algorithm 2 Lazy-Precautious-RM
Input T, t
T is the task set, and t ∈ R is the current time
Output S, tnext
S is the next task to be scheduled (S ← null means that processor remains idle), and
tnext ∈ R is the next time to activate the scheduler.
1: rnnext ← next release time of Tn according to t
2: for i ← n downto 1 do
3:
if (current instance of Ti has not been executed) then
4:
if ((i = n) or (t + ci ≤ rnnext + pn − cn and the latest executed task is Tn and f (t) = 0)) then
5:
S ← Ti
6:
tnext ← t + ci
7:
return S, tnext
8:
else
9:
break
10:
end if
11:
end if
12: end for
13: S ← null
14: tnext ← rnnext
15: return S, tnext

Proof To prove this theorem, we have to show that LP-RM schedules at most one
task with the highest priority between two consecutive instances of Tn , and hence, it
performs the same as Precautious-RM when the execution times of the tasks are larger
than pn − cn .
According to the system model in Sect. 2, the system starts at time 0 and all tasks
are released synchronously at that time which leads to f (0) = 0 at the first release
of Tn . Thus, LP-RM first schedules Tn and then is activated again at t = cn with
f (t) = 0. Suppose at that time, Ti is the task with the highest priority, thus it will be
scheduled by LP-RM until time cn + ci . If ci < pn − cn , we have cn + ci < pn , and
hence, the algorithm schedules an idle interval until the second release of Tn since the
latest executed task is not Tn (see Line 4 of Algorithm 2). If cn + ci > pn the next
time the algorithm will be activated is at t = cn + ci and it is after the second release
of Tn . In both cases, when the algorithm is activated, f (t) = 1 which means that no
task except Tn is allowed to be scheduled until the release of the third Tn at 2 pn . From
that time, the aforementioned pattern of execution of the tasks will continue to happen
forever. Consequently, at the release of any Tn with f (t) = 0, the processor will be
idle, and the assumptions we made during this proof remain valid, which completes
the proof.


It is worth mentioning that conditions of Theorems 3 or 5 can be found in many
of the non-preemptive real-time applications such as the one introduced in (Anssi et
al. 2013). Many of these systems have tasks with very small execution times, e.g.,
a few milliseconds, but with harmonic and wide periods, which are around tens to
hundreds of milliseconds. Also in these systems, there could be groups of cooperative
tasks with the same periods. Using Precautious-RM or LP-RM, these tasks can be
scheduled non-preemptively with no deadline miss.
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5 Response time and jitter analysis of Precautious-RM
As mentioned before, one of the important properties of Precautious-RM is that,
according to (4), it bounds WCRT of each task to a value which can be obtained
in O(1) at design-time. However, this bound is not tight. Throughout this section, we
derive conditions to tighten this bound. Also we derive exact value of BCRT of the
tasks when conditions of Theorem 3 hold. From now on, this section considers only
feasible non-preemptive harmonic task sets.
Lemmas 2 and 3 to are important from different aspects; first, they can be used to
determine which task encounters RTJ in Precautious-RM, second, they show that how
many low priority tasks can be scheduled along with one release of task Ti , 1 ≤ i < n,
and third, they can be employed to find exact WCRT of the tasks. The following
corollaries illustrate results of these lemmas.
n ci
Corollary 1 Given harmonic task set T with i=1
pi ≤ 1, ki = 3, and pn − cn ≤
ci ≤ 2( pn − cn ), 1 ≤ i < n, WCRT of Precautious-RM shown by (4) is tight considering:
n−1
(16)
W C RTn = cn + 2( pn − cn ) − max{ci }i=1
Proof According to Lemmas 2 and 3, we have Vn = 0.5, and ki = 3, 1 ≤ i < n, thus
Vi = 0.5. It means that each task Ti has just 0.5 units of idle intervals available for
scheduling task Ti−1 . As a result, low priority tasks will not find any other opportunity
to be executed sooner than 2 pi+1 − pn + cn + ci as said in (4). Also it means that the
best and the worst possible start-time of that task are identical (since that task has no
other options to start earlier). Thus, the BCRT and the WCRT of that task are identical.
For task Tn , its WCRT happens when it has to wait for finishing of the execution of a
n−1
. But its BCRT happens
low priority task in the system, i.e., 2( pn − cn ) − max{ci }i=1


at its first release at time 0, and it is cn .
Corollary 2 Given binary harmonic task set T consistent with conditions of Lemma
1, tight bound of WCRT of the tasks scheduled by Precautious-RM is:

W C RTi =

pi+1 − Si+1 + ci ,
n−1
max{ci − Si+1 }i=1
+ cn ,


BC RTi =

1≤i <n
i =n

W C RTi , 1 ≤ i < n
i =n
cn ,

(17)

(18)

where Si follows (5).
Proof Suppose the next release of Ti+1 is at time σ = pi+1 . According to Lemma 1,
when Si+1 < ci , 1 ≤ i < n, task Ti is scheduled at σ − Si+1 . Also R0 -Schedule of
Ti+1 has no idle-time, thus, Ti cannot be started before σ − Si+1 , meaning that the
W C RTi = BC RTi . However, for task Tn , BC RTn = cn since it has to be started right
after its first release. Because of Lemma 1, we know that each task Ti , 1 ≤ i < n will
be started Si+1 units of time before the release of Tn , and it will be finished ci − Si+1
units of time after the release of that Tn . In this case, the latest start-time of Tn with
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n−1
respect to its release is max{ci − Si+1 }i=1
, which is defined in (17). Thus the proof
is complete.



In the following, the BCRT and WCRT of the tasks in the presence of conditions
of Theorem 3 will be studied.
Theorem 6 If conditions of Theorem 3 are valid and Precautous-RM is used, the
BCRT of each task Ti , 1 ≤ i < n happens when the processor is idle at its release
time. Also the WCRT of task Ti happens if the processor is busy at its release time.
Proof According to the definition of harmonic tasks, all tasks with priorities higher
than Ti are released synchronously with the release of Ti . Consequently, Ti always
has to wait for those tasks, which means that its BCRT will never be smaller than the
case where the processor is idle at its release. On the other hand, in the presence of
conditions of Theorem 3, if the processor is busy when Ti is released, PrecautiousRM schedules the first Tn right after finishing the low priority task which has blocked
the processor. Hence, half of the vacant-interval becomes full and it cannot be used
to schedule other tasks. Consequently, other released tasks including Ti suffer from
start-time delay which leads to occurrence of their WCRT. Since the maximum starttime delay is equal to pn − cn , the WCRT of each task will not be larger than the one
that happens when the processor is busy at the release of the task.


To find the exact WCRT of each task, we need to know the correct vacant interval
in which the task is scheduled. For this aim we define the capability level of a task as:
Definition 2 Capability level of a task, denoted by L i , 1 ≤ i < n, is the number of
tasks that can be scheduled along with the first release of Ti .
According to Lemma 3 and the Definition 1, the number of low priority tasks which
can be started along with one release of Ti , 1 ≤ i < n, is:
L i = n − i + 1 + Vi .

(19)

The reason is that we have n −i tasks with higher priority than Ti , Ti itself, and Vi
tasks with lower priority than Ti . It is worth mentioning that if Vi is not an integer, the
final release of Tn along with the release of Ti will be used to create a vacant interval
with the next Tn belonging to the next release of Ti . In such situation, if any task
T j , 1 ≤ j < i has been scheduled in that interval, we count it within the capability
level of Ti . That is why instead of Vi , we have used Vi in (19).
Theorem 7 Given harmonic task set T , consistent with conditions of Lemma 3,
response time of task Ti , 1 ≤ i < n has no jitter and it is exact when Vi is integer, i.e., Vi = Vi , or when L i > n.
Proof It is enough to show that the schedule produced by Precautious-RM for task
Ti will be exactly repeated at each release of the task. In such case, if the processor
is idle at the release of the task, it remains idle in the further releases as well. If Vi is
an integer value, it means that there will be no task that starts its execution in one of
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the vacant intervals of Ti but cannot be finished before the deadline of Ti . As a result,
the processor will be idle at the next release of Ti . On the other hand, if Vi is not an
integer value but L i > n, we can deduce that all other low priority tasks have been
scheduled during one release of task Ti because the number of vacant intervals along


with Ti is more than the number of tasks in the system.
One of the results of Theorem 7 is that if Vi = 2h for 1 ≤ i < n and h ∈ {0, 1, . . .},
tasks T j , 1 ≤ j ≤ i do not encounter any jitter in their response time. It is important
to note that because of Lemma 2, the only task that starts before any other task in the
system is Tn . It leads to high predictability of the system by avoiding jitters, because
jitter can negatively affect the quality of service of many applications (Marti et al.
2001, 2002; Buttazzo et al. 2013).
Corollary 3 If conditions of Theorem 3 are valid and for task Ti , 1 ≤ i < n, we have
L i ≤ n and Vi = Vi , the WCRT of that task appears in its second release.
Proof Assume Vi = Vi and L i ≤ n. It means that the final vacant interval of Ti will
be occupied by a low priority task since its capability level is not greater than n. As a
result, in the second release of Ti , the processor is certainly busy by a low priority task
which has been started recently within the final vacant interval of Ti . Thus according


to Theorem 6 the second release of Ti has the longest response time.
Corollary 4 If conditions of Theorem 3 are valid, each task has either one possible
response time, or two.
Proof According to Theorem 7, task Ti , 1 ≤ i < n has just one value for its response
time if Vi is integer or L i > n. On the other hand, since the processor is either busy or
idle at the release of this task, based on Theorem 6 each task has at most two possible
values for its response time.


To calculate the BCRT or WCRT of the tasks we construct an algorithm called
response time seeker (RTS) presented in Algorithm 3. In this algorithm we gradually
seek for a tighter bound for the requested response time. RTS algorithm can be used
to find either BCRT or WCRT. The former is obtained when t ype = W C RT and the
latter is acquired when t ype = BC RT . Their difference appears only in Line 6 of
Algorithm 3, where we have to determine the value of b. If b = 1, half of the first
vacant interval is already occupied by a low priority task, thus, we decrease 0.5 unit
from the available vacant intervals of the underlying task. Afterwards, RTS gradually
tightens lower bound of the response time (denoted by RTil ) using the loop in Lines
14 to 16 of Algorithm 3. In that loop, there is a call to the lower bound updater (LBU)
function shown in Algorithm 4. It is worth mentioning that initial value of RTil is
cn + ci because each task will be finished after one successful execution of Tn .
LBU function gets target task Ti , integer value h, and current value of b, then it
calculates the number of releases of task Ti+1 (denoted by a) which are needed to
schedule task Ti plus h number of low priority tasks. As a result, RTil can be updated
by value pi+1 (a − 1) as the return value of LBU function.
LBU uses two variables, 0 ≤ v ≤ Vi+1 and 1 ≤ a ≤ ki . The former represents
current available vacant intervals which can be used to schedule low priority tasks.
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Algorithm 3 RTS
Input Ti , t ype
Ti : the target task,
t ype: type of the output {BCRT, WCRT}
Output RT i
RT i : the requested response time of Ti
1: if (i = n) then
2:
return 2( pn − cn ) − max{c j }n−1
j=1 + cn
3: end if
4: RT li ← cn + ci
5: if (t ype = WCRT) and ((L i < n) or (vi+1 = vi+1 )) then
6:
b←1
7: else
8:
b←0
9: end if
10: if (i = n − 1) then
11:
return RT li + b × pn
12: end if
13: h ← 1
14: for j ← i to n − 1 do
15:
RT li ← RT li + L BU (Ti , h, b)
16: end for
17: return RT li

The latter, however, represents the smallest possible number of the releases of task
Ti+1 (we call it release-counter hereafter). Since b is either 0 or 1, 0.5b shows whether
half of Vi+1 is already occupied by a low priority task or not. At the start of LBU
function, h has been increased because we have to guarantee that task Ti is scheduled
during one release of itself. Then we consider v ← Vi+1 − 0.5b, since if half of the
first vacant interval is busy, we cannot use it to schedule the current h tasks.
In the while-loop (Lines 4 to 9 of Algorithm 4), LBU tries to find a proper location
for the h th task. If v < h, it means that the current release of Ti+1 has not enough
room to cover h th task. Consequently, we have to move to the next release of Ti+1 by
increasing a. However, since current release of Ti+1 has v available vacant intervals,
at most v out of h tasks can be scheduled during that release of Ti+1 , thus we
update h by h ← h − v . On the other hand, if v = v, it means that half of the
final vacant interval in the current release of Ti+1 is used, leading to the fact that
the processor is busy at the next release of Ti+1 . In this condition, we set b = 1 (in
Line 7 of Algorithm 4) and decrease the 0.5 unit of the vacant intervals from the next
Vi+1 (shown in Line 8). While-loop of LBU stops if v ≥ h. It means that the current
release of Ti+1 can be successfully used to schedule the h low priority tasks (including
Ti itself), thus the loop has to be stopped and we have already found the proper value
for a.
The number of iterations of the while-loop in Lines 4 to 9 of Algorithm 4 depends
max ;
on the minimum value among n and K max = max{k j }n−1
j=1 . Suppose n < K
then the worst number of iterations happens when h th low priority task has to be
scheduled at the final release of Ti+1 under Ti . Also considering Vi+1 ≤ 1, at most
O(h) iterations are required to find the final value of a. Moreover, if n > K max , since

123

Real-Time Syst (2014) 50:548–584

567

Algorithm 4 LBU
Input Ti , h, b
Ti : the target task,
h: number of the tasks that have to be scheduled,
b: { 0,1 }: start-time condition for task Ti .
t ype: type of the output {BCRT, WCRT}
Output The lower bound of the response time of Ti along with one release of Ti+1 .
This function also updates h and b.
1: h ← h + 1
2: v ← Vi+1 − 0.5b
3: a ← 1
4: while ( v < h) do
5:
a ←a+1
6:
h←h− v
7:
b← v − v
8:
v ← Vi+1 − 0.5b
9: end while
10: return pi+1 (a − 1)

it is assumed that the task set is feasible, the final vacant interval to schedule the h th
task has to be found within the current Ti . Thus, the maximum number of iterations
will be O(K max ) since in the worst-case a has to be smaller than or equal to K max .
Consequently, computational complexity of LBU is O(min{n, K max }), which is at
most O(n). Also, the maximum number of iterations of for-loop of Lines 14 to 16 of
Algorithm 3 is n − 1, hence, the total computational complexity of RTS algorithm is
O(n 2 ).
An example of a task set scheduled by Precautious-RM is shown in Table 1 beside
Fig. 9. Utilization of this task set is 1 if for each task Ti , 1 ≤ i < n, ci = 2( pn − cn )
(because V1 = 0). Thus, there will be no wasted vacant interval for T1 .
Theorem 8 The RTS algorithm calculates exact values of the BCRT and WCRT of
any task in the task set consistent with conditions of Theorem 3.
Proof Since at each step, the LBU function counts the number of releases of T j , i ≤
j ≤ n − 1 that their vacant intervals are completely occupied by other low priority
tasks, the response time of Ti cannot be smaller than L BU (T j , h, b). Thus the final
f inal
, have to be in the next release of
response time value of the task, denoted by RTi
f inal
. Moreover, because of the fact that
T j , and RTil always keeps lower bound of RTi
the while-loop of Lines 4 to 9 of Algorithm 4 stops only if v < h, the current number
of vacant intervals within the respective release of task T j is enough to schedule the
f inal
cannot be greater than RTil + p j . Thus, at
remaining h tasks. It means that RTi
each step of the for-loop of Lines 14 to 16 of Algorithm 3, the algorithm tightens the
final response time. In the final step, the smallest value which will be added to RTil
is pn , meaning that we have found the release time of the closest instance of task Tn
after which Ti will be scheduled.
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Table 1 A sample task set with
its period ratios (ki ), vacant
intervals (Vi ), and capability
level (L i )
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T1

T2

T3

T4

T5

T6

T7

ki

1

1

2

1

Vi

0

1

2

1.5

Li

8

8

8

7

7

T8

1

3

5

-

2.5

3.5

1.5

0.5

7

4

2

Fig. 9 The feasible task set of Table 1, scheduled by Precautious-RM (or LP-RM)

6 Applications of Precautious-RM
As mentioned before, many real-time embedded systems need predictable ways of
interaction with their environment. For these systems, delays and jitters have to be
bounded and preferably known at design-time. In this section, we summarize our
theoretical achievements and show how Precautious-RM affects quality of service
and accuracy of its target applications. Table 2 summarizes the optimality criteria
of Precautious-RM with respect to the necessary conditions of schedulability. For
example, Theorem 1 shows that Precautious-RM is always optimal when period ratio
of the tasks is >2, and necessary conditions of schedulability of such tasks are valid.
Also Theorem 2 confirms that Precautious-RM is optimal when necessary conditions
of Cai and Kong (1996) hold, i.e., ci ≤ 2Si+1 for 1 ≤ i < n, and cn < pn . But in
Theorem 3, we have included sufficiency conditions for the execution time as well as
vacant intervals of the tasks. It is worth mentioning that scheduling non-preemptive
harmonic tasks with arbitrary period ratios has been proven to be NP-Hard by Cai
and Kong (1996). Later in Theorem 5, condition ( pn − cn ) ≤ ci has been relaxed but
LP-RM has to be used instead of Precautious-RM.
When Precautious-RM is optimal, it has no deadline misses and response time of
each task is always finite and smaller than its relative deadline. Now for the cases
where Precautious-RM is optimal, Table 3 summarizes exact BCRT and WCRT of
the tasks. In all of the following cases, all tasks except task Tn has either one or two
possible response time values denoted by their BCRT and WCRT.
Many of the non-preemptive scheduling algorithms such as npEDF, gEDF, and
cEDF may force multiple response times to each task. However, Precautious-RM
guarantees that each task has at most two possible response times while all deadlines
are also met. Consequently, it provides more predictable behavior for control tasks, no
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Table 2 Optimality criteria of
Precautious-RM with respect to
necessary conditions

569
Harmonic property

Optimality criteria

See

ki ≥ 3, 1 ≤ i < n

Always optimal

Theorem 1

ki = 2, 1 ≤ i < n

Always optimal

Theorem 2

ki ≥ 1, 1 ≤ i < n
ki = 1, n − m < i < n
ki ≥ 2, i = n − m

Table 3 BCRT and WCRT of
tasks scheduled by
Precautious-RM

( pn − cn ) ≤ ci
V1 ≥ 0, Vi > 0

Theorem 3



( pn − cn ) ≤ ci




Theorem 4

ki ≥ 1, 1 ≤ i < n − m

V1 ≥ 0, Vi > 0

ki ≥ 1, 1 ≤ i < n

V1 ≥ 0, Vi ≥ 0

Harmonic Property

BCRT/WCRT

See
Corollary 1

Theorem 5 (LP-RM)

ki = 3, 1 ≤ i < n

Formula (4) and (16)

ki = 2, 1 ≤ i < n

Formula (17) and (18)

Corollary 2

ki ≥ 1, 1 ≤ i < n

RTS Algorithm

Theorem 8

deadline miss, as well as fixed BCRT and fixed WCRT. In many control applications,
the stability analysis relies on the guaranteed periodic behavior (Eker et al. 2000), that
is achieved when the scheduling algorithms have no deadline misses. Moreover, known
sampling and I/O delays can be tolerated by the application itself (Marti et al. 2001,
2002; Nilsson et al. 2010). Accordingly, the system quality of service and accuracy can
be improved by a co-design approach when the application is equipped with means
to tolerate particular delays at design-time and the scheduler guarantees the same
delays at run-time. This cannot be obtained if there are missed deadlines or multiple
response time values are possible for the control tasks. Also it is worth mentioning that
response time analysis of the other non-preemptive algorithms might have considerable
time-complexity (Eisenbrand and Rothvoß 2008, 2010), while according to the RTS
algorithm, response time of Precautious-RM can be calculated in O(n 2 ).
In practice, task execution times suffer from jitter. It leads to I/O delay jitter, and
consequently to RTJ. It can be propagated to the system if a number of tasks have to
be scheduled one after the other with no idle time insertion. This situation happens in
many work-conserving scheduling algorithms such as npRM, npEDF, and gEDF. In
that case, not only I/O delay jitter of each task affects its own quality of service, but
also it causes the other tasks to suffer from sampling delay jitter. This propagated jitter
worsens the quality of service of the overall system. However, Precautious-RM and
LP-RM stop this jitter propagation by proper use of idle intervals. In our algorithms,
when conditions of Theorem 3 hold, each task has to be executed after one Tn which
is executed right after its release. Thus, the only task that affects on sampling delay of
other tasks is Tn because if low priority task Ti , 1 ≤ i < n suffers from I/O delay jitter,
it might only affect the sampling delay of the next incoming Tn instead of any other
low priority task in the system. Accordingly, it can be seen that Precautious-RM and
LP-RM use idle intervals not only to preserve schedulability, but also to decrease the
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effect of jitter propagation in the system. It is worth mentioning that the assumption of
knowing exact execution-time of the tasks in Sect. 2 is not necessary for optimality of
Precautious-RM and LP-RM, i.e., if instead of exact execution times, the worst-case
execution-time (WCET) of the tasks are given, still the proposed scheduling algorithms
are optimal. As it has been proven by Theorems 1, 2, and 4, as long as the WCET of
each task is smaller than or equal to 2( pn − cn ), Precautious-RM is able to guarantee
its deadline, while other non-optimal scheduling algorithms such as npEDF and gEDF
might have missed deadlines (Jeffay et al. 1991) even when the actual execution times
at run-time are smaller than the respective WCETs.
As mentioned earlier, Tn is the only task that might have more than two response time
values. Besides, if there is a task with ci = 2( pn −cn ), 1 ≤ i < n in the system, WCRT
of Tn becomes equal to its period. In fact, in most cases, Precautious-RM sacrifices
quality of service of the task with the smallest period to preserve schedulability of the
other tasks, however, in many of real-time applications such as control systems (Bini
and Cervin 2008), quality of service and accuracy also depend on the length of the task
periods. If a task has a very short period, it is able to tolerate delay and jitters by itself.
Also when the period is short, delays are also short. Consequently, task Tn might not
necessarily lose its accuracy because of the schedule offered by Precautious-RM.

7 Experimental results
In this section, performance of Precautious-RM (P-RM) and LP-RM are compared
against non-preemptive scheduling algorithms npEDF, gEDF (Li et al. 2007), cEDF
(Ekelin 2006), and GSSP (Cai and Kong 1996). Since the algorithm presented by
Deogun and Kong (1986), only works for the tasks with constant period ratio >2,
we have used GSSP which is an improved version of (Deogun and Kong 1986). This
algorithm is claimed to be optimal when first m tasks have binary
and the other
 periods
p1
,
1
<
i ≤ n. It is
n − m tasks have period ratio that satisfies relation (2pp1i ) ≥ i−1
j=1 p j
worth mentioning that the results of npRM have been omitted in the paper because in
harmonic task sets, npEDF and npRM are identical if we use period as the tie breaker
for tasks with the same deadline.
The performance measures are MR, normalized average values of response time
(RT) and RTJ, where the latter is the difference between WCRT and BCRT. MR is
the ratio of missed jobs (missed instances of the tasks) to the total number of jobs
in one hyperperiod. RT and RTJ are obtained by averaging the respective quantities
of successfully scheduled jobs divided by the task period. It is noteworthy that in
our experiments, I/O delay of each task, i.e., delay between its start and completion
times, is constant since tasks are scheduled non-preemptively. Accordingly, RT is only
affected by sampling delay, namely the delay between release and start of the task. In
other words, having large RT means having large sampling delay.
To show the effectiveness of Precautious-RM, we have implemented a benchmark
control application, i.e., an inverted pendulum (Byl 2012; Lam 2012), which is highly
sensitive to sampling and I/O delays and has firm deadlines (Liu et al. 2003). All the
experiments have been done using a simulation framework developed in discrete event
simulator (DEVS-suite) (2009).
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Parameter

Symbol

Value

Unit

Motor torque constant

Km

0.00767

Nm/Amp

Gear-box ratio

Kg

3.7

N/A

Motor armature resistance

R

2.6

Ω

Motor pinion radius

r

0.00635

m

Cart mass

mc

0.455

kg

Pendulum mass

mp

0.3

kg

Rotational inertia

I

0.00651

kg m2

Half-length of pendulum

l

0.5

m

Maximum valid period

Period

0.07

s

There are two sets of experiments. In the first set, we consider feasible task sets;
while in the second set, general harmonic tasks are considered which might not be
schedulable even with a clairvoyant non-preemptive scheduling algorithm. For these
experiments, inverted pendulum application has been used to show the effectiveness
of the solution, as it is subjected to instability if the control task is missed, or sampling
and I/O delays happen more than frequent or get larger during the execution of the
task. Also in this system, jitters in sampling or actuation may considerably degrade
the performance of control.
Each simulation experiment averages 200 simulation runs (each including 10 randomly generated tasks). The obtained results are of 95 % confidence level within
±0.01 confidence interval.
7.1 Inverted pendulum experimental setup
In this subsection, we introduce our benchmark application which is taken from (Lam
2012). It is a state feedback controller responsible for balancing the pendulum in the
upright position and it works based on a linear quadratic regulator (LQR) design using
the linearized system. In an LQR design, the gain matrix K for a linear state feedback
control law u = −K x is found by minimizing the following quadratic cost function
∞
x(t)T Qx(t) + u(t)T Ru(t)dt

J=

(20)

0

where x(t) is the difference in the state of the plant from the goal state, u(t) is the
actuation signal made by the control task, and Q and R are weighting parameters that
penalize control inputs. For more details see (Lam 2012). In our experiments, we have
used the inverted pendulum with the parameters listed in Table 4 which is the same
as (Byl 2012). Note that in our implementation, the maximum period of the controller
cannot be >0.08 s because of the stability issues.
In the experiments, we have used QoC as an indicator for steady state accuracy
(SSA) (Buttazzo and Cervin 2007; Bini and Cervin 2008; Nasri and Kargahi 2012).
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Fig. 10 MR, RT, and RTJ of the task sets satisfying Theorem 1

This measure which is usually shown by J in Eq. (20) contains the amount of error
(by x(t)T Qx(t)) and the energy costs (by u(t)T Ru(t)) of the controller over the time.
Since smaller values of J means better QoC, we have used 1/J and normalized that
value with respect to Precautious-RM’s result. It is noteworthy that in practice, in
order to normalize J , the designer decision is needed to possibly obtain the maximum
acceptable value for J . However, if the plant becomes unstable due to multiple job
deadline misses, J tends to infinity. Therefore, to fairly compare SSA of the algorithms,
we have used J of stable tasks.
For each experiment, first we have generated random tasks with arbitrarily large
periods or execution times, and then we mapped the periods of the produced task set
into the valid period range of the inverted pendulum application. For this aim, periods
have been normalized so that pn = 0.02 and p1 = 0.07, and for every other task
Ti , 1 < i < n, pivalid = 0.02 + pi (0.07 − 0.02)/ p1 . Also, the execution times are
normalized such that civalid = cpii pivalid .
7.2 Feasible harmonic tasks
In this section, we have considered feasible harmonic tasks satisfying conditions of
Theorems 1, 2 and 5. To generate feasible tasks consistent with Theorem 1, first we
have chosen random values pn = U [1, 10] and cn = U [0.001, 0.999] with uniform
chance. Afterward, ki , 1 ≤ i < n has been selected randomly from {3, 4, . . . , 7}.
Other periods are then constructed as pi = ki pi+1 . Execution times of the tasks
have been selected randomly as ci = U [0, 2( pn − cn )], 1 ≤ i < n. Figure 10
presents MR, RT, and RTJ, and Fig. 11 shows the SSA of different scheduling
algorithms.
According to Fig. 10, Precautious-RM, LP-RM and GSSP have zero MR as
expected. However, their RT and RTJ are higher than npEDF, gEDF and cEDF because
in many cases, they push tasks with larger periods to be executed later in the schedule. In fact, having greater RT and RTJ is the cost which is paid by Precautious-RM,
LP-RM and GSSP to have zero MR. On the other hand, Precautious-RM has less RT
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Fig. 11 SSA of the task sets satisfying Theorem 1

and RTJ in comparison with LP-RM and GSSP because it uses any opportunity to
schedule low priority tasks before release of the next Tn . Also since GSSP has a strict
pattern to schedule the tasks, it never uses available slacks in a hasty way, thus it has
the worst RT and RTJ among the other optimal solutions.
gEDF prioritizes a task with smaller execution time among a group of tasks with
almost the same deadline. Thus RT is diminished at the cost of increased MR. cEDF
is non-work-conserving and it inserts some idle times to protect schedulability of the
urgent tasks which will be released later. As shown in Fig. 10, RT of cEDF is higher
than gEDF and npEDF because this algorithm is deceived by the structure of periods
of harmonic tasks. According to (Ekelin 2006), cEDF defers the execution interval of
a job if it is overlapped with another urgent job. Unfortunately, in a set of harmonic
tasks, this decision leads to continually pushing jobs with larger periods later on the
schedule. To optimally schedule harmonic tasks, it is required that sometimes a task
with the smallest period is pushed later to create an opportunity to execute jobs with
larger periods (as shown in Figs. 1, 2).
As shown in Fig. 11, Precautious-RM and LP-RM have the highest SSAs. This
figure together with Fig. 10 shows the importance of MR as well as RT and RTJ in
improving SSA. Although MR of GSSP is zero, because of its large RT and RTJ, its
accuracy is less than Precautious-RM. Moreover, EDF-like algorithms, i.e., npEDF,
gEDF and cEDF have smaller SSA because of their MR. Particularly, it can be confirmed from SSA of gEDF with respect to cEDF and npEDF that the lower RT but
higher MR leads to low SSA.
Computational costs of the scheduling algorithms used in our experiments are
different. It is worth mentioning that cEDF needs considerable amount of memory and
has long look-up times when it is applied on a set of harmonic tasks (because it needs
to maintain information about all future releases of the jobs during one hyperperiod).
In a set of harmonic tasks, the number of jobs in a hyperperiod can be dramatically
large (Cai and Kong 1996), thus cEDF may not be a practical algorithm. On the other
hand, gEDF, npEDF, Precautious-RM, and LP-RM are naturally online algorithms
with almost polynomial-time computational complexity. Moreover, GSSP algorithm
presented by Cai and Kong (1996) is of O(2n ) if it is used for a task set with period
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Fig. 12 MR, RT, and RTJ of the task sets satisfying Theorem 2

Fig. 13 SSA of the task sets satisfying Theorem2

ratio 2. By the raise in the period ratios, computational complexity of the algorithm
increases exponentially.
In the second experiment, we have applied conditions of Theorem 2, i.e., we have
considered ki = 2, and ci ≤ 2Si+1 , 1 ≤ i < n where Si follows (5). To generate these
tasks, random values have been selected for pn and cn , then ci = U [0, 2Si+1 ], 1 ≤
i < n. Figures 12 and 13 present MR, RT, RTJ and SSA of the algorithms. As shown
in these figures, Precautious-RM, LP-RM, and GSSP are optimal and have zero MR,
but they have considerable RT (which is more than 40 % in average). The reason is
that the optimal schedule of a binary task set usually puts each task in the middle of
its period, as shown by Figs. 3 and 4. Thus, normalized RT of an optimal schedule
will be around 50 % of the period. The small RTJ of the algorithms shows that in
most of the cases, the BCRT and WCRT of the tasks were close to each other. Among
the optimal algorithms Precautious-RM, LP-RM, and GSSP, Precautious-RM with the
smallest RT, has the highest SSA in comparison with Fig. 10. The reason that SSA
of LP-RM is lower than Precautious-RM is that it does not use possible options to
schedule more than one task between two consecutive instances of Tn . On the other
hand, among EDF-like algorithms gEDF with the highest MR has the lowest SSA.
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Fig. 14 MR, RT, and RTJ of the task sets satisfying Theorem 5

Fig. 15 SSA of the task sets satisfying Theorem 5

Although npEDF and cEDF have some MR, their SSA is higher than LP-RM and
GSSP with no MR, because those algorithms has the highest RT. However, SSA of
none of these algorithms is as good as Precautious-RM.
Finally, in the third experiment, we have applied conditions of Theorem 5. To
generate these tasks, random values have been selected for pn and cn , then ci =
U [0, 2( pn − cn )], and ki = {1, 2, . . . , 7}, 1 ≤ i < n. Afterwards, we have evaluated
feasibility of the task set using conditions of Theorem 5 (and Theorem 3). If the
generated task set has not been feasible, another task set has been generated until a
feasible set is achieved for the run.
Figures 14 and 15 illustrate MR, RT, RTJ and SSA of the algorithms. According to
these figures, GSSP is not optimal when period ratios can be greater than or equal to 1.
Further, it has large RT which leads to smaller SSA in comparison with PrecautiousRM and LP-RM. Even it can be seen that SSA of npEDF and cEDF are close to
SSA of GSSP. On the other hand, LP-RM has grater response time with respect to
Precautious-RM. It is because LP-RM schedules one task between two consecutive
executions of Tn , as described in Sect. 4.4.
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Fig. 16 MR, RT, and RTJ of general harmonic tasks

Fig. 17 SSA of general harmonic tasks

7.3 General harmonic tasks
In this section, we consider general harmonic tasks with arbitrary period ratios and
arbitrary utilizations. To generate these tasks we have considered different utilizations
from 0.1 to 1.0. For each utilization u curr ent , we have created n random values between
[0, 1], then these values have been normalized such that sum of them becomes equal to
u curr ent . For each task, ki has been selected randomly from {1, 2, . . . , 7}. Afterward,
pn has been chosen randomly between 0 and 10. According to the value of pn , periods
of the other tasks have been constructed, and finally, execution times of the tasks have
been calculated through multiplying their utilization by their period. MR, RT, RTJ and
SSA of this experiment have been illustrated in Figs. 16 and 17.
As shown in the figures, all of the algorithms have MR >0; none of them are
optimal. However, Precautious-RM has the largest SSA since it has small RT as well
as small MR. As expected, GSSP has grater RT than Precautious-RM and LP-RM
because of special pattern that it uses to schedule the tasks. The fact laid behind significant efficiency of Precautious-RM is that it cares about the schedule of the incoming Tn . Moreover, EDF-like algorithms have considerable amounts of MR and RTJ.
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Fig. 18 MR of the algorithms in different utilizations (npEDF, gEDF and cEDF are overlapped)

As shown in the previous subsection on feasible task sets, RT of EDF-like algorithms
is in average less than Precautious-RM, while in Fig. 16 it is more. The first reason is
that, in general task sets, there might be infeasible tasks with execution times larger
than 2( pn − cc ). Since EDF-like algorithms do not take further possible deadline
misses into account, they may schedule such long tasks, which not only cause deadline misses for Tn , but also may postpone the start time of the other tasks. However
since Precautious-RM always cares about Tn , it will not admit execution of such long
tasks. The second reason is that, when Theorem 1 or 3 are valid, there may be a lot
of empty slots in the task set which can be used by EDF-like algorithms to schedule tasks earlier than Precautious-RM. For example, when ki = 5 or 6, several low
priority tasks can be scheduled by EDF-like algorithms along with one release of Ti .
However, in general task sets, such good opportunities may not be available, thus,
this greedy behavior of EDF-like algorithms results in more MR and higher RT and
RTJ.
Now to study the effect of MR and RTJ on the SSA with more details, we present
Figs. 18, 19 and 20. By the increase in the utilization of the task set, MR of EDF-like
algorithms increases significantly while Precautious-RM, LP-RM and GSSP are able
to keep their MR below (or around) 10 % with small growth. Lower SSA for EDF-like
algorithms is the result of their larger MR.
As shown in Fig. 18 together with Fig. 20, pattern of decrease in SSA is related to
the growth of MR. Accordingly, we see that in our benchmark application, the rate
of the growth of MR in EDF-like algorithms (see Fig. 18) is higher than the rate of
the diminish of the SSA (see Fig. 20). On the other hand, by the increase in MR (see
Fig. 18), RT of EDF-like algorithms decreases. The reason is that when a job misses
its deadline, it is thrown away of the system (due to the firm real-time nature of the
system). Then, an opportunity will be produced for other tasks to be executed instead
of the missed one. Consequently, those tasks may have shorter response time than
usual. However, in that case, the difference between the BCRT and WCRT of such
tasks increases, leading to larger amounts of RTJ.
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Fig. 19 RTJ of the algorithms in different utilizations

Fig. 20 SSA of the algorithms in different utilizations

According to Figs. 16 and 19, RTJ of LP-RM and GSSP are too different while
their SSA is close to each other. The reason is because of the smaller MR of GSSP. In
other words, when MR is not too large, RTJ might have lower impacts on SSA of the
inverted pendulum.
When a task has execution time larger than two times of the slack of the task with
the smallest period, it will never get a chance to be scheduled by Precautious-RM and
LP-RM. This condition can be easily verified before using the algorithm. Indeed, these
algorithms cannot be used to schedule tasks that do not satisfy (2).
On the other hand, if the number of missed jobs increases drastically for a task,
as it happened in EDF-like algorithms when the system utilization grows, the task
might become unstable (in our case, the pendulum falls and it cannot come back to the
equilibrium state). As mentioned before, we have only reported SSA of stable tasks,
however, in the current experiment, because of large MR of EDF-like algorithms, and
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Fig. 21 STR of the algorithms

also existence of tasks that could not be scheduled by Precautious-RM, we report
another measure called stable task ratio (STR) which is the ratio of stable tasks to
the total number of tasks. Figure 21 shows STR of the algorithms. As said before,
decrease in STR of EDF-like algorithms is because of the increase in their missed jobs
which leads to unstable tasks. However they have relatively more stable tasks than
Precautious-RM, LP-RM and GSSP.
Figure 21 together with Fig. 18 shows that although Precautious-RM has small MR
(3 % in average), it has about 65 % STR. It means that about 35 % of the tasks has not
been scheduled properly and they become unstable. At the same time we can see that
these tasks have only 3 % of the jobs in the system. In other words, most of the tasks
that are not scheduled by Precautious-RM are those with small number of releases.
Note that if a task has very long execution time, it inevitably causes deadline misses
for other tasks. That is why MR of EDF-like algorithms is significant. Moreover,
since LP-RM is more conservative than Precautious-RM, it has even smaller STR
because it only schedules one task between two consecutive instances of Tn . However,
GSSP is still worse than LP-RM because it cannot schedule tasks with the same
periods.
As mentioned previously, when conditions of Theorem 3 hold, Precautious-RM
guarantees that each task has either one response time or two. But in the current
experiment, Theorem 3 does not hold. Figure 22 shows the average response time
diversity (RTD) of the tasks. By RTD we mean average number of response times that
a task might encounter during one hyperperiod. As it can be seen, Precautious-RM
and LP-RM could maintain RTD below 1.12 even in general harmonic tasks. It means
that most of the tasks have just one or a small number of response times (it is also
consistent with Fig. 19). RTD of GSSP is about 1.45 in average and it is relatively close
to our algorithms because of the similarity of the structure of the produced schedule;
they also use idle times, and put each task between two consecutive execution of Tn .
On the other hand, EDF-like algorithms have greater RTD which is also growing by
the growth of the utilization. Among them, gEDF has the smallest and cEDF has
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Fig. 22 response time diversity of the tasks scheduled by different scheduling algorithms

the largest RTD. The reason might lay on the fact that, in gEDF, tasks with shorter
execution times are preferred over longer tasks, and hence, they have usually the same
pattern of schedule and less RTD. However, npEDF is more sensitive to the missed
jobs. When a job is missed, it schedules another one which is ready at the moment. It
leads to more jitter in the response time. Thus, in general, RTJ and RTD of the tasks
increase for EDF-like algorithms.

8 Conclusions
In this paper, we have presented Precautious-RM as a non-preemptive linear-time
online scheduling algorithm for real-time harmonic tasks. We have studied optimality
of Precautious-RM in three cases: for tasks with period ratio >2, for binary tasks
with period ratio 2, and for a general case when there might be tasks with the same
period in the system. In the latter case, we have presented sufficient conditions of
schedulability; first by limiting the execution times to be greater than the slack of the
task with the smallest period, and then by removing this restrictive assumption using
our next scheduling algorithm called LP-RM. Later we have derived tight bounds
for the best- and the worst-case response time of the feasible tasks. It is also shown
that using Precautious-RM and LP-RM, each task has either one or two possible
response times (and sampling delays). We obtained conditions in which a task has
no RTJ. Experimental results are also presented to show the effectiveness of these
algorithms in decreasing MR, response time, and RTJ in comparison with several
non-preemptive scheduling algorithms. Also, we have shown that even when the task
set is not feasible, yet Precautious-RM is efficient and has lower MR and response time
jitter. Experiments on some benchmark control applications show that Precautious-RM
can efficiently improve the QoC of such applications.
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Fig. 23 Schedule of two tasks Tn and Tn−1 , when the processor is idle

Fig. 24 Schedule of two tasks Tn and Tn−1 , when the processor is busy

Appendix
Lemma 4 Suppose a non-preemptive task set T consistent with Conditions (1), (2)
and (3); the worst-case response time of task Tn follows (4). For task Tn−1 , if the
processor is idle at the release of Tn−1 , its response time will be cn + cn−1 according
to Precautious-RM, and also there will be an empty interval with length pn −cn before
the third release of Tn . Otherwise, if at the release of task Tn−1 , the processor is busy
by task Ti , 1 ≤ i < n −1, the response time of Tn−1 will be bounded by pn +cn +cn−1 .
Proof As shown in Line 4 of Algorithm 1, each task is scheduled only if it does not
cause the next release of task Tn to miss its deadline. Hence, none of the instances of Tn
will miss their deadline because of blocking caused by a low priority task. However,
the WCRT of Tn is bounded by its period since in the cases where the execution time
of a task is equal to 2( pn − cn ), the latest Tn has to be scheduled at the end of its
period.
According to the definition of harmonic tasks in Sect. 2, on release of Tn−1 , all
other tasks with periods smaller than Tn−1 are also released. In our case, one instance
of Tn is released simultaneously with Tn−1 . We call it the first Tn . If the processor is
idle at the release time of Tn−1 (as shown in Fig. 23), this task can be scheduled right
after the first Tn and its response time will be cn + cn−1 which is definitely smaller
than (4). Besides, since it has been executed before the third release of task Tn , then
an empty interval with length pn − cn will be created after finish of the third Tn .
Moreover, if at the release time of Tn−1 , the processor is busy by task Ti , 1 ≤ i <
n − 1, when it becomes idle again, Precautious-RM will select the first Tn , since it
has the highest priority. This situation has been shown in Fig. 24. In the worst-case,
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when the first Tn is finished, Tn−1 cannot fit into the remaining interval according
to Line 4 of Algorithm 1; consequently, an idle time will be inserted until release of
the second Tn . At that time, the algorithm will select the second Tn but when it is
finished at time pn + cn , the execution of Tn−1 is definitely started because according
to Line 4 of the algorithm, the previous executed task has been Tn . In this case, the
response time of Tn−1 will be pn + cn + cn−1 which is smaller than 3 pn − cn since

pn + cn + ci ≤ pn + cn + 2( pn − cn ) ≤ 3 pn − cn . Thus, the proof is complete. 
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